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ABSTRACT

Control Barrier Function (CBF) have gained popularity in ensuring the safety of systems with
complex control laws, specifically outside the aerospace community. This paper proposes an
approach for adding CBF to a pseudo control-based control law to ensure, e.g., envelope protections
of aircraft. Applying the safety filter at the pseudo control level rather than the control input level
offers several advantages for applicability in the aerospace domain, including reduced execution
time. The proposed algorithm is validated in simulation using a linear short-period ADMIRE
fighter and a linear hexacopter model. The execution time of the three approaches is compared
using a microcontroller.

Keywords: Control Barrier Function, Envelope Protections, Flight Control, Incremental Nonlinear Dynamic
Inversion

1 Introduction
In recent years, the Control Barrier Function (CBF) in the form of safety filters has gained significant

popularity in the controls community [1]. Typical fields of application are providing safety for “black-box”
controllers like neural networks or as collision avoidance strategies [2, 3]. In the area of flight control,
their main fields of application are guidance tasks such as geo-fencing and flight envelope protection [4, 5].
CBF have been used in combination with Incremental Nonlinear Dynamic Inversion (INDI) controllers
to realize an angle-of-attack protection by [6–8]. Monitoring a control law for unsafe commands is called
run-time assurance. This run-time assurance can be implemented using control barrier functions [9].

Safety is a major concern in aerospace systems, which are often considered safety-critical systems.
Even though the CBF can be used to guarantee the safety of complex control laws, CBFs are less
widespread in the aerospace domain compared to other fields. However, another important aspect of
theoretical safety properties is the algorithm’s and its implementation’s certifiability. The complexity of
the underlying optimization problem in the CBF safety filter can prevent certification. Two main aspects
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are significant here: The worst-case execution time and the convergence guarantees. Both are issues for
standard CBF approaches.

In over-actuated aerospace systems, a widespread control approach separates the control law into an
outer controller and a control allocation. The outer control law provides desired pseudo controls to the
control allocation. The control allocation then allocates the pseudo controls to actual control inputs while
considering the limits of the actuators. This is then called constrained control allocation. The resulting
optimization problem is a box-constrained optimization problem for simple control input limits.

In recent years, the increasing use of complex aerial systems with highly redundant and heterogeneous
actuator configurations has gained significant attention in the flight control community. Examples include
modern transport and fighter aircraft with multiple control surfaces, as well as multirotor and hybrid aerial
vehicles with large numbers of actuators [10, 11]. As a consequence, control allocation has become an
important and well-established topic in flight control, particularly for systems, where actuator redundancy
can be exploited to achieve performance and robustness objectives [12].

Control allocation is a widely used concept in overactuated aerospace systems such as aircraft and
multicopters. In such systems, desired forces or moments can be generated by multiple combinations of
actuator inputs due to a rectangular control effectiveness matrix [13]. As a result, control design is often
performed on a pseudo-control level, where a performance-oriented controller generates abstract pseudo-
control commands, such as required forces or moments [14]. While this separation is highly effective for
performance control, many aerospace systems are subject to additional safety-critical constraints. Typical
examples include flight envelope protection for fixed-wing aircraft, where limits on angle of attack or
load factors must be enforced, as well as attitude or velocity limits for multirotor vehicles [4, 15]. These
safety constraints are commonly expressed as bounds on system states or outputs and must be respected
under all operating conditions [5, 16].

In recent years, CBFs have gained increasing attention in control theory as a systematic framework for
enforcing such safety constraints. CBFs encodes safety requirements by defining a safe set and ensuring
its forward invariance, thereby guaranteeing that the system state remains within admissible bounds. In
practice, this concept is often implemented as a QP-based min-norm safety filter that modifies the control
input generated by a nominal controller only when safety violations are imminent [1, 5].

Two approaches to apply the CBF are common in the literature. The most common one is to directly
apply the safety filter at the control input level. The other approach is to integrate the safety filter with
the control allocation in one optimization problem [17]. This concept, referred to as CBF-based control
allocation, has been proposed in [17].

While this unified formulation avoids redundant consideration of actuator limits, it significantly
increases the complexity of the optimization problem due to the additional linear inequality constraints
introduced by the CBF. As a consequence, standard control allocation algorithms such as Redistributed
Scaled Pseudoinverse (RSPI) or Sequential Least Squares Active Set (SLS-AS), which are tailored to
box-constrained problems, cannot be applied directly and must be replaced by general-purpose quadratic
programming solvers. This raises concerns regarding execution time and predictability, which are
particularly critical when the optimization is executed on the control input level, where hard real-time
guarantees are required, especially for potentially open-loop unstable systems. Furthermore, ensuring
feasibility and solution existence for such combined optimization problems across all operating conditions
remains challenging and remains an open issue.

One possible approach to addressing the challenges posed by the combined treatment of overactuation
and safety constraints is to simplify and decompose the underlying problem. By separating the handling
of performance objectives, actuator constraints, and safety requirements across different control levels,
the overall optimization complexity can be reduced while retaining the desirable properties of each
approach. Moreover, careful control system design decisions can mitigate potential negative effects,
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such as performance degradation or feasibility issues, and limit their impact to an acceptable level.
This perspective motivates the approach proposed in this work, which integrates CBFs into the control
architecture in a structured manner that preserves real-time feasibility and robustness while maintaining
safety guarantees.

The core contribution of this paper is a CBF-based safety filter at the pseudo control level before con-
trol allocation. This approach offers reduced computational complexity while maintaining identical safety
performance. The evaluation using two models and execution time measurements on a microcontroller
confirms the contribution.

2 Control Barrier Functions – Background

2.1 Nonlinear Dynamic Inversion
Let’s consider the following overactuated input-affine nonlinear system

¤𝒙 = 𝒇 (𝒙) + 𝑮 (𝒙)𝒖, (1a)
𝒚 = 𝒛(𝒙), (1b)

where 𝒙 ∈ R𝑛𝑥 is the state vector, 𝒖 ∈ R𝑚 is the control input vector, and 𝒚 ∈ R𝑛 is the output vector with
𝑚 > 𝑛, as well as 𝑓 : 𝜒 → R𝑛𝑥 , 𝑔 : 𝜒 → R𝑛𝑥×𝑚, and 𝑧 : 𝜒 → R𝑛 are sufficiently smooth functions.

The main principle of feedback linearization, often referred to in the flight control community as
Nonlinear Dynamic Inversion (NDI), is to linearize the input–output relation of a nonlinear input-affine
system by means of exact state feedback and coordinate transformation rather than Jacobian linearization.
Consequently, the dynamics of the controlled outputs are transformed into chains of integrators, enabling
the application of linear control design techniques [18].

By introducing a suitable feedback-linearizing coordinate transformation for the system in (1), the
input–output dynamics can be rewritten in terms of the pseudo-control variables as

𝝂 = 𝒇𝜈 (𝒙) + 𝑮𝜈 (𝒙)𝒖︸   ︷︷   ︸
𝝉

, (2)

where 𝒇𝜈 (𝒙) denotes the transformed drift vector field and 𝑮𝜈 (𝒙) the associated control effectiveness
matrix. The vector 𝝉 ∈ R𝑛 represents the virtual input and is defined as 𝝉 = 𝑮𝜈 (𝒙)𝒖, i.e., the control-
dependent component of the pseudo-control.

The vector 𝝂 ∈ R𝑛 is the pseudo control vector, which is defined as

𝝂 =

[
(𝑟1)
𝑦1

(𝑟2)
𝑦2 · · · (𝑟𝑛)

𝑦𝑛

]𝑇
, (3)

where
(𝑟𝑖)
𝑦𝑖 denotes the 𝑟𝑖-th derivative of the output 𝑦𝑖 [19, p. 267]. Therefore, 𝑟𝑖 represents the relative

degree of the output 𝑦𝑖. The desired pseudo-control input 𝝉des can be generated via feedback linearization
using standard linear control design methods, such as PID or Linear Quadratic Regulator (LQR).

A control law corresponding to the desired pseudo-control 𝝉des is obtained as

𝒖 = 𝑮−1
𝜈 (𝒙) (𝝂 − 𝒇𝜈 (𝒙))︸        ︷︷        ︸

𝝉des

, (4)
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provided that 𝑮𝜈 (𝒙) is square and nonsingular. In many flight control applications, however, a unique
mapping from 𝝉des to the actual control inputs 𝒖 does not exist. In particular, flight vehicles are often
overactuated, i.e., 𝑚 > 𝑛, which leads to a non-square control effectiveness matrix 𝑮𝜈 (𝒙). In such cases,
the determination of 𝒖 is formulated as a control allocation problem, where the desired pseudo-control
𝝉des is distributed among the available actuators while respecting actuator constraints.

2.2 Control Allocation
In general, the control allocation problem can be interpreted as a constrained convex optimization

problem, since magnitude constraints on each available control effector 𝑢𝑖 (𝑡) must be considered. We
define the following admissible set of control inputs U:

U := {𝒖 ∈ R𝑚 | 𝒖 ≤ 𝒖 ≤ 𝒖}. (5)

where 𝒖 and 𝒖 are the lower and upper actuator bounds, respectively. Further, for simplicity of notation,
the control effectiveness matrix 𝑮𝜈 (𝑥) is from now on referred to as 𝑩. The control allocation problem
is typically formulated as

𝒖cmd = arg min
𝒖

∥𝑩𝒖 − 𝝉des∥2
2

s.t. 𝒖 ≤ 𝒖 ≤ 𝒖,
(6)

where ∥ · ∥2 represents the ℓ2-norm and 𝝉des is the desired pseudo control vector provided by the
performance-oriented controller. This formulation allows the control law to focus on performance
objectives on the pseudo-control level, while the overactuation and actuator constraints are handled
separately by the control allocation.

2.3 Control Barrier Functions
If applied to flight control applications, the standard integration of CBF-based safety filters would

enforce system safety at the control command level after a potential control allocation system and directly
before the actuators. At this stage, the safety filter enforces model-based inequality constraints derived
from the CBF formulation in addition to the box constraints imposed by the actuator limits. The goal of
the safety filter is to minimize the deviation between the allocated control input and a safe control input
while satisfying all constraints. With respect to the considered class of overactuated vehicle, an example
of a corresponding control structure is illustrated in Fig. 1.

Outer
Controller

𝒚cmd Control
Allocation

𝝉des Safety
Filter

𝒖cmd 𝒖safe
Plant

𝒚

𝒙

Fig. 1 Block diagram of a closed-loop control structure using a standard CBF-based safety filter on con-
trol input level after the control allocation.

The safety filter modifies the control input commanded by the control allocation by solving

𝒖safe = arg min
𝒖

∥𝒖 − 𝒖cmd∥2
2

s.t. 𝑨u𝒖 ≤ 𝒃u,

𝒖 ≤ 𝒖 ≤ 𝒖,

(7)
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where 𝒖cmd is the control input vector provided by the control allocation and 𝑨u and 𝒃u are obtained
from the CBF formulation and the system dynamics. For overactuated systems, this approach may lead
to significant deviations from the desired pseudo control, as the safety filter operates independently of
the control allocation and can substantially alter the control inputs, potentially degrading closed-loop
performance.

An alternative approach is to combine control allocation and safety filtering into a single optimization
problem. Since both problems can be formulated as constrained convex optimization problems, a unified
quadratic program can be constructed that simultaneously enforces actuator limits and safety constraints.
The resulting closed-loop structure is illustrated in Fig. 2 and can be formulated as

𝒖safe = arg min
𝒖

∥𝑩𝒖 − 𝝉des∥2
2

s.t. 𝑨u𝒖 ≤ 𝒃u,

𝒖 ≤ 𝒖 ≤ 𝒖.

(8)

Outer
Controller

𝒚cmd CBF integrated
Control Allocation

𝝉des 𝒖safe
Plant

𝒚

𝒙

Fig. 2 Block diagram of a closed-loop control structure using a combined CBF control allocation.

2.4 The Mathematical Concept of Control Barrier Functions
In many flight control applications, safety-critical requirements such as flight envelope protection or

collision avoidance must be enforced in addition to performance objectives. Classical approaches often
address these constraints through heuristic saturation strategies, e.g., reference limiting [5]. Although
effective in practice, these methods generally lack formal guarantees of constraint satisfaction and do not
explicitly incorporate safety as a closed-loop invariant property of the controlled system.

For the nonlinear input-affine system given in (1), safety is encoded through a continuously differen-
tiable function ℎ : R𝑛𝑥 → R defining the safe set

𝑆 = {𝒙 ∈ R𝑛𝑥 | ℎ(𝒙) ≥ 0}. (9)

In a flight control context, 𝑆may represent the admissible flight envelope, a restricted operational domain,
or any set of states satisfying structural, aerodynamic, or performance limitations.

The boundary and interior of the safe set are defined as

𝜕𝑆 = {𝒙 | ℎ(𝒙) = 0}, (10)
int(𝑆) = {𝒙 | ℎ(𝒙) > 0}. (11)

Inside int(𝑆) the system operates safely, whereas on the boundary 𝜕𝑆 the safety constraint is active. To
guarantee forward invariance of 𝑆, trajectories reaching the boundary must not leave the set, i.e., the
system dynamics must not point outward at 𝜕𝑆.

The time derivative of ℎ(𝒙) along system trajectories is given by

¤ℎ(𝒙, 𝒖) = 𝐿 𝑓 ℎ(𝒙) + 𝐿𝑔ℎ(𝒙)𝒖. (12)
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A function ℎ(𝒙) is called a CBF [20, 21] if there exists an extended class K function 𝛼(·) such that

𝐿 𝑓 ℎ(𝒙) + 𝐿𝑔ℎ(𝒙)𝒖 ≥ −𝛼(ℎ(𝒙)). (13)

A common choice is 𝛼(ℎ) = 𝛾ℎ with 𝛾 > 0, which yields the condition

𝐿 𝑓 ℎ(𝒙) + 𝐿𝑔ℎ(𝒙)𝒖 ≥ −𝛾ℎ(𝒙). (14)

On the boundary 𝜕𝑆, where ℎ(𝒙) = 0, this reduces to ¤ℎ(𝒙, 𝒖) ≥ 0, ensuring that trajectories cannot exit
the safe set. For ℎ(𝒙) > 0, the term −𝛾ℎ(𝒙) < 0 allows ¤ℎ to be temporarily negative while still driving the
system away from the boundary in an exponential-type manner, thereby preserving forward invariance.

In practice, the CBF condition is enforced via a real-time quadratic program (QP). Given a nominal
control input 𝒖∗(𝑡) provided by a performance-oriented controller, the safety filter computes

arg min
𝒖(𝑡) ∈ R𝑚

∥𝒖(𝑡) − 𝒖∗(𝑡)∥2
2

subject to 𝐿 𝑓 ℎ(𝒙) + 𝐿𝑔ℎ(𝒙)𝒖 ≥ −𝛼(ℎ(𝒙)),
𝐴𝑢𝒖 + 𝑏 ≤ 0

(15)

which minimally modifies the nominal input while ensuring constraint satisfaction and respecting actuator
limitations.

In many flight systems, however, operational constraints exhibit a relative degree greater than one
with respect to the control input. For example, angle-of-attack or load-factor limits may depend on states
whose first time derivative does not explicitly contain the control input. In such cases, 𝐿𝑔ℎ(𝒙) = 0, i.e.,
the control input does not appear in ¤ℎ, and the standard CBF condition cannot directly impose a constraint
on 𝒖.

For constraints with relative degree greater than one, Higher-Order Control Barrier Function
(HOCBF) [22] are employed. For a constraint function ℎ(𝒙, 𝑡) of relative degree 𝑑, auxiliary func-
tions are defined recursively as

Ψ0 = ℎ, (16)
Ψ1 = ¤Ψ0 + 𝛼1(Ψ0), (17)
...

Ψ𝑑 = ¤Ψ𝑑−1 + 𝛼𝑑 (Ψ𝑑−1), (18)

with class K functions 𝛼𝑖, often chosen to 𝛼𝑖 = 𝛾𝑖Ψ𝑖−1. The HOCBF condition requires

Ψ𝑑 (𝒙, 𝑡) ≥ 0, (19)

which again results in a linear inequality constraint in the control input that can be incorporated into the
QP formulation.

3 Control Barrier Functions on a Pseudo Control Level
The solution proposed in this paper is to separate the safety filter and control allocation again.

However, the safety filter is moved between the outer controller and control allocation. The safety filter is
then implemented on a pseudo control level, not on a control input level. This approach has been applied
using INDI on underwater vehicles for obstacle avoidance by [23]. However, [23] do not consider the
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control allocation and assume the forces and moments control input to the system. In this paper, the
approach is applied to aircraft for envelope protection with a specific focus on certifiability aspects.

By splitting the tasks in this way, the following advantages are identified:

1) The control allocation problem is not altered. Therefore, the existing algorithms can be applied.
Those algorithms have been specifically optimized for the box constraint problem. Thus, they are
numerically more efficient than general solvers.

2) The optimization problem of the pseudo control safety filter is of lower dimension since the
number of pseudo controls in overactuated systems is lower than the number of inputs. This
reduces computational complexity and improves numerical robustness, making the approach
more suitable for safety-critical applications.

3) Constraints and prioritization at the pseudo control level (e.g., roll moment vs. yaw moment)
are more intuitive than at the actuator level (individual surfaces/propellers). If the command
violates safety constraints, pseudo-controls can be prioritized over control inputs, ensuring that
the most critical motion commands are maintained while less essential ones are relaxed. This is
not directly possible when the safety filter is arranged behind the control allocation (CA).

4) Alternatively, a direction-preserving CA algorithm can be used. This allows only to change the
direction of the commanded pseudo-control to fulfill safety requirements, but not when the input
limits are reached.

Separating the CBF filter and control allocation may also simplify certification, as the algorithm is
decomposed into simpler components that are easier to analyze and verify.

The proposed safety filter structure at the pseudo-control level is shown in Fig. 3. The optimization

Outer
Controller

𝒚cmd Safety
Filter

𝝉des Control
Allocation

𝝉safe 𝒖cmd
Plant

𝒚

𝒙

Fig. 3 Block diagram of a closed-loop control structure using the novel structure of a safety filter on a
pseudo control level in front of the control allocation.

problem of the control allocation only changes in terms of the desired pseudo-control, leading to

𝒖cmd = arg min
𝒖

∥𝑩𝒖 − 𝝉safe∥2
2

s.t. 𝒖 ≤ 𝒖 ≤ 𝒖,
(20)

where 𝝉safe is the desired pseudo control vector filtered by the safety filter. If a non-direction-preserving
CA is used, the direction of the pseudo-control vector may be changed, such that it points in an unsafe
direction. Therefore, a direction-preserving control allocation should be used. Note that if the safety
filter’s constraints conflict with the input constraints, the input constraints take precedence, potentially
leading to unsafe commands. However, this is a logical behavior, since the input constraints are usually
derived from the physical system and will be enforced regardless of what the controller commands. The
corresponding safety filter on the pseudo control level is then

𝝉safe = arg min
𝝉

∥𝝉 − 𝝉des∥2
2

s.t. 𝑨𝜏𝝉 ≤ 𝒃𝜏,
(21)

where 𝑨𝜏 and 𝒃𝜏 are obtained from the CBF. If the safety constraints only involve the outputs and their
derivatives up to the relative degree and the system is transformed into the Byrnes-Isidori-Normal form
[18, p. 78], the admissible set of pseudo controls can be expressed as simple box constraints. This further
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simplifies the optimization problem of the safety filter to

𝝉safe = arg min
𝝉

∥𝝉 − 𝝉des∥2
2

s.t. 𝝉min ≤ 𝝉 ≤ 𝝉max.
(22)

3.1 Safety-Aware Limiting of the Pseudo Control
In the following, we assume that the safety constraints only involve the outputs, i.e., 𝑦𝑖,min ≤ 𝑦𝑖 ≤

𝑦𝑖,max, 𝑖 = 1, . . . , 𝑛, and do not depend on other outputs, meaning that each safety constraint acts on a
single output channel only. Consequently, constraints of the form 𝑦1 + 𝑦2 ≤ 𝑐, for example, are excluded,
as they would couple multiple outputs within a single safety condition. This leads to independent bounds
on each pseudo-control component.

This assumption allows the use of simple saturations rather than quadratic programming solvers.
Those solvers are complex and hard to certify, whereas for saturations, it is easy to provide real-time
guarantees. For a huge class of problems in flight control, this assumption can be made.

The core idea of the proposed approach is to enforce safety constraints at the pseudo-control level
before the control allocation. Therefore, to guarantee safe operation, the admissible range of 𝝉des must be
determined based on the system’s safety requirements. These safety requirements are typically defined
in terms of output constraints, such as limits on angles and velocities.

If the constraints are defined independently for each output and its derivatives up to the relative
degree, without coupling between different outputs, the admissible range of the virtual input 𝝉des can be
directly defined as

𝝉min ≤ 𝝉des ≤ 𝝉max, (23)

which are box constraints. Coupled constraints, such as 𝑦1 + 𝑦2 ≤ 𝑦max, are possible, but the safety
filter cannot be implemented as a simple saturation. Instead, solving an optimization problem would be
required.

Those pseudo control bounds are derived from the output constraints using a CBF approach. For the
sake of simplicity, we consider a relative degree of one for all outputs, i.e., 𝝂 = ¤𝒚. The higher-order case
is discussed in the next section. Following the CBF framework, the upper output bound is encoded by
the barrier function

ℎ(𝒚) = 𝒚max − 𝒚, (24)

with its derivative
¤ℎ(𝒚) = − ¤𝒚 = −( 𝒇𝜈 (𝒙) + 𝝉). (25)

Imposing the CBF condition ¤ℎ(𝒚) ≥ −𝛾ℎ(𝒚) gives

𝝉 ≤ − 𝒇𝜈 (𝒙) + 𝛾(𝒚max − 𝒚)︸                      ︷︷                      ︸
𝝉max (𝒙)

. (26)

Similarly, the lower state bound is described by

ℎ(𝒚) = 𝒚 − 𝒚min, ¤ℎ(𝒚) = 𝒇𝜈 (𝒙) + 𝝉 ≥ −𝛾(𝒚 − 𝒚min), (27)

which leads to
𝝉 ≥ − 𝒇𝜈 (𝒙) − 𝛾(𝒚 − 𝒚min)︸                      ︷︷                      ︸

𝝉min (𝒙)

. (28)
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Together, these conditions define the admissible range for the virtual input

𝝉min(𝒙) ≤ 𝝉 ≤ 𝝉max(𝒙). (29)

Since the inequality constraints are box constraints, the safety filter can be implemented using simple
component-wise saturation as

𝝉safe = sat(𝝉des, 𝝉min(𝒙), 𝝉max(𝒙)). (30)

This leads to a significant reduction in computational complexity compared to solving a quadratic
programm (QP) as in Eqs. (7) and (8).

3.2 Using Higher-Order Control Barrier Functions (HOCBF)
For outputs with a relative degree higher than one, the admissible range of the virtual input 𝝉 cannot

be directly defined using a standard CBF. Instead, higher-order CBFs must be employed. Since each
output may have a different relative degree, the higher-order CBF is constructed separately for each output
𝑦𝑖, where 𝑖 = 1, . . . , 𝑛. The CBF condition is then imposed on the highest-order function as

¤Ψ𝑟𝑖−1(𝑦𝑖) + 𝛾𝑟𝑖Ψ𝑟𝑖−1(𝑦𝑖) ≥ 0. (31)

How does this now translate into constraints on the pseudo-control level? The derivative of the
highest-order barrier function can be expressed as

¤Ψ𝑟𝑖−1(𝑦𝑖) = −(𝑟𝑖)
𝑦𝑖 + 𝑏(𝑦𝑖,

(1)
𝑦𝑖 , . . . ,

(𝑟𝑖−1)
𝑦𝑖 ). (32)

Also, Ψ𝑟𝑖−1(𝑦𝑖) is only dependent on the output 𝑦𝑖 and its derivatives up to order 𝑟𝑖 − 1. Further, by

definition of the pseudo control, it holds that
(𝑟𝑖)
𝑦𝑖 = 𝜏𝑖 + 𝑓𝜈𝑖 (𝒙) according to Eq. (2). Therefore, the CBF

condition can be rearranged to

𝜏𝑖 ≤ 𝑏(𝑦𝑖,
(1)
𝑦𝑖 , . . . ,

(𝑟𝑖−1)
𝑦𝑖 ) − 𝑓𝜈𝑖 (𝒙) + 𝛾𝑟𝑖Ψ𝑟𝑖−1(𝑦𝑖) = 𝜏𝑖,max. (33)

For the lower bound, the same procedure can be applied to obtain 𝜏𝑖,min.

4 Validation
The new proposed approach to apply the CBF on a pseudo control level is validated in simulation

using two different models: First, the linearized short-period dynamics of the ADMIRE fighter aircraft,
and second, a linear model of the attitude dynamics of a hexacopter. This section validates the proposed
CBF safety filter on pseudo control level using two simulation examples:

• a linearized short-period model of the ADMIRE fighter aircraft, and
• a linear multiple input multiple output (MIMO) hexacopter attitude dynamics model

The purpose of using the two examples is as follows: The short-period model is selected primarily to
illustrate the structural and implementation differences among the three different CBF strategies using a
simple example. The hexacopter example represents an overactuated MIMO system, in which additional
advantages of the proposed approach, such as pseudo-control prioritization and direction preservation,
can be demonstrated.

For both examples, the three CBF-based safety filter implementations are compared:

• Case A: Standard CBF safety filter on the control input level (denoted with aft)
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• Case B: Combined CBF control allocation (denoted with incl)
• Case C: CBF safety filter on the pseudo control level (denoted with bef)

In addition, a baseline case using a simple command saturation without CBF is included for reference.

4.1 The Short-Period ADMIRE Model
In order to analyze and validate the proposed methods, this work employs the ADMIRE model

(Aero-Data Model in a Research Environment), which describes a small single-engine fighter aircraft
with a delta-canard configuration [24]. The model is linearized around a low-speed operating point at
Mach number 𝑀 = 0.22 and an altitude of 3000 m, where the effectiveness of the control surfaces is
known to be poor.

The short-period model serves as an example to demonstrate the implementation differences among
CBF-based safety filter structures. Although the system is overactuated, it has only a single pseudo-
control associated with the angle-of-attack dynamics. Consequently, advantages related to pseudo-
control prioritization (3) and direction preservation (4) cannot be demonstrated in this example, since
these effects only arise in systems with multiple pseudo-controls. These aspects are therefore addressed
in the second example using a hexacopter model in Section 4.2. Besides that, the short-period example
highlights an important advantage of the proposed approach: the reduced dimensionality of the safety
filter at the pseudo-control level. Since only a single pseudo-control is involved, the admissible range
can be computed directly as bounds or limits for the pseudo-control, whereas the standard and combined
approaches require solving optimization problems in the higher-dimensional actuator space. Our approach
only requires a control allocation.

The linearized aircraft dynamics are expressed as

¤𝒙 = 𝑨𝒙 + 𝑩𝑥𝒖, (34a)
𝑦 = 𝑪𝒙 (34b)

with the definitions

𝒙 =

[
𝛼 𝑞

]𝑇
− 𝒙lin, (35)

𝑦 = 𝛼 − 𝑦lin, (36)

𝒖 =

[
𝑢𝑐 𝑢𝑟𝑒 𝑢𝑙𝑒 𝑢𝑟

]𝑇
− 𝒖lin. (37)

Here, 𝛼 is the angle of attack and 𝑞 the pitch rate. The vector 𝒖 contains the deflections of the
canard wings, the right and left elevons, and the rudder. The terms 𝑥lin, 𝑦lin, 𝑢lin denote the points of
linearization.

The control surfaces are limited by

𝛿𝑐 ∈ [−55, 25] · 𝜋
180 , (38)

𝛿𝑟𝑒, 𝛿𝑙𝑒, 𝛿𝑟 ∈ [−30, 30] · 𝜋
180 . (39)

For the considered operating point, and using a simplified model suitable for allocation studies, the
system matrices are given by

𝑨 =

[
−0.5432 0.9778
2.6221 −0.5057

]
, 𝑩𝑥 =

[
0 0 0 0

1.6532 −1.2735 −1.2735 0.0024

]
, 𝑪 =

[
1 0

]
. (40)
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Here, the actuator dynamics are neglected, and the control surfaces are treated as pure moment generators,
such that their influence on ¤𝛼 is ignored. This corresponds to setting the first row of 𝑩𝑥 equal to zero.

As mentioned before, the proposed CBF safety filter is applied at a pseudo-control level. Therefore,
the system is transformed into a pseudo control form as follows:

𝑦 = 𝑪𝒙 = 𝛼, (41)

¤𝑦 = 𝑪 ¤𝒙 = 𝑪𝑨𝒙 +���*
0

𝑪𝑩𝑥𝒖, (42)
¥𝑦 = 𝑪𝑨 ¤𝒙 = 𝑪𝑨2𝒙 + 𝑪𝑨𝑩𝑥𝒖 = 𝑓𝜈 (𝒙) + 𝑩𝜈𝒖︸︷︷︸

𝜏

= 𝜈. (43)

The derivation shows that the output 𝛼 has a relative degree of two 𝑟 = 2 and 𝜈 = ¥𝛼. Taking a closer look
at the control effectiveness matrix on the pseudo control level, one finds that

𝑩𝜈 = 0.9778 ·
[
1.6532 −1.2735 −1.2735 0.0024

]
= 𝑏 · 𝑩𝑥,2, (44)

where 𝑩𝑥,2 is the second row of 𝑩𝑥 and 𝑏 = 0.9778. In this example, it holds that the pitch acceleration
generated by the inputs ¤𝑞𝑢 = 𝑩𝑥,2𝒖 is directly proportional to the virtual input 𝜈 = 𝑏 · ¤𝑞𝑢. This means
instead of allocating the virtual input 𝜏 related to the pseudo control ¥𝛼, the control allocation can allocate
the pitch acceleration ¤𝑞𝑢 and then scale it by 𝑏 to obtain the virtual input 𝜏.

The control allocation in the pseudo-control-level safety filter and the standard approach are imple-
mented by a pseudo-inverse with the following saturation. Note that for a single pseudo-control input,
direction preservation is unnecessary, and no redistribution is possible. The optimization problems
Eqs. (7) and (8) are implemented using the quadprog function from MATLAB configured to use an
active set algorithm.

4.1.1 Derivation of the HOCBF
As the next step, the higher-order CBF is constructed to enforce angle-of-attack limits of

−3◦ ≤ 𝛼 ≤ 3◦. (45)

The barrier functions are defined as

Ψ0(𝛼) = ℎ(𝒙) = 𝛼max − 𝛼, (46)
Ψ1(𝛼) = ¤Ψ0(𝛼) + 𝛾1Ψ0(𝛼) = − ¤𝛼 + 𝛾1(𝛼max − 𝛼) (47)
Ψ2(𝛼) = ¤Ψ1(𝛼) + 𝛾2Ψ1(𝛼) = −¥𝛼 + 𝛾1(− ¤𝛼) + 𝛾2Ψ1(𝛼) = −𝜈 + 𝑏( ¤𝛼) + 𝛾2Ψ1(𝛼) (48)

As a next step, we insert 𝜈 = 𝑓𝜈 (𝒙) + 𝜏 from Eq. (43), and impose the CBF condition

Ψ2(𝛼) = − 𝑓𝜈 (𝒙) − 𝜏 + 𝑏( ¤𝛼) + 𝛾2Ψ1(𝛼) ≥ 0. (49)

The CBF condition is rearranged to

𝜏 ≤ − 𝑓𝜈 (𝒙) + 𝑏( ¤𝛼) + 𝛾2Ψ1(𝛼) (50)

which corresponds to Eq. (33). Finally, we insert 𝑓𝜈 (𝒙) = 𝐶𝐴2𝒙, 𝑏( ¤𝛼) = −𝛾 ¤𝛼 andΨ1 = − ¤𝛼+𝛾1(𝛼𝑚𝑎𝑥−𝛼)
leading to

𝜏 ≤ −𝐶𝐴2𝒙 − (𝛾1 + 𝛾2) ¤𝛼 + 𝛾2𝛾1(𝛼𝑚𝑎𝑥 − 𝛼) (51)
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We estimate ¤𝛼 using ¤𝛼 = 𝐶𝐴𝒙. In practice, the estimate could be obtained using load factor measurements
as commonly done [16].

Now, inserting the system matrices leads to

𝑪𝑨2 =

[
2.8590 −1.0256

]
, (52)

𝑪𝑨 =

[
−0.5432 0.9778

]
. (53)

By that, the bounds on the virtual input have been obtained. As mentioned before, the control allocation
can allocate the pitch acceleration ¤𝑞𝑢 instead of the virtual input 𝜏. Therefore, the bounds on the pitch
acceleration are obtained as

𝜏min

𝑏
≤ ¤𝑞𝑢 ≤

𝜏max

𝑏
. (54)

This transformation will be used in the simulation results.

For the standard CBF safety filter on the control input level and the combined CBF control allocation,
the CBF conditions must be expressed in terms of the control inputs 𝒖. Inserting the plant definition of
𝜏 = 𝑩𝜈𝒖, Eq. (43), into the CBF conditions leads to the inequality constraints[

𝑩𝜈

−𝑩𝜈

]
︸ ︷︷ ︸

𝑨𝜏

𝒖 ≤
[
𝜏max(𝒙)
−𝜏min(𝒙)

]
︸       ︷︷       ︸

𝒃𝜏

. (55)

4.1.2 Results
To demonstrate the different safety filter implementations, the following simulation cases are con-

sidered:

• Case 0 (Baseline): Angle-of-attack command limited by a simple saturation block to ±3◦ (denoted
with sat).

• Case A–C (CBF-based cases): Step command in angle of attack from 0◦ to 7◦ with
A) standard CBF safety filter on the control input level (denoted with aft),
B) combined CBF control allocation (denoted with incl),
C) CBF safety filter on the pseudo control level (denoted with bef).

The baseline case is included to highlight that a simple command can lead to a more conservative,
slower response. The proposed CBF safety filter at the pseudo-control level is validated in simulation
and compared with the standard CBF safety filter at the control input level and the combined CBF control
allocation. All three approaches are implemented in MATLAB/Simulink and use the same outer LQR
controller to provide the desired pitch acceleration command ¤𝑞des. The LQR is designed to track a step
command in angle of attack while minimizing the states and control inputs. The parameters of the LQR
are chosen as

𝑸 = diag (50, 5) , (56)
𝑹 = 1. (57)

The CBF parameters are set to 𝛾1 = 3 and 𝛾2 = 40, while the limits on the angle of attack are set
to 𝛼min = −3◦ and 𝛼max = 3◦. Therefore, the step command violates the safety limits, and interception
of the safety filters is expected. The resulting angle of attack response for the three different CBF
implementations is shown in Fig. 4. From the simulation results, we can make the following key
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Fig. 4 Angle of attack (𝛼) response for a step command with different CBF safety filter implementations.

observations:

• with simple command saturation, the angle-of-attack response is significantly slower than the ones
including CBF.

• All three CBF-based approaches lead to identical angle-of attack responses and successfully prevent
overshoot of the limit, hence enforce the safety constraints

The main differences between the approaches, therefore, lie not in performance but in implementation
and computational effort. All three approaches successfully enforce the angle-of-attack limits, preventing
any violations. The responses of all three methods are identical, demonstrating that the proposed CBF
safety filter at the pseudo-control level achieves the same performance as the standard methods. This
behavior is expected, since the system has only one pseudo-control input; thus, scaling or limiting the
pseudo-control input is equivalent. Also, no input limits are active in this scenario.

4.2 Hexacopter
As a second example, the attitude dynamics of a Hexacopter (see Fig. 5) are used, which was also

used in [25–27]. In this example, the differences between the approaches can be shown since it is an
overactuated MIMO system. Specifically, a direction-preserving control allocation can be used here.

Fig. 5 AscTec Firefly Hexacopter

4.2.1 Model and Baseline Controller
The attitude dynamics of the hexacopter are modeled as a linear system around hover conditions.

Specifically, the roll, pitch, and yaw dynamics are considered as chains of double integrators. The
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state-space representation of the system is given by

¤𝒙 = 𝑨𝒙 + 𝑩𝑥𝑩𝜈𝒖, (58a)
𝒚 = 𝑪𝒙, (58b)

where

𝒙 =

[
𝜙 𝑝 𝜃 𝑞 𝜓 𝑟

]𝑇
(59)

𝒚 =

[
𝜙 𝜃 𝜓

]𝑇
, (60)

𝒖 =

[
𝑇1 𝑇2 𝑇3 𝑇4 𝑇5 𝑇6

]𝑇
. (61)

Here, 𝜙, 𝜃, 𝜓 are the roll, pitch, and yaw angles, while 𝑝, 𝑞, 𝑟 are the corresponding angular rates. The
control inputs 𝑇𝑖 represent the normalized thrust generated by each of the six rotors. The system matrices
are defined as

𝑨 = diag

([
0 1
0 0

]
,

[
0 1
0 0

]
,

[
0 1
0 0

])
, 𝑩𝑥 = diag

([
0
1

]
,

[
0
1

]
,

[
0
1

])
,

𝑪 = diag
( [

1 0
]
,

[
1 0

]
,

[
1 0

] )
.

(62)

The control effectiveness matrix 𝑩𝜈 maps the control inputs to the pseudo controls and is given by

𝑩𝜈 =


−1

2𝐿𝑘𝐹 −𝐿𝑘𝐹 −1
2𝐿𝑘𝐹

1
2𝐿𝑘𝐹 𝐿𝑘𝐹

1
2𝐿𝑘𝐹√

3
2 𝐿𝑘𝐹 0 −

√
3

2 𝐿𝑘𝐹 −
√

3
2 𝐿𝑘𝐹 0

√
3

2 𝐿𝑘𝐹

−𝑘𝑀 𝑘𝑀 −𝑘𝑀 𝑘𝑀 −𝑘𝑀 𝑘𝑀

 , (63)

where 𝐿 = 0.215 m is the distance from the center of mass to each rotor, 𝑘𝐹 = 5.8833 rad/(m s2) is the
acceleration coefficient, and 𝑘𝑀 = 0.112 rad/s2 is the moment coefficient.

Similar to the previous example, the system is transformed into pseudo control form, which is
straightforward since the system is already in a chained double integrator form. Therefore, the transformed
system is given by

𝝂 = ¥𝒚 = 𝑩𝜈𝒖 = 𝝉. (64)

Note that 𝒇𝜈 (𝒙) = 𝑨𝜈 = 0 for the considered example system, and the outputs 𝜙, 𝜃, 𝜓 all have a relative
degree of two 𝑟𝑖 = 2. The pseudo control vector is therefore

𝝂 =

[
¤𝑝 ¤𝑞 ¤𝑟

]𝑇
. (65)

For hexacopter control, a cascaded controller is used, consisting of an outer angle loop and an inner
angular rate loop. Both loops are proportional error controllers with the following gains

𝐾𝑦 = diag( [1.5, 1.5, 1]), 𝐾 ¤𝑦 = diag( [15, 15, 10]). (66)

The outputs of the inner loop are the desired angular accelerations ¤𝑝des, ¤𝑞des, ¤𝑟des.

Since the system is overactuated, a control allocation should be deployed to map the desired angular
accelerations to the rotor thrusts. The task of the control allocation is to solve Eq. (20), which can
be solved using standard QP techniques, like Active Set or Interior Point methods [28]. Instead of
standard solvers, specific algorithms for control allocation can be used, such as RSPI, which belongs to
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the class of cascaded generalized inverses (CGI) methods. RSPI is closely related to the SLS-AS QP
control allocation. One characteristic of RSPI is that it can be configured to preserve the direction of
the desired virtual input when allocating the control inputs. In addition, RSPI has a low computational
complexity, making it suitable for real-time applications. In the Section 4.2.3, the direction-preserving
version is compared to the non-direction-preserving version to highlight its benefits. Therefore, the
control allocation in the pseudo-control-level safety filter and the standard approach are implemented
using the RSPI algorithm from [29]. The optimization problems Eqs. (7) and (8) are implemented using
the quadprog function from MATLAB configured to use an active set algorithm.

Similar to the previous example, the system is transformed into pseudo control form, which is
straightforward since the system is already in a chained double integrator form. Therefore, the transformed
system is given by

𝝂 = 𝑩𝜈𝒖 = 𝝉. (67)

Note that 𝒇𝜈 (𝒙) = 0 for the considered example system, and the outputs 𝜙, 𝜃, 𝜓 all have a relative degree
of two 𝑟𝑖 = 2.

4.2.2 Derivation of the HOCBF
In the following, the higher-order CBF is constructed to enforce attitude angle limits of the hexacopter.

Since all attitude angles have the same relative degree of two and are decoupled (chain of integrators),
the derivation is identical for all three angles. Therefore, the derivation is shown only for the roll angle 𝜙.

The barrier function for the upper roll angle limit is defined as

Ψ0,1(𝜙) = ℎ1(𝒙) = 𝜙max − 𝜙, (68)
Ψ1,1(𝜙) = ¤Ψ0,1(𝜙) + 𝛾1,1Ψ0,1(𝜙) = − ¤𝜙 + 𝛾1,1(𝜙max − 𝜙) = −𝑝 + 𝛾1,1(𝜙max − 𝜙) (69)
Ψ2,1(𝜙) = ¤Ψ1,1(𝜙) + 𝛾2,1Ψ1,1(𝜙) = − ¤𝑝 + 𝛾1,1(−𝑝) + 𝛾2,1Ψ1,1(𝜙). (70)

Inserting the plant definition of 𝜈1 = 𝜏1 leads to the upper bound on the virtual input

Ψ2,1(𝜙) = − ¤𝑝 − (𝛾1,1 + 𝛾2,1)𝑝 + 𝛾2,1𝛾1,1(𝜙max − 𝜙) = 𝜏1,max(𝒙). (71)
𝜏1 ≤ −(𝛾1,1 + 𝛾2,1)𝑝 + 𝛾2,1𝛾1,1(𝜙max − 𝜙) = 𝜏1,max(𝒙). (72)

Similarly, the lower bound is derived as

𝜏1 ≥ −(𝛾1,1 + 𝛾2,1)𝑝 − 𝛾2,1𝛾1,1(𝜙 − 𝜙min) = 𝜏1,min(𝒙). (73)

The same procedure is applied to the pitch and yaw angles to obtain the complete set of bounds on the
virtual input

𝝉max(𝒙) = −(𝜸1 + 𝜸2)

𝑝

𝑞

𝑟

 + 𝜸2𝜸1
©­­«

𝜙max

𝜃max

𝜓max

 −

𝜙

𝜃

𝜓


ª®®¬ , (74)

where 𝜸1 = diag( [𝛾1,1, 𝛾1,2, 𝛾1,3]) and 𝜸2 = diag( [𝛾2,1, 𝛾2,2, 𝛾2,3]). The lower bound follows the same
structure.

To get the inequality constraints for the standard CBF safety filter and the combined CBF control
allocation, the plant definition 𝝉 = 𝑩𝜈𝒖 is used according to Eq. (55).
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4.2.3 Results
To evaluate the proposed CBF safety filter on pseudo control level, multiple closed-loop simulations

of the hexacopter attitude control are performed. In those simulations, step commands in roll, pitch, and
yaw angle are commanded to demonstrate

• the enforcement of safety limits on the attitude angles,
• the differences between the three CBF safety filter implementations, and
• the influence of a direction-preserving control allocation.

Note that only the standard and the proposed CBF safety filter implementations include a separate
control allocation. Therefore, only those two approaches are influenced by direction-preserving control
allocation.

The CBF parameters are set to

𝜸1 = diag( [3, 3, 1]), 𝜸2 = diag( [12, 12, 4]), (75)

and the attitude angle limits are set to[
𝜙min 𝜃min 𝜓min

]𝑇
=

[
−15◦ −20◦ −7◦

]𝑇
,

[
𝜙max 𝜃max 𝜓max

]𝑇
=

[
15◦ 20◦ 7◦

]𝑇
. (76)

The test cases consider synchronous step commands in pitch and roll angle from 0◦ to 25◦ at 𝑡 = 1 s.
While the yaw angle is commanded to 15◦ at 𝑡 = 5 s. All commands violate the safety limits, so that
interception by the CBF safety filters is expected. Furthermore, the simulation scenario in Fig. 6 is
chosen such that the control input limits are reached. If the desired virtual input were fully feasible,
i.e., achievable without saturating the actuators, all three methods would yield identical behavior, and
no differences would be observable. By driving the system into actuator saturation, the differences of
the investigated architectures become visible, as discussed in the following. The resulting attitude angle
responses for the three different CBF implementations without a direction-preserving control allocation
are shown in Fig. 6.
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Fig. 6 Hexacopter attitude response with different CBF safety filter implementations

The results show that all three CBF safety filter implementations successfully enforce the attitude
angle limits, preventing any violations. The control input limits are reached in those scenarios, which
is required to demonstrate the different direction-preserving characteristics of the control allocation in
Fig. 7. This is necessary because if the desired virtual input is feasible and can be reached by the control
allocation, there will be no differences.
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The response of the proposed CBF safety filter on pseudo control level closely matches that of the
integrated CBF control allocation approach. However, the standard CBF safety filter on control input
level diverges from the common behavior in the yaw angle response. Even before the step command at
𝑡 = 5 s, the yaw angle starts to deviate from zero. This behavior can be explained by the fact that the
safety filter modifies the control inputs after control allocation, as shown in Eq. (7) and Fig. 1. As a
result, the safety filter fails to account for the desired virtual inputs during safety enforcement, leading to
deviations from non-targeted states.

To further investigate the influence of the control allocation method, the same test case is repeated
using a direction-preserving RSPI control allocation. The resulting attitude angle responses for the three
different CBF implementations with direction-preserving control allocation are shown in Fig. 7. It can be
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Fig. 7 Hexacopter attitude response with different CBF safety filter implementations with synchronous
step inputs using a direction-preserving control allocation.

observed that the integrated approach, where CA and the safety filter are solved as a single optimization
problem, deviates from the system’s reference trajectory using a direction-preserving control allocation.
While the approaches with a separate safety filter and direction preserving CA perfectly track the reference
trajectory in 𝜙 and 𝜃.
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Fig. 8 Hexacopter control inputs with different CBF safety filter implementations with synchronous step
inputs using a direction-preserving control allocation.

Overall, the results are similar to the previous case without direction preservation. The safety
constraints are successfully enforced with nearly identical trajectories.

However, in the transient, the safety filter with integrated control allocation deviates from the other
two approaches. It even leads the reference system without the safety filter in the pitch angle response,
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Fig. 9 Angle of attack (𝛼) response for a step command with different CBF safety filter implementations.

while lagging behind in the roll angle response. The reason for this behavior is that the integrated
approach is not direction-preserving; rather, it minimizes the deviation from the desired virtual input in a
least-squares sense. Therefore, it can allocate control inputs that result in a virtual input with a direction
opposite to the desired one. In contrast, the proposed CBF safety filter on pseudo control level with
direction-preserving control allocation maintains the direction of the desired virtual input while enforcing
safety.

4.3 Execution Time Evaluation
One advantage of the proposed CBF safety filter on pseudo control level is its lower computational

complexity. To evaluate the execution time of the three different CBF safety filter types, they are
implemented in Simulink and evaluated on an STM32F767ZI microcontroller running at a clock speed of
216 MHz. The execution time is measured using the Simulink processor-in-the-loop (PiL) functionality.
The measured execution times always consider the combination of safety filter and control allocation.

The average and maximum execution times for each approach are summarized in Fig. 10. For that,
the test case from Fig. 6 with 15 s and 30 000 steps is used. The results show that the proposed CBF safety
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Fig. 10 Comparison of the execution time for the three CBF safety filter implementations on an
STM32F767ZI.

filter on pseudo control level has a significantly lower execution time compared to the standard CBF safety
filter and the combined CBF control allocation. The reduction in mean execution time is approximately
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70 % compared to the combined approach and nearly 80 % compared to the standard approach. This
demonstrates the computational efficiency of the proposed method, making it particularly suitable for
real-time applications on resource-constrained embedded systems like aircraft.

5 Conclusion and Outlook
This paper presented a novel approach to implement CBFs for safety-critical control systems by

applying the CBF conditions on a pseudo control level. This method effectively decouples safety filtering
from control allocation, enabling the use of standard control allocation techniques. The proposed
approach was validated through simulations using the linearized short-period dynamics of the ADMIRE
fighter aircraft and the attitude dynamics of a hexacopter. The results demonstrated that the proposed
CBF safety filter on pseudo control level achieves identical performance to standard CBF safety filters and
integrated CBF control allocation methods in enforcing safety constraints. Furthermore, the proposed
method significantly reduces the computational complexity, since the safety filter reduces to a simple
saturation operation. We demonstrated a reduction in execution time on an embedded microcontroller.
This makes the proposed approach particularly suitable for real-time applications on resource-constrained
systems, such as aircraft.

Future work includes extending the proposed method to nonlinear systems and evaluating its perfor-
mance in more complex scenarios.

Declaration of Use of Artificial Intelligence
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conciseness of the manuscript. The service Grammarly was used for this purpose, with the last use on
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