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ABSTRACT

This paper presents a robustness assessment and a comparison of three control techniques: Non-
linear Dynamic Inversion (NDI), Incremental Nonlinear Dynamic Inversion (INDI), and H∞ Loop
Shaping (LS). The methods are evaluated in the context of launch vehicle (LV) attitude control,
making use of linear analysis tools to assess performance and robustness. The study proceeds
in two stages. First, the linear versions of NDI and INDI are used to invert the launch vehicle
system. The input-output singular values of four systems are then compared: the two inverted
systems, a shaped plant from an H∞ LS controller, and the open-loop system. The results show
that the inversion strategies naturally achieve singular value patterns similar to the H∞ design with
minimal designer intervention, although inherent limitations are identified. Second, an outer-loop
controller is added to the linear INDI system and tuned by shaping the closed-loop singular val-
ues. The resulting controller is compared, in terms of performance and robustness, to an H∞ LS
controller and to a controller employing the LV state-of-the-art architecture. The analyses confirm
the superiority of the H∞ LS controller, and that the limitations inherent to the inversion strategies
cannot be fully mitigated by outer-loop control. Nevertheless, the tuned inversion-based controller
meets all design requirements and surpasses the performance of the state-of-the-art approach.
Overall, this paper illustrates that NDI and INDI, when applied to LV attitude control, can achieve
most — though not all — of the performance and robustness of linear robust control approaches.
This is achieved with lower design complexity, highlighting the practical use of these techniques for
flight control system design.
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1 Introduction
Driven by satellite constellations, commercial ventures, and international collaborations, the growing

demand for launch vehicles (LVs) has intensified the need for reliable and cost-effective access to space
[1]. While advances in manufacturing and agile development have reduced production costs, innovation
in Guidance, Navigation, and Control (GNC) systems has lagged behind. In the context of control system
design, many recent government-led LV programs, such as Ares I and VEGA, continue to rely on classical
linear control approaches [2, 3]. This involves partitioning the flight envelope, designing linear controllers
for each point, and applying gain scheduling [2, 4]. Although effective, these methods demand extensive
validation and verification (V&V), resulting in time- and resource-intensive development cycles.

In recent years, interest in applying artificial intelligence and machine learning to LV GNC systems
has grown [1, 5–7]. Despite this, industrial adoption of such data-driven or model-free approaches
remains limited, primarily due to the challenges of algorithm training, validation, and certification across
the full flight envelope.

In this context, nonlinear control techniques—particularly those based on Nonlinear Dynamic Inver-
sion (NDI)—offer a practical intermediate solution. These techniques have been successfully applied in
a variety of aerospace vehicles, including flexible aircraft [8], helicopters [9], spacecraft [10], and fighter
jets such as the Lockheed Martin F-35 Lightning II production aircraft [11], among others. By reducing
reliance on gain scheduling while preserving desired performance and robustness, NDI-based methods
can be used to simplify the design of launch vehicle Thrust Vector Control (TVC) systems. Furthermore,
the successful implementation of NDI-based control techniques may facilitate the eventual adoption of
data-driven or model-free approaches in LV guidance, navigation, and control design.

Previous work formalized NDI and INDI control laws for launch vehicles and demonstrated their
theoretical feasibility [1]. The present study extends this investigation by addressing practical aspects
of TVC design through a two-stage methodology. In the first stage, the linearized NDI and INDI laws
are employed to achieve dynamic inversion of an LV model. The input–output singular values of the
inverted systems are then compared with those of the shaped plant obtained from an H∞ loop shaping
(LS) controller, as well as with those of the open-loop system. This analysis demonstrates the intrinsic
loop-shaping benefits of NDI and INDI, even without any outer-loop controller, while also identifying
limitations imposed by feedback linearization. In the second stage, an outer-loop controller is tuned
for the linearized INDI system via closed-loop singular value shaping. The resulting controller is then
benchmarked against anH∞ LS controller and a controller based on the state-of-the-art LV attitude control
architecture [3] in terms of performance and robustness. This two-stage assessment provides insight into
the practical capabilities and limitations of NDI/INDI, and offers guidance for future controller design.

The rest of the paper is organized as follows. Section 2 describes the launch vehicle model used
throughout the study. Section 3 presents a derivation of a generic NDI law and its linearized version as
applied to an LV. Section 4 provides the same treatment for INDI. Section 5 compares the input-output
singular values of the inverted systems, the open-loop system, and the H∞ shaped system. Section 6
presents the design of the outer-loop controller for the IDI systems and evaluates its performance and
robustness. Finally, Section 7 summarizes the findings and outlines directions for future work.

2 Launch Vehicle Model
For axisymmetric vehicles with quasi-zero roll rate, pitch and yaw dynamics can be assumed uncou-

pled and the task of control design performed for each axis separately. The relevant quantities for the
pitch axis of a launch vehicle are illustrated in Figure 1. For the sake of simplicity, structural bending
dynamics are not considered in this paper, but an analysis of the impact of these dynamical effects has
been formalized in [12]. The nonlinear equations of motion governing the drift (𝑧) and the pitch angle
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Fig. 1 Pitch plane diagram of launch vehicle.

(𝜃) of a launch vehicle are given by [1]:

𝑚 ¥𝑧 = 𝐹𝛼 + 𝐹𝑐 + 𝐹𝑛 − 𝑚𝑔 sin(𝜃)
𝐽 ¥𝜃 = 𝑀𝛼 + 𝑀𝑐 + 𝑀𝑛

(1)

where 𝑚 and 𝐽 are the vehicle’s mass and lateral moment of inertia, respectively; while the terms 𝐹𝑥
and 𝑀𝑥 denote forces and moments, with subscripts 𝛼, 𝑐, and 𝑛 referring to aerodynamic, TVC, and
tail-wags-dog (TWD) effects, respectively.

Applying the gravity-turn assumption1 [13] and linearizing Eq. 1 about the local trajectory reference
frame following [14], yields the linearized equations of motion:

𝑚 ¥𝑧 = − (𝑇 − 𝐷)𝜃 − 𝑁𝛼
(
𝜃 + ¤𝑧

𝑉
− 𝑣𝑤

𝑉
−

¤𝜃
𝑉
(𝑥𝐶𝑃 − 𝑥𝐶𝑀))

)
− 𝑇𝛿 − 𝑚𝑛𝑙𝑛 ¥𝛿

𝐽 ¥𝜃 =𝑁𝛼 (𝑥𝐶𝑃 − 𝑥𝐶𝑀)
(
𝜃 + ¤𝑧

𝑉
− 𝑣𝑤

𝑉
−

¤𝜃
𝑉
(𝑥𝐶𝑃 − 𝑥𝐶𝑀)

)
− 𝑇𝛿(𝑥𝐶𝑀 − 𝑥𝐶𝑇 ) − (𝑚𝑛𝑙𝑛 (𝑥𝐶𝑀 − 𝑥𝐶𝑇 ) + 𝐼𝑛) ¥𝛿

(2)
where 𝑇 is the thrust force, 𝐷 the aerodynamic drag, and 𝑁𝛼 the aerodynamic force gradient with respect
to the angle of attack; the variables ¤𝑧 and ¤𝜃 are the drift and pitch rates; 𝑉 is the ground velocity, 𝑣𝑤 the
wind disturbance; and finally, 𝛿 is the nozzle deflection. The parameters 𝑚𝑛 and 𝑙𝑛 are the nozzle mass
and distance between the nozzle’s center of mass and the thrust vector’s application point. 𝑥𝐶𝑀 , 𝑥𝐶𝑇 , and
𝑥𝐶𝑃 represent the longitudinal positions of the centers of mass, thrust, and pressure, respectively.

To express the dynamics in state-space form, it is convenient to define 𝑙𝑐 = 𝑥𝐶𝑀 − 𝑥𝐶𝑇 and 𝑙𝛼 =

𝑥𝐶𝑃 − 𝑥𝐶𝑀 , leading to the following coefficients [15]:

𝜇𝛼 = 𝑙𝛼
𝑁𝛼

𝐽
, 𝑛𝛼 =

𝑁𝛼

𝑚
,

𝜇𝑐 = 𝑙𝑐
𝑇

𝐽
, 𝑛𝑐 =

𝑇

𝑚
,

𝜇𝑛 =
𝑚𝑛𝑙𝑛𝑙𝑐 + 𝐽𝑛

𝐽
, 𝑛𝑛 =

𝑚𝑛𝑙𝑛

𝑚

(3)

1The gravity turn assumption states that the commanded pitch reference is set such that the centripetal acceleration of
the launch vehicle equalizes the gravitational force [13].
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Additionally, the contributions of the Inertial Measurement Unit (IMU) displacement are given by:

𝜃 𝐼𝑀𝑈 = 𝜃

¤𝜃 𝐼𝑀𝑈 = ¤𝜃
𝑧𝐼𝑀𝑈 = 𝑧 − (𝑥𝐼𝑀𝑈 − 𝑥𝐶𝑀)𝜃
¤𝑧𝐼𝑀𝑈 = ¤𝑧 − (𝑥𝐼𝑀𝑈 − 𝑥𝐶𝑀) ¤𝜃

(4)

where 𝑥𝐼𝑀𝑈 represents the position of the Inertial Measurement Unit. Combining Eqs. 2 – 4 yields the
following Linear Time-Invariant (LTI) representation of the system2:

¤𝜃
¥𝜃
¤𝑧
¥𝑧


=

©­­­­­«
0 1 0 0
𝜇𝛼 − 𝑙𝛼𝜇𝛼

𝑉
0 𝜇𝛼

𝑉

0 0 0 1
−𝑛𝛼 − 𝑇−𝐷

𝑚
𝑙𝛼𝑛𝛼
𝑉

0 −𝑛𝛼
𝑉

ª®®®®®¬

𝜃

¤𝜃
𝑧

¤𝑧


+
©­­­­­«

0 0
−𝜇𝑐 −𝜇𝑛

0 0
−𝑛𝑐 −𝑛𝑛

ª®®®®®¬
[
𝛿

¥𝛿

]
+
©­­­­­«

0
− 𝜇𝛼
𝑉

0
𝑛𝛼
𝑉

ª®®®®®¬
[
𝑣𝑤

]


𝛼

𝑧𝐼𝑀𝑈

¤𝑧𝐼𝑀𝑈
𝜃 𝐼𝑀𝑈
¤𝜃 𝐼𝑀𝑈


=

©­­­­­­­«

1 0 0 1
𝑉

−(𝑥𝐼𝑀𝑈 − 𝑥𝐶𝑀) 0 1 0
0 −(𝑥𝐼𝑀𝑈 − 𝑥𝐶𝑀) 0 1
1 0 0 0
0 1 0 0

ª®®®®®®®¬


𝜃

¤𝜃
𝑧

¤𝑧


+

©­­­­­­­«

0 0
0 0
0 0
0 0
0 0

ª®®®®®®®¬
[
𝛿

¥𝛿

]
+

©­­­­­­­«

− 1
𝑉

0
0
0
0

ª®®®®®®®¬
[
𝑣𝑤

]

(5)
where the angle of attack is denoted by 𝛼 and is given as a function of the other states by:

𝛼 = 𝜃 + ¤𝑧
𝑉

− 𝑣𝑤

𝑉
(6)

The product of the angle of attack and the instantaneous dynamic pressure, 𝑄 = 1
2𝜌𝑉

2, is commonly
used in launch vehicle literature as an indicator of the aerodynamic loads acting on the vehicle structure.
Here, 𝜌 denotes the air density at the vehicle’s current altitude.

Following the approach described in [16], the open-loop launch vehicle model also accounts for
actuator dynamics and on-board computer (OBC) delays. Specifically, the model includes a second-
order representation of the actuator dynamics (𝐺TVC) as well as a time-delay model implemented through
a second-order Padé approximation (𝐺Delay). The actuator and time-delay dynamics together form the

Fig. 2 Actuator Model.

2Note that the inputs 𝛿 and ¥𝛿 are not independent, as they both result from the actuator dynamics.
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Fig. 3 Open Loop System.

block 𝐺Act, as shown in Fig. 2. This block is then combined with the vehicle equations of motion (𝐺LV)
to form the complete open-loop system, as illustrated in Fig. 3.

3 Nonlinear Dynamic Inversion
The underlying idea of (Incremental) Nonlinear Dynamic Inversion (NDI/INDI) is that, through

appropriately designed feedback, the system nonlinearities are canceled out, yielding a closed-loop
system with linear behavior (under the assumption of perfect inversion). In this linearized framework, a
single linear controller can be used to specify the desired performance across the entire flight envelope,
thereby eliminating—or at least significantly reducing [4]—the need for gain-scheduling.

3.1 Fundamentals of Nonlinear Dynamic Inversion
Without loss of generality, consider a nonlinear, input affine, multi-input-multi-output system, with

𝑚 inputs, 𝑛 states, and the same number of inputs and outputs:

¤𝑥 = 𝑓 (𝑥) + 𝑔(𝑥)𝑢
𝑦 = ℎ(𝑥)

(7)

where 𝑢 ∈ R𝑚 represents the control input vector, 𝑥 ∈ R𝑛 represents the state vector, and 𝑦 ∈ R𝑚 is the
output vector. 𝑔(𝑥) ∈ R𝑛×𝑚 is a matrix whose columns are assumed to be smooth vector fields, while,
𝑓 (𝑥) ∈ R𝑛 and ℎ(𝑥) ∈ R𝑚 are also assumed to be smooth vector fields. The system’s relative degree
vector, 𝜌 = [𝜌1, . . . , 𝜌𝑚]𝑇 , indicates the number of times each output must be differentiated before the
control input explicitly appears into the system dynamics [17, 18]. Assuming the system outputs coincide
with the states themselves:

𝑦 = 𝑥 (8)

so that each output has relative degree one (and, consequently, the system is full-state feedback-
linearizable; see [17, 18]); a single differentiation of the outputs directly yields:

¤𝑦 = ¤𝑥 = 𝑓 (𝑥) + 𝑔(𝑥)𝑢 (9)

which shows that the control input appears explicitly after a single differentiation. Recall that the
objective of NDI is to cancel the nonlinear terms so that the resulting closed-loop dynamics are linear;
this is achieved by selecting 𝑢 such that the effects of the terms 𝑓 (𝑥) and 𝑔(𝑥) are canceled, resulting in:

¤𝑦 = 𝜈 (10)
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where 𝜈 is called the virtual control input, and will be the output of an outer-loop controller.

Substituting Eq. 9 into Eq. 10, and solving for 𝑢 gives the NDI control law:

𝑢NDI = 𝑔(𝑥)−1 [𝜈 − 𝑓 (𝑥)] (11)

In practice, 𝑓 (𝑥) and 𝑔(𝑥) are replaced by their corresponding on-board model (OBM) representations.
Consequently, the quality of the inversion and the robustness of the system is highly dependent on the
accuracy of the OBM. Under the assumption of no model uncertainty or external perturbations, applying
the previous control law to the system in Eq. 7 yields a linear input-output relation:

𝑦

𝜈
=

1
𝑠

(12)

A notable property of this formulation is that it not only linearizes the system, but also decouples the
input-output channels [17, 18]. Consequently, each virtual input 𝜈𝑖 influences only the corresponding
output 𝑦𝑖, allowing independent control design for each channel.

3.2 Dynamic Inversion for Launch Vehicles
For the linearized launch vehicle dynamics considered in this work, the NDI strategy reduces to

Dynamic Inversion (DI). With this in mind, the pitch angle measured by the IMU, 𝜃 𝐼𝑀𝑈 , is selected as
the control variable. Differentiating 𝜃 𝐼𝑀𝑈 until the control input 𝛿 appears explicitly yields:

¥𝜃 𝐼𝑀𝑈 = 𝜇𝛼𝛼 − 𝜇𝑐𝛿 − 𝜇𝑛 ¥𝛿 (13)

Then, the DI control law is derived by algebraically solving for the control input without accounting for
the engine inertia terms. These terms are not considered as they depend on ¥𝛿, which is typically not
measurable. Following this process yields:

𝛿DI = 𝑢DI = − 1
𝜇𝑐

[𝜈 − 𝜇𝛼𝛼] = − 1
𝜇𝑐

[𝜈 − 𝜉DI] (14)

where 𝜉DI is the inversion path’s signal. Applying this control law to the model in Eq. 5 leads to:

¥𝜃 𝐼𝑀𝑈 = 𝜈 − 𝜇𝑛 ¥𝛿 (15)

Fig. 4 Dynamic Inversion (DI) block-diagram for the LV.
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which, if the engine inertia is disregarded, gives the expected double integrator relation3. A schematic
representation of the DI implementation for the launch vehicle is shown in Figure 4. The figure highlights
that the angle of attack is typically not measured directly and is instead provided by the 𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 block.
In the present work, however, perfect measurement of the angle of attack is assumed.

4 Incremental Nonlinear Dynamic Inversion
Incremental Nonlinear Dynamic Inversion (INDI) can be regarded as the application of NDI to a

system expressed in incremental form [9, 19]. While INDI is often described as inherently more robust
than NDI, this is only true at low frequencies [4]. At low frequencies, its reduced reliance on the on-
board model (OBM) makes the control law less sensitive to modeling errors and parameter variations,
improving robustness. At higher frequencies, INDI is less robust because its inherently higher loop gain
increases sensitivity to sensor noise and unmodeled dynamics, as per classical control theory (see, e.g.,
[20], p. 45).

From an implementation standpoint, INDI is generally less demanding than NDI, as it requires only
a simplified OBM and does not rely on full state feedback. However, it requires accurate measurements
or estimations of actuator deflections and angular accelerations. This shifts the design challenge from
maintaining a detailed OBM to ensuring high-quality sensing and filtering, which can introduce practical
complications [21].

4.1 Fundamentals of Incremental Nonlinear Dynamic Inversion
Starting from the initial nonlinear dynamics of Eq. 7, the control variables are chosen to coincide

with the system states, for the same reasons as before. An incremental representation of the system can
then be derived by introducing a small time delay, 𝜆, as in [22]. Define the delayed quantities:

¤𝑥0 = ¤𝑥(𝑡 − 𝜆)
𝑥0 = 𝑥(𝑡 − 𝜆)
𝑢0 = 𝑢(𝑡 − 𝜆)

(16)

The corresponding increments are then given by Δ ¤𝑥 = ¤𝑥 − ¤𝑥0, Δ𝑥 = 𝑥 − 𝑥0, and Δ𝑢 = 𝑢 − 𝑢0, which
represent the incremental state derivative, incremental state, and incremental control input, respectively.
A first-order Taylor series expansion of ¤𝑥 with respect to the delay 𝜆 is then performed to express the
system dynamics in incremental form [1, 10, 19, 23–25]:

¤𝑥 = ¤𝑥0 +
𝜕

𝜕𝑥
[ 𝑓 (𝑥) + 𝑔(𝑥)𝑢]

����𝑥=𝑥0
𝑢=𝑢0

Δ𝑥 + 𝑔(𝑥0)Δ𝑢 + 𝐻.𝑂.𝑇

= ¤𝑥0 + 𝑔(𝑥0)Δ𝑢 + 𝑁 (𝑥, 𝜆)
(17)

where
𝑁 (𝑥, 𝜆) = 𝜕

𝜕𝑥
[ 𝑓 (𝑥) + 𝑔(𝑥)𝑢]

����𝑥=𝑥0
𝑢=𝑢0

Δ𝑥 + 𝐻.𝑂.𝑇 (18)

which represents a residual term that includes both the Jacobian linearization of the on-board model and
the higher-order terms (H.O.T.) arising from the Taylor series expansion.

Assuming that the time delay 𝜆 is sufficiently small, the time-scale separation assumption can be
applied. This assumption states that the control input 𝑢 varies much more rapidly than the system states

3Since the control variable was differentiated twice, the resulting relation between the virtual input and 𝜃 should be that
of a double integrator [17].
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𝑥 [1, 10, 19, 23–25]. In practice, this means there is a significant frequency separation between actuator
dynamics and vehicle dynamics, which generally holds for aerospace systems [1]. Under this assumption,

Δ𝑥 = 𝑥 − 𝑥0 ≈ 0 (19)

and, by neglecting the higher-order terms in Eq. 17, the incremental system reduces to [1]:

¤𝑥 = ¤𝑥0 + 𝑔(𝑥0)Δ𝑢 + 𝑁 (𝑥, 𝜆)︸  ︷︷  ︸
≈0

=⇒ Δ ¤𝑥 ≈ 𝑔(𝑥0)Δ𝑢 (20)

Finally, assuming that 𝑔(𝑥0) is invertible in the relevant domain, NDI can be applied to the incremental
system. That is, the incremental control input Δ𝑢 is computed to cancel the effects of ¤𝑥0 and 𝑔(𝑥0) in
Eq. 20:

Δ𝑢 = 𝑔(𝑥0)−1 [𝜈 − ¤𝑥0] (21)

The full INDI control input is then obtained by adding the previous actuation signal:

𝑢INDI = 𝑢0 + 𝑔(𝑥0)−1 [𝜈 − ¤𝑥0] (22)

In contrast to the NDI control law (Eq. 3), the INDI formulation no longer requires knowledge of the
full system dynamics 𝑓 (𝑥). This significantly reduces sensitivity to modeling errors and facilitates
implementation. The resulting control input instead relies on the previous actuation command 𝑢0, the
control effectiveness matrix 𝑔(𝑥0), and the measured or estimated state derivative ¤𝑥0. Assuming perfect
measurement or estimation of these quantities, and that each control variable has relative degree one, the
application of the INDI control law to the system in Eq. 20 yields:

𝑦

𝜈
=

1
𝑠

(23)

where 𝜈 is the virtual control input. As with NDI, INDI also achieves the decoupling of the input-output
channels.

4.2 Incremental Dynamic Inversion for Launch Vehicles
For the linearized launch vehicle dynamics considered in this work, the INDI strategy reduces to

Incremental Dynamic Inversion (IDI). Choosing the pitch angle as sensed in the IMU, 𝜃 𝐼𝑀𝑈 , as the
control variable and substituting the corresponding launch-vehicle quantities into Eq. 22 gives:

𝛿IDI = 𝑢IDI = 𝛿0 −
1
𝜇𝑐

(𝜈 − ¥𝜃0) = 𝛿0 −
1
𝜇𝑐

(𝜈 − 𝜉IDI) (24)

where 𝜉IDI is the inversion path’s signal, and quantities with the subscript 0 denote 𝜆-time-delayed
variables. In practice, angular acceleration is typically measured or estimated only up to frequencies
below the engine-inertia dynamics. As a result, high-frequency contributions from engine inertia are not
canceled. Under this assumption, applying the control law to the system of Eq. 5 gives:

¥𝜃 𝐼𝑀𝑈 = 𝜈 − 𝜇𝑛 ¥𝛿 (25)

If engine inertia is neglected, the standard input–output double integrator relation is recovered, as with
NDI.

A schematic representation of the IDI implementation for the launch vehicle is shown in Figure 5.
Two practical aspects of the implementation are highlighted. First, angular acceleration is not directly
measured and must therefore be obtained using some form of filtering or estimation. In this work, a
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Fig. 5 Incremental Dynamic Inversion (IDI) block-diagram for the LV.

simple first-order derivative filter, denoted 𝐻𝑞, is employed. The filter’s cutoff frequency is chosen
to ensure that the inversion quality — i.e., the degree to which the inverted channel approximates a
chain of integrators — matches that reported in [1]. In other words, the cutoff is chosen so that the
double-integrator input–output relationship is maintained over the same frequency range.

Second, the previous actuator command 𝛿0 is not directly measured and must be reconstructed.
Here, it is obtained by filtering the IDI command through the nominal model of the actuator dynamics
and time delay (𝐺̂𝐴𝑐𝑡). This actuation feedback effectively introduces integral action into the control
law, as discussed in [26]. While this approach provides good robustness, it reintroduces some model
dependence. As an alternative, a simple low-pass filter could be used in the actuation feedback loop,
which could then be tuned together with the outer-loop controller.

Although NDI and INDI are nonlinear control laws, the comparison that follows uses their linear
counterparts. The linearization provides a simplified representation of the nonlinear system. Conse-
quently, limitations identified in the linearized analysis are also expected to occur — and potentially be
amplified — in the nonlinear system.

5 Loop Gain Analysis
The goal of this section is to assess the performance that can be achieved by directly applying DI/IDI

to the launch vehicle, as well as to identify the limitations inherent to these methods. No outer-loop
controller is designed for both the DI and IDI cases; instead, the objective is to illustrate the intrinsic
loop-shaping properties of these inversion strategies.

5.1 Setup
For the subsequent analysis, the open-loop model is populated with the same nominal parameter data

as studied in [14], and parametric uncertainty ranges are defined following [13]. This allows for the use
of the nominal H∞ Loop Shaping (LS) controller from [14] as a reference for performance comparison.

The nominal H∞ LS controller was designed using the standard two-step procedure [27]. First, the
open-loop system is shaped using weighting filters to meet desired performance objectives. Second, the
shaped plant is robustified against Normalized Coprime Factor (NCF) uncertainty. This is accomplished
by computing a stabilizing controller that minimizes the H∞ norm of a specific four-block structure.
Provided that the robustness margin attained in the second step is sufficiently large, the robustification
largely preserves the specified loop shape and provides formal robustness guarantees. Consequently, the
shaped plant can be used as a reliable baseline to evaluate the performance directly attained by DI and
IDI control laws.
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With this reference established, the systems considered for the input–output singular value compari-
son are defined as follows:

• Shaped Plant: The shaped plant of the nominal H∞ Loop Shaping controller from [14]. This
controller performed successfully in all time-domain and stability tests, so the shaped plant serves
as a baseline for evaluating DI and IDI performance.

• Dynamic Inversion (DI): The DI control law from Eq. 14 is applied to the launch vehicle model.
The input-output channels of the resulting closed-loop system (see Figure 4) are evaluated.

• Incremental Dynamic Inversion (IDI): The IDI control law from Eq. 22 is applied to the launch
vehicle model (see Figure 5). Analysis is performed in the same manner as for DI.

• Scaled Plant: The open-loop model is scaled by dividing all inputs and outputs by their maximum
expected value/error, as in [20]. The resulting scaled plant serves as a baseline to highlight the
modifications induced by the other methods.

Finally, the subsequent analysis builds on the launch vehicle requirements, corresponding open-loop
specifications and relevant frequency ranges presented in [14]. Nonetheless, it is worth noting that, as
a rule of thumb, desirable loop shaping corresponds to high gain at low frequencies, low gain at high
frequencies, and a slope of approximately −20 dB/dec near the crossover frequency.

5.2 Analysis Results
As a first step, Figure 6 shows the singular values (SVs) of the four systems for the transfer function

(TF) from 𝜈 or 𝛿𝑐𝑚𝑑 to 𝜃 𝐼𝑀𝑈 , with the nominal configuration on the left-hand side and 10 dispersed cases
on the right-hand side. For the nominal case, the singular values of a double integrator ( 1

𝑠2
) are also

plotted, highlighting the frequency range over which ‘perfect’ inversion is achieved.

Several observations can be drawn from the nominal case (Figure 6a). First, regarding the inversion
quality — that is, how closely the system’s singular values approximate those of a double integrator —
accuracy is highest in the mid-frequency range. At low frequencies, two distinct inversion errors appear.
For DI (red line), the error stems from the fact that the drift dynamics—which dominate the low-frequency
behavior—are not included in the inversion model. For IDI (yellow line), the low-frequency error stems
from the time-scale separation assumption, which requires actuator dynamics to be much faster than the
vehicle dynamics. Since real actuators are not infinitely fast, a residual inversion error is unavoidable.

(a) Nominal. (b) Dispersed conditions.

Fig. 6 Singular values of the transfer function from the control input to 𝜃𝐼𝑀𝑈 .
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This can be verified by increasing the actuator model’s cutoff frequency, which progressively reduces the
low-frequency error and can eventually eliminate it.

At high frequencies, the closed-loop response appears to match the double integrator (green line)
almost perfectly. However, this apparent match is misleading—it merely reflects that the system’s natural
roll-off rate matches that of a double integrator. In reality, an inversion error is present, as indicated by
the dip just below 100 rad/s, which arises from a non-minimum-phase (NMP) zero introduced by TWD
effects.

Beyond inversion accuracy, further insights can be drawn from the SVs. Compared to the Scaled
Plant (purple line), the DI and IDI responses have higher SVs and a steeper slope across the low- to
mid-frequency range, indicating improved shaping without requiring any manual tuning. Compared to
the Shaped Plant (blue line), they show a similar slope at low frequencies but a noticeably slower slope
in the mid-frequency range. This slower slope will ultimately limit achievable aerodynamic load relief,
which is a driving requirement in launcher attitude control, as will be discussed later.

The dispersed results, shown in Figure 6b, highlight the robustness of the different strategies. Both
the IDI system and the Shaped Plant remain largely unaffected by parameter uncertainty, whereas DI
exhibits significant sensitivity especially in the lower frequencies. Under uncertain conditions, the DI
loop gain at low frequencies drops well below its nominal value, degrading the inversion seen in the
nominal case. This behavior is consistent across all output channels (see Figures 7b and 8b). In essence,
the IDI controller demonstrates significantly higher invariance to parameter variations compared to DI,
which is known to be the main advantage of the incremental variant of DI laws [19].

Figure 7 shows the comparison between the four systems for the transfer function from the input to
¤𝑧𝐼𝑀𝑈 . For the nominal case of the drift rate output (Fig. 7a), it is clear that applying the inversion alone
already achieves performance close to that of the shaped plant. This is evident in both the gain increase
and the change in slope at lower frequencies. It should also be noted that DI and IDI produce nearly
identical results.

However, some limitations of the inversion become apparent. For both inverted systems, the slope
preceding the NMP zero around 2 rad/s is steeper than that of the shaped plant, resulting in lower gain
around the NMP zero. As discussed in [14], load relief is particularly important in the frequency range
around the NMP zero and depends on maintaining high loop gain in the drift rate and pitch angle outputs
within this range.

(a) Nominal. (b) Dispersed conditions.

Fig. 7 Singular values of the transfer function from the control input to lateral drift rate ¤𝑧𝐼𝑀𝑈 .
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(a) Nominal. (b) Dispersed conditions.

Fig. 8 Singular values of the transfer function from the control input to all outputs.

On one hand, the drift rate channel exhibits lower loop gain in the relevant frequency range, which
cannot be increased without delaying the crossover and compromising robustness. On the other hand, the
pitch angle channel cannot compensate for this lower gain either, as its mid-frequency slope is smaller
than that of the shaped plant (recall Fig. 6a). Increasing its gain would similarly delay crossover and
reduce robustness.

A second limitation, specific to the IDI strategy, arises from the derivative filter 𝐻𝑞 (recall Fig. 5).
Figure 7a shows a peak at approximately 20 rad/s, introduced by that filter, which limits robust stability
at high frequencies and makes the system more sensitive to sensor noise.

Finally, consider Figure 8a, which presents the singular values of the four systems from the input
to all outputs. This figure allows for a holistic assessment of the attained system properties. Up to
frequencies around 0.2 rad/s, the DI and IDI strategies closely match the response of the shaped plant.
As noted in [14], this indicates that drift rate disturbance rejection will be very effective (and the same
conclusion holds for the drift channel).

At slightly higher frequencies, where load relief is typically more relevant [14], the inversion
strategies begin to falter. The dip observed in the loop gain arises from two factors. First, the higher
slope, and consequently lower loop gain, near the NMP zero of the drift rate channel (Figure 7a). Second,
the lower loop gain in the pitch angle channel (Figure 6a) and, to a lesser extent, the pitch rate channel.
One might expect this could be corrected with an outer-loop controller; however, as previously discussed,
the slower slope in the pitch angle channel limits outer-loop compensation. Increasing the gain via pitch
angle feedback to match the desired singular value shape would require a higher crossover frequency, thus
reducing robust stability. This constitutes the main limitation of the inversion strategies for the presented
case. Moving closer to the crossover frequency, the behavior of the DI/IDI systems aligns more closely
with that of the Shaped Plant. The only notable feature is the peak in the IDI gain caused by the derivative
filter; however preliminary investigations suggest that higher-order derivative filters could mitigate this
effect.
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6 Outer-Loop Controller Design and Closed-Loop Analysis
As discussed in Section 5.2, DI is highly sensitive to parameter variations, exhibiting significant

performance degradation under dispersed conditions. While DI can often be made robust through
a properly designed outer-loop controller [4], IDI is inherently less sensitive to modeling errors and
parameter variations. The previous section also demonstrated that, for the nominal case, both DI and
IDI produce similar performance. With this in mind, subsequent analysis excludes DI and focuses
exclusively on IDI. Its reduced sensitivity to modeling errors allows for a simpler outer-loop controller
design. Moreover, because both approaches attained similar performance and limitations, IDI results
are expected to be representative of both and sufficient to demonstrate that the limitations identified in
Section 5.2 cannot be addressed through outer-loop compensation. Accordingly, Section 6.1 presents the
design of the outer-loop controller for the IDI system, i.e., the controller responsible for computing the
virtual input 𝜈. Section 6.2 then proceeds with a detailed comparative closed-loop analysis of different
control approaches.

6.1 Design of Outer-loop Controller for the IDI System
The controller follows the standard two-PD structure on pitch angle and drift, commonly used in

launch vehicle control [2, 3, 15]. The outer-loop controller, denoted as 𝐾𝑂𝑢𝑡 , is illustrated in the control
tuning scheme shown in Figure 9. To tune the outer-loop controller, the methodology described in [14]
is adopted. The open-loop system is initialized with the parameter values from that work, and the inputs
and outputs of the tuning scheme (see Figure 9) are scaled accordingly. H∞ constraints are then imposed
on five transfer functions to enforce the main launch vehicle performance and robustness objectives (see
[16] for a detailed description): load relief, drift and drift-rate rejection, pitch angle tracking, actuation
limiting, and input stability margins. The outer-loop controller is subsequently tuned via H∞ Closed
Loop Shaping (CLS) to satisfy all selected constraints, as summarized in Table 1.

The numerical values of the constraints were selected following [14]. The input stability margins con-
straint, the tracking overshoot constraint (| |𝑇𝜃𝑐𝑚𝑑→𝑒𝜃 | |∞), the aerodynamic load constraint (| |𝑇𝑣𝑤→𝛼 | |∞),
and the TVC actuation constraint (| |𝑇𝜃𝑐𝑚𝑑→𝛿 | |∞) were used to reproduce the behavior of the H∞ LS
controller. Subsequently, the drift motion constraint (| |𝑇𝑣𝑤→𝑧𝐼𝑀𝑈

| |∞) was tightened as much as possible,
while ensuring that all other optimization constraints were still satisfied, i.e., that all 𝛾 values remained
very close (but below) 1.

Fig. 9 Closed-loop interconnections used to design the outer-loop controller (𝐾𝑂𝑢𝑡 ) for the IDI system.

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Except where otherwise noted, content of this paper is licensed under
a Creative Commons Attribution 4.0 International License.

The reproduction and distribution with attribution of the entire paper or of individual
pages, in electronic or printed form, including any material under non-CC-BY 4.0
licenses is hereby granted by the authors and respective copyright owners.

018 - 14

Table 1 Requirements used to design the outer-loop controller for the IDI system.

Requirement Constraint
Max. aerodynamic load | |𝑇𝑣𝑤→𝑄𝛼 | |∞ < 2.05 · 105

Max. drift motion | |𝑇𝑣𝑤→𝑧𝐼𝑀𝑈
| |∞ < 4

Max. TVC actuation | |𝑇𝜃𝑐𝑚𝑑→𝛿 | |∞ < 2.3
Max. tracking overshoot | |𝑇𝜃𝑐𝑚𝑑→𝑒𝜃 | |∞ < 1.37
Min. input stability margins Disk gain margin > 5.41 dB

Disk phase margin > 32.2 deg

6.2 Comparative Analysis
In this section, three controllers are compared:

• 𝐾𝐼𝐷𝐼−𝑃𝐷 : IDI with two outer-loop PDs tuned via H∞ CLS (designed in Section 6.1).
• 𝐾𝑃𝐼−𝐿𝐿: Nominal H∞ LS controller from [14], consisting of a Proportional–Integral (PI) term,

two lead–lag compensators, and two proportional gains.
• 𝐾𝑃𝐷 : Nominal H∞ CLS controller from [14], composed of two PD controllers. This architecture

represents the current state of the art for LV ascent attitude control [3, 14] and is used here as a
baseline.

It should be noted that, although the controllers are tuned using different methods (H∞ LS versus
H∞ CLS), [14] demonstrates that, when properly applied, both methods yield equivalent controllers with
identical performance and robustness. Therefore, the comparison presented here focuses on controller
architecture rather than tuning methodology.

Two assessments are performed. First, in Section 6.2.1, the input stability margins of all controllers
are evaluated for both the nominal and the worst-sampled case scenarios. Second, in section 6.2.2, the
linear closed-loop systems are subjected to a low-frequency, high-amplitude wind gust, using a profile
commonly applied in LV controller testing [13, 16]. The wind gust has a maximum amplitude of 40 m/s,
followed by a constant value of 35 m/s.

6.2.1 Robust Stability
Figure 10 shows the input Nichols plots for all three controllers. In the figure, the blue disk

represents the nominal disk margin, while the blue line corresponds to the nominal Nichols plot. The red
disk indicates the worst-sampled case disk margin, defining the exclusion zone based on 10,000 dispersed
cases. The red line shows the Nichols plot of this worst-sampled case system, and the light blue shaded
region represents the area encompassing all sampled Nichols curves. Although the figure illustrates disk
margins, it is important to note that launch vehicle stability requirements are typically expressed in terms
of classical gain and phase margins [3].

All controllers achieve worst-sampled case disk margins well above the required thresholds (i.e.,
significantly higher than 3 dB and 20◦ [14]), with 𝐾𝑃𝐷 (right-hand side plot) showing the best margins by
a small difference. This difference should not be interpreted as 𝐾𝑃𝐷 trading performance for robustness.
Unlike 𝐾𝑃𝐼−𝐿𝐿 and 𝐾𝐼𝐷𝐼−𝑃𝐷 , where further performance improvements would inevitably reduce robust-
ness, the limiting factor for 𝐾𝑃𝐷 is actuation. Any attempt to further improve load relief or drift rejection
would increase actuation, which is already substantially higher than that of the other two controllers, as
will be shown in Section 6.2.2.
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Fig. 10 Plant input Nichols plot with guaranteed disk margins.

Regarding the nominal margins, 𝐾𝑃𝐷 again achieves the highest values, followed by 𝐾𝑃𝐼−𝐿𝐿 (middle
plot) and 𝐾𝐼𝐷𝐼−𝑃𝐷 (left-hand side plot). Both 𝐾𝑃𝐷 and 𝐾𝑃𝐼−𝐿𝐿 meet all requirements. The IDI controller
meets all but one requirement: the gain margin at the second crossover of 540◦, which is short by
approximately 0.5 dB. Since the worst-sampled case gain margin at this frequency is quite high, and the
Nichols plot shows minimal change across simulated conditions, this is not expected to pose an issue.

For the IDI controller, the gain peak associated to the derivative filter that was identified in Sec-
tion 5.2 leads to a relatively small gain margin (2.53 dB under worst-sampled case conditions) at higher
frequencies, outside the range shown in the Nichols plot. While this is not problematic in the present
case, it should be considered in future designs, especially if flexible-body dynamics are included. In such
cases, a slight reduction of high-frequency gain may be necessary to maintain sufficient margins.

6.2.2 Robust Performance
The closed-loop performance of the controllers under the wind gust disturbance is shown in Figure 11.

In this figure, thick lines correspond to the nominal response, while the shaded regions represent the
results of 300 Monte Carlo simulations. All controllers satisfy the design requirements under both
nominal and uncertain conditions. However, the superiority of the more sophisticated architectures,
𝐾𝐼𝐷𝐼−𝑃𝐷 (in black) and 𝐾𝑃𝐼−𝐿𝐿 (in cyan), compared to the state-of-the-art baseline, 𝐾𝑃𝐷 (in blue), is
evident. The former two controllers provide improved load relief (Fig. 11a), drastically reduced drift
(Fig. 11b), and enhanced actuator performance (Fig. 11d). These improvements are primarily due to the
integral action and are consistent with the results reported in [1] (for 𝐾𝐼𝐷𝐼−𝑃𝐷) and [14] (for 𝐾𝑃𝐼−𝐿𝐿).
Taken together, these findings strongly support revising the current state-of-practice in LV ascent attitude
control.

Comparing 𝐾𝐼𝐷𝐼−𝑃𝐷 with 𝐾𝑃𝐼−𝐿𝐿 , the former shows slightly worse nominal and dispersed perfor-
mance since the peak values of the evaluated LV quantities are slightly higher with 𝐾𝐼𝐷𝐼−𝑃𝐷 . This
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(a) Angle of Attack. (b) Drift.

(c) Pitch Angle. (d) TVC Deflection.

Fig. 11 Time-domain responses to a low-frequency, high-amplitude wind gust (𝑣𝑤).

observation aligns with the findings Section 5.2: the outer-loop controller cannot fully compensate for
the limitations imposed by the inversion strategy. These limitations arise from the minimum loop gain
introduced by IDI, which sets a baseline that cannot be reduced by the outer loop. Consequently, the
outer-loop controller can only “add” gain on top of this baseline. If the inversion already produces
a moderately high crossover frequency, further increasing the outer-loop gain will inevitably raise the
crossover frequency even more, potentially degrading high-frequency robustness.

One could argue that the performance gap could be narrowed—or even reversed—by increasing the
outer-loop order of the IDI-based controller, potentially allowing 𝐾𝐼𝐷𝐼−𝑃𝐷 to surpass 𝐾𝑃𝐼−𝐿𝐿 . While this
is theoretically possible, such a comparison would be unfair because the controllers would differ in order
and complexity. To preserve a fair basis for comparison, both controllers would need to be increased to
the same order. However, even if both controllers are increased to the same higher order, the H∞ LS
controller is expected to maintain superior performance because the structural baseline gain inherent to
IDI fundamentally limits the outer loop’s ability to fully shape the closed-loop dynamics. While it is
possible to modify the inversion forward path—for instance, by including a low-pass filter—to decrease
the baseline gain, such modifications would complicate the system and the extension of the IDI control
law across the entire flight envelope.

Nevertheless, the IDI controller achieves results very close to those of theH∞ LS controller, with only
a modest reduction in performance. Notably, based on these results, all requirements are still expected
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to be fulfilled by a large margin. In essence, the inversion strategy provides a simplified approach to
achieving the desired performance and robustness, offering a practical trade-off: a small reduction in
performance in exchange for an easier and more structured control design.

7 Conclusion
The practical implications of Nonlinear and Incremental Nonlinear Dynamic Inversion (NDI and

INDI), explored through their linear counterparts DI and IDI, are highlighted in this study. As explained
in Section 4.2, the limitations imposed in the linear domain are expected to hold in the nonlinear one.
With this in mind, the conclusions of this work are presented.

By directly inverting the system, DI and IDI significantly improve the system’s singular value shape,
achieving results that approach those of an H∞ Loop Shaping (LS) controller. However, both introduce
inherent performance/robustness limitations during the inversion process. While these limitations may
appear minor or subtle, they can have meaningful practical effects. This is demonstrated by an outer-loop
controller designed for IDI to evaluate how much these limitations could be mitigated. Results show that
even with additional outer-loop compensation, the constraints imposed by the inversion cannot be fully
overcomed; as a result, although the IDI controller achieves very good performance and robustness, it
remains slightly below that of a (well designed) H∞ LS controller.

The underlying reason lies in the design philosophy: the H∞ LS controller is designed from a
“white canvas,” constrained only by the system and designer choices. This provides maximal freedom in
control design but offers little inherent structure, making the control design and analysis process harder.
In contrast, inversion-based techniques such as DI and IDI impose structure and a baseline loop gain
from the outset. This baseline provides a reliable starting point, simplifying the design process, at the
expense of limiting the achievable performance and robustness. Consequently, the main advantage of
inversion-based strategies - at least for systems that are not highly nonlinear - is not superior performance
or robustness, but the simpler, more structured framework they provide.

The analyses provided in this paper are focused on a single flight/operation point. However, the
simpler and more structured framework offered by inversion-based techniques becomes particularly
advantageous when designing controllers for the full flight envelope of intended operation. Follow-up
work will therefore extend the results of this paper toward the design and analysis of a full-flight-envelope
(I)NDI-based launcher vehicle control system.
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