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ABSTRACT

When spacecraft dynamics are described by a Linear Fractional Representation (LFR)—as is
standard in robust AOCS design—analysing the estimation and control loops in isolation no longer
reflects true closed-loop behaviour, because parametric uncertainties cause attitude and orbit de-
termination errors to become intrinsically coupled with the control law. This paper addresses that
gap by introducing a unified family of sensitivity functions that captures the coupled dynamics
of attitude estimation and control actuation. Building on these joint sensitivity functions, a sys-
tematic framework for in-orbit system identification of the LFR has been developed. Multisine
excitation signals are tuned by optimising the spectral properties of the Fisher Information Matrix
(FIM), constructed directly from sensitivity gradients derived from the system LFR. An optimal
experiment design is obtained by exciting the five structurally distinct injection points available in
the AOCS architecture. Together, these results enable rigorous, frequency-domain verification of
stability margins, knowledge error budgets, and pointing error budgets directly from flight data.
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Nomenclature

Plant and Uncertainty

P = satellite linearised dynamics model

Mo = nominal part of the LFR satellite model

Ap = uncertainty block of the LFR satellite model
{6k} = set of scalar uncertain parameters in Ap

ng = number of scalar uncertain parameters

Controller and Navigation
N = navigation filter transfer matrix

K = control law transfer matrix

System Signals

uecR" = total torques and forces applied to satellite
u, € R™ = commanded control torques and forces

d; e R™ = external disturbance torques and forces

w e R4 = process disturbance

y e RP = sensed output (measured state)
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noise-corrupted sensed output

n € R? = knowledge error sources (sensor noise)

zeR” = true satellite state

yeR? = filtered sensed output (navigation estimate of y)
zeR" = estimated satellite state

reR" = guidance reference profile

ieR? = filter innovation signal

e eR” = control error (r — %)

e eR" = pointing error (r — 2)

z7eR” = knowledge error (z — 2)

Sensitivity Functions and Loop Gains

f’y = output system estimate

?A’Z state system estimate

£z input loop gain estimate

£z, output loop gain estimate

S S, input/output sensitivity function estimates

i 7y input/output complementary sensitivity function estimates
S, S, = unbiased input/output sensitivity functions

Tis Ty = unbiased input/output complementary sensitivity functions
P’ = output-filtering sensitivity of the navigation filter

M> = complementary output-filtering sensitivity (/, — P” = Nj,,)

Alignment Errors

F, € CP*P = output complex gain gauge

F; e Cmxm = input complex gain gauge

0. = sensor-to-payload misalignment angle vector

0. = actuator assembly error angle vector

System Ildentification

re € R injected calibration signal

ne = number of calibration input channels

ny = number of identification output channels

N, = number of excited frequencies (excitation order)
Wk = k-th excitation frequency

Aw = frequency resolution

Teas = measurement window duration

Ajk = amplitude of channel j at frequency wy

bk = phase of channel j at frequency wg

a; € Ce = complex amplitude vector at frequency wy

F = identification sensitivity function (LFR)

W = composite identification output vector

Dz (w) = LFR sensitivity gradient of # w.r.t. ¢;

Ris» Rry = left and right resolvent functions of ¥

Eg = selection matrix dA¢/00;

wy,; € C" = projected sensitivity for parameter i at frequency wy
W, € CyXd matrix of projected sensitivities at frequency wy
I(9) = Fisher Information Matrix

C ]EX) output noise covariance at frequency wg

D, (w) = spectral density matrix of calibration signal

Disturbance Characterisation and Validation
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& eRP = composite measurement disturbance (n + Py, d; + Py, w)

E(w) = DFT of the composite disturbance estimate &

v = stacked disturbance vector [n" d! w']”

I's = disturbance mixing matrix [I, Py, Pyw]

D, ®,, P, = prior power spectral density matrices of n, d;, w
D, = composite disturbance PSD

D, = block-diagonal prior PSD of v

Maximum Likelihood Estimation

6 = estimated parameter vector

o = true parameter vector

o (8) = estimation residual at frequency wy

A(d) = log-likelihood cost function

General Notation

a(-) = maximum singular value

() = conjugate transpose

()7 = Moore—Penrose pseudoinverse

Ok = skew-symmetric (cross-product) matrix associated with a vector
= = first-order approximation

* = Redheffer star product

1 Introduction

Sensitivity functions have long provided fundamental insights into the limitations in control design
[1, 2]. Analogous results exist in filtering theory, where unstable poles, non-minimum-phase zeros,
and delays constrain observability in much the same way they constrain controllability [3-5]. This
duality is well established, yet the two domains are rarely analysed together. The only formal attempt
known to the Author is the work of Carrasco et al.[6], which assumes unbiased estimation (dynamic
or matched filtering)—an assumption incompatible with the architecture prevalent in attitude and orbit
control systems (AOCS).

Indeed, the dominant flight-proven approach to satellite attitude determination is the Multiplicative
Extended Kalman Filter (MEKF), described by Markley as “the workhorse of satellite attitude determi-
nation” [7]. The standard formulation employs a six-state error model—three attitude-error components
and three gyroscope bias components—and propagates the reference quaternion using bias-corrected
gyroscope measurements through the kinematic equation, rather than using Euler’s rotational equations
driven by commanded torques [8, 9]. This technique, termed dynamic model replacement in the liter-
ature (or biased[S] or kinematic filtering)[10], is a deliberate design choice: incorporating a dynamics
model would require accurate knowledge of the spacecraft inertia matrix, actuator calibration, thruster
alignment, and disturbance torque characteristics—all quantities that are uncertain in practice [11]:“even
a detailed dynamics model, such as Euler’s rotational equations, will have inherent errors” [10].

In this architecture, unmodelled torques are absorbed through two channels. First, the process noise
covariance is tuned to reflect expected disturbance torque levels, so that any angular rate perturbation
caused by an unmodelled torque manifests as an apparent discrepancy between the gyro-propagated
attitude and the sensor-measured attitude, which the filter interprets as errors and corrects accordingly.
Second, slowly varying or quasi-constant unmodelled torques produce a persistent angular acceleration
that appears as a systematic rate error indistinguishable from the gyroscope bias drift; the bias state
absorbs this effect. The result is a filter that trades estimation optimality—in the sense of discarding
information that could theoretically improve accuracy—for robustness to model uncertainty. Indeed,
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comparative studies have confirmed that a dynamics-augmented filter can outperform the kinematics-
only MEKF when the inertia is well known, but degrades below it once inertia uncertainty exceeds a
threshold [12, 13]. Incorporating the dynamics may nonetheless provide benefits when a lower-grade
gyroscope is used, on condition that the disturbance torques can be estimated and accounted for.

It is important to distinguish between two uses of the term ‘separation’ in AOCS practice. The
separation theorem, strictly speaking, asserts that the optimal observer-based controller for a known
linear plant decomposes into an independent estimator and state-feedback law. This structural property
holds for any fixed realisation of the uncertain parameters. Moreover, it has been shown[14] that a
separation principle extends to LFR systems: the output-feedback stabilisation problem decomposes
into independent state-feedback and output-injection sub-problems, and the resulting observer-based
controller retains a separation structure. However, as already noted, the separation argument “cannot be
naively carried out for the performance synthesis problem”. What does not carry over to the uncertain case
is the common engineering practice of analysing and verifying the estimation and control performance
loops independently—evaluating stability margins on the control loop alone (with the filter treated as
part of the sensor suite) and evaluating knowledge error budgets on the navigation loop alone (without
regard to the control law).

The present paper shows that, when these uncertainties are properly accounted for, navigation and
control errors cannot be characterised in isolation. Both are governed by combined sensitivity functions
that capture the closed-loop interaction between estimator and controller. A direct consequence is that
the pointing error—the quantity of ultimate interest—depends on these combined sensitivities in ways
that neither a pure control analysis nor a pure estimation analysis reveals. The framework thus bridges
the gap between time-domain Monte Carlo simulations, which capture the interactions but offer limited
design insight, and frequency-domain methods, which provide systematic design tools but are commonly
applied to each loop separately.

These observations are relevant to current industry practice. The European Space Agency’s Pointing
Error Engineering Tool (PEET) offers a structured method for allocating pointing-error budgets between
estimation and control channels [15, 16]. The Pointing Error Library (PELIB), an extension of the
Satellite Dynamics Toolbox developed by DYCSY'T, adds support for uncertain parameters and for the
TITOP modelling formalism used with flexible multibody systems [17]. Both represent the state of the
art, yet neither explicitly characterises the sensitivity functions coupling the two loops.

A natural question then arises: can the combined sensitivity functions derived from the design
model be validated against actual in-orbit behaviour? The second contribution of this paper addresses
this question by developing a systematic framework for in-orbit system identification of the LFR directly
from closed-loop flight data. The key observation is that all unknown disturbance sources—sensor noise,
external torques, and process disturbances—enter the measurable outputs through a single composite
quantity, whose spectral characterisation determines the error sources during calibration. By exploiting
the LFR of the sensitivity functions, the Fisher Information Matrix (FIM) for the uncertain parameters
{6} is constructed in terms of the LFR of the sensitivity gradients. Optimal experiment design criteria
are then derived for multisine excitation signals that maximise the parametric information content while
respecting spacecraft safety constraints.

A particular feature of the proposed identification framework is the systematic analysis of excitation
signal injection points. The AOCS closed-loop architecture offers eight candidate locations for injecting
a calibration signal; an exhaustive analysis of their respective sensitivity functions reveals that five are
structurally independent, each exciting qualitatively distinct combinations of joint navigation-and-control
sensitivities. The complementarity between these injection points ensures that the resulting FIM is well
conditioned across the parameter space.

Once the uncertain parameters have been identified with quantified confidence intervals, the frame-
work is completed by a validation pipeline that reconstructs the true in-orbit pointing and knowledge
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errors from operational telemetry. A frequency-domain Wiener filter, informed by the identified plant
model and prior spectral envelopes, separates the individual disturbance contributions from the composite
measurement. The reconstructed errors are decomposed per source using the joint sensitivity functions,
enabling a line-by-line comparison against the pointing-error budget tree. Worst-case bounds over the
residual parametric uncertainty can be obtained via p-analysis, and an iterative refinement procedure
progressively improves both the parametric estimates and the disturbance characterisation.

The analysis uses linearised dynamics. This is consistent with standard verification practice: although
operational AOCS implementations employ nonlinear filters such as the Extended or Unscented Kalman
Filter, the underlying design and verification models reduce, near the operating point, to the linear
Kalman filter. Results obtained for the linearised system therefore transfer to the nonlinear setting
in the small-angle regime and post-convergence steady state; large-angle slew transients, gimbal-lock
neighbourhoods, and the nonlinear quaternion kinematics that motivate the MEKF’s multiplicative error
parameterisation lie outside the scope of this linear analysis.

This paper is organised as follows. Section 2 defines the closed-loop architecture and introduces
the LFR plant model. Sections 3 and 4 derive the joint sensitivity functions for the general (biased)
and matched (unbiased) cases, respectively. Section 5 discusses alignment errors, stability margins, and
the Bode integral limitation. Section 6 develops the system identification framework, including the FIM
construction, optimal experiment design, and injection-point analysis. Section 7 presents the post-flight
validation pipeline and the iterative refinement procedure.

2 Problem Description

w n - r
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Fig. 1 AOCS closed-loop architecture: the LFR plant £ = My x Ap (blue box) is driven the commanded
torques and forces u,, disturbance torques and forces d; and process noise w. The navigation filter N re-
ceives the noise-corrupted measurement y,, and - if applicable - the commanded torques and forces u,,.

It is assumed, for the sake of simplicity, that the total applied torques and forces are decomposed as
u=u,+d; (1)

where u, € R" is the commanded torque and force and d; € R™ is the external disturbance torque and
force.

The satellite dynamics can be modelled by

Y| _ Py Pyw| |u 2)
Z P P | |w
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where y € R? is the sensed output, z € R" is the true state, u € R is the total applied torque and force,
and w € R is the process disturbance. Modelling uncertainties are embedded in a Linear Fractional
Representation (LFR):

P=Mp x Ap (3)

where Ap € R?* is a diagonal matrix of uncertain elements and My is the purely nominal lin-
earised dynamic model. The n, uncertain parameters are the scalar set {d; } appearing—possibly with
repetitions—on the diagonal of Ap. With no loss of generality, we may assume that My can be partitioned
to construct an upper linear fractional representation:

P = Mpzz + MV’zlAP (I - MPUAP)_I M7’12 4)

The noise-corrupted measurement is
Yn=y+n &)
The navigation function N is partitioned as

)A) _ Nf’)’n Nj\’uo Yn

= 6
2 nyn N2u0 Uy ( )

where § € R? is the filtered sensed output and Z € R” is the estimated state. To simplify the notation, the
77! term is absorbed into the filter components Nj,, and Nz,,. The innovation i is:

i=Yy,—3 (7

Indeed, the navigation function in eq.6 is constructed from the navigation filter described in Fig.1, having
as input the innovation error i and the control command u,,:

SN N || @®)
5 1 1
Z Nfl Nfuo Uy

Thus, the navigation function in eq.6 can be expressed by the closed-loop realization of the filter in eq.8:

-1 -1
e N[l e ) )
s " - -1 -1
Neww Nowo | | NL (1, + M) ™ NG, = NG (1, M) NG,
To simplify the notation, the partition in eq.6 shall be preferred.
The knowledge error Z, control error €, and pointing error e are respectively:
7=z-1%, (10)
é=r—-12, (11)
e=r—z=¢€-17. (12)
The control law computes the commanded torque from the control error:
u, = Ke (13)

To introduce pointing error sensitivity analysis it is useful to define the output system estimate

P, = Niu, + Ny, Pyu (14)
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and the state system estimate

P, = Naw, + Niy, Pru- (15)

With these, the estimated loop gains may also be defined:
Li=%KP,, (16)
-Z:o = 7327( (17)

The corresponding return-difference matrices yield the estimated sensitivity functions [18]:

N A1
S =(tm+Li) (18)
N A~ -1
So=(ln+L) . (19)
R n -1
Tr=Li(ln+ L) (20)
R n ~\—1
To=Lo(L+Lo) @1
The following identities hold by construction:
Si+9i = I, (22)
S, + 9, = I, (23)
%S, = SiK. (24)

3 Biased Sensitivity Analysis

In this Section, we consider N in full generality, encompassing even the standard kinematic filter,
which does not incorporate the commanded input u,, in its design, by setting Nz, and Nj,, to zero. The
closed-loop dynamics of each system signal are derived by algebraic manipulation of the equations in
Section 2.

The commanded torque is
y = SKr — SKNey, 1 — SIKNzy, Prudi — STK Ny, Pyww. (25)

The total torque and forces are:
= 8K = SHNey, 1+ (In = SHNey, Pru) di = ST Ney, Py, (26)

The control error is:
€ =8,r —SoNzy,n — SoNzy, Pyudi — SoNzy, Pyww. 27

The sensed state is:
¥ = PruSKr = PouSINey,n + P (In = SHNey, Pru) di + Iy = PruS KNz, | Py (28)
The measured state is:

Y = Py SiKr + (1,, - SDWS‘,?(N@") n+ Py, (1,,, - SZ-?(NMDW) di+ (1,, - Pyusﬂovﬁyn) P, (29)
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The true state is:
2 = PuSKr = PauSKNey, 1+ Pa (In = SHNzy, Pyu) i + (P = PotSHNey, Py ) w. (30)

It is paramount to highlight the substantial distinction between sensitivities to d; and w. The former
pertains to a direct control sensitivity, whereas the latter constitutes an indirect control problem [19, 20].
The state estimate is:

2= Tor + SoNzy, (n+ Pyud; + Pyyw) . (31)
The filtered sensed output is:
§ = P,SiKr + (Nﬁyn - SéySﬂ(Ngyn) (n+ Pyud; + Pyuw) . (32)
The innovation is:
i:(ﬂm—ﬁ»$ﬂ7+Qb—Nmf«Pw—ﬁﬂgwwﬂJW+¢W¢+way (33)

The knowledge error is:

£ = (P = P2) S = (I + (P = P2) SK) Moy,
+ (qu = Ney, Py — ( iy ) KNz, Py ) d; (34)
+ (sozw — Nay, Py — (50 _p )S KNzy, P ) Ww.

Finally, the pointing error is:

(35)

4 Unbiased Sensitivity Analysis

In this Section, we assume that dynamics are embedded in the design of the filter and therefore the
commanded torques and forces u, are exploited in the filter design, making the navigation function a
dynamic filter.

By analysing eq.14 and eq.15, the following control matching (or unbiasing) conditions can be set
as design objectives over a meaningful frequency band:

Nfuo =~ ?Zu - nynpyu, (36)
Nou, = Pyu = Nyy, Pyu- (37)
It should be noted that these conditions can only be satisfied approximately for two reasons. First, the filter

must attenuate noise n at high frequencies, which necessarily creates a mismatch in that region. Second,
the uncertainty term Agp in eq.3 introduces unknown dynamic feedback that prevents exact matching.
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The matching conditions are therefore useful for the nominal system tuning (assuming that Ap < 1),
but must not be used for verification.

Under the simplification of eqs.36-37, the following approximate equalities hold: P, ~ %, Pyu =
$,, and hence Si ~S, T~ T, 30 ~S,, Iy~ Ty, recovering the classical MIMO control sensitivities.
The unbiased closed-loop equations simplify to:

up = S{Kr — SiKNzy, (n+ Pyud; + Pyww) (38)
u= Sﬂ(r - Sﬂ(}\/gynn - (Im - Si(](/\/gynpyu) di - Sf](NgynPyWW (39)
€= Sor — SoNzy,n — SoNzy, Pyudi — SoNzy, Pyww (40)

y = PyuSiKr = PyuSiKNzy,n + Pyy (In — SKNzy, Pyu) di + (I = PyuSiK Ny, ) Pyww 41)
Yn = PyuSﬂ(r + (Ip - pyuSiWNgy") n+ pyu (Im - Siq(NgynPyu) dl' + (Ip - PyuSi(](/Vﬁyn) waw

(42)
2= Tor = ToNzy,n + Py (Im - Sﬂ(NQy"Pyu) d; + (PZW - quSﬂ(Ngynwa) w (43)
28 Tor + SoNay, (11 + Pryud; + Py (44)
v = Tr+ (Nﬁyn - PyuSﬂ(Ngyn) (n + Pyud; + waw) 45)
7~ =N;zy,n+ (qu - Ngynpyu) d; + (Pzw - Ngynpyw) w (46)
i~ (I = Ngy,) (n+ Pyudi + Pyw) “47)
e~ Sor + ToNsy,t — (Pouw — ToNey, Pyu) di = (Pow — ToNzy, Pyw) W (48)

Eq. 46 reveals that, under perfect matching, the knowledge error sources n are transferred only by the
filter N;y, . This is the mechanism underlying the common practice of analysing the navigation loop in
isolation—a practice that is valid in the nominal, matched case but, as shown in Section 3, ceases to hold
when plant uncertainties or matching errors are present. The unbiased innovation in eq.47, shows the
complementarity between knowledge-error and innovation sensitivity to n, already highlighted in [5]. If
z =y, eq.48 is directly related to eqs.40 and 46, sharing the same sensitivity functions.

While it may seem natural to apply the sensitivity functions from the unbiased analysis, most AOCS
designs employ kinematic filtering designs and are governed by the sensitivities described in Section 3.

5 Remarks

5.1 Alignment Errors

On-ground calibration residuals, launch-induced misalignments, and depressurisation effects may
lead to misalignments between measured sensor frames before launch and real in-orbit sensor frames.
Some practitioners model such effects as time-constant knowledge error sources [21]. In reality, mis-
alignments of this kind act as gain perturbations on the sensed output y and therefore affect the stability
margins.

This may be formalised by introducing a complex gain gauge F,, € CP*? that perturbs the nominal

output. A polar decomposition gives:

F,=UH = ERyAH 49)

1/2
where H is a positive semi-adjoint matrix such that H = H* = (F; Fo) and U = F,H~! is a unitary

matrix such that UTU = I ». The matrix H contains the pure "stretching” effect given by nonnominal
scale factors, while matrix U contains the "phase" effect on the system. For multivariable systems,
this includes both delays and rotations or reflection effects. Indeed, such effects can be isolated by
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computing an eigendecomposition of U = VAV* such that Ry = UA™! and A = diag (ei@)l, . eiGP).
The misalignment effects are all packed in Ry. By computing Ry, an undesired reflection may still arise
and must be factored out. To this end, an additional matrix £ = diag(det(Ry), 1, ..., 1) is introduced to
eliminate any residual reflection component. Adding a rotation Ry to F, evidently affects the disk of F,
values for which the closed loop is stable, namely the system disk margin[22].

From a performance point of view, to consider such unknown rotations as biases implies that the
effect on the performance indexes is scaled by the DC gain of the sensitivity function. For instance, the
effect on the unbiased knowledge error would be scaled by the DC gain of N3, and the effect on the
unbiased pointing error would be scaled by the DC gain of 7,N;,,. In reality, this is not the case. But
eq.34 allows to understand why this effect may be perceived as a bias on the knowledge error Z. To prove
this, it is sufficient to see the effect on the knowledge error if the difference between z and y is assumed
to be only given by the misalignment error 6,: y = (I, + 65) z and therefore Py, = (I, + 65) P,. Under
this assumption, it can be noticed that by comparing eq.34 an additional knowledge error component
linearly dependent to 67 can be seen:

Zo = Niy, 03 (—quémr + PuSiKNey, 1 — (1,, - PZMS-(KNM) Pud; — (In - quﬁiWNzy,,) PZWW)
(50)

Indeed, in the right hand side of eq.50 the additional sensitivities due to the guidance signal r, the
knowledge error sources n, the disturbance torques and forces d; and the process disturbance w is shown.
Thus, the additional bias on the knowledge error is actually given by time-contant components of r, n,
d; and w. Yet, this is not the only effect on performances as the closed-loop sensitivity functions in
eqs.18-21 would differ as well.

Let’s analyse now the effect of actuator assembly errors 8.: u = (I,, + 6%) u,. In the same way as
for 6., the effect on the stability margins may be proven by introducing a complex gain gauge matrix
F; € C"™ at the input.

From a performance point of view, we may consider from eq.48 analogously its additional effect on
the pointing error e closed loop dynamics in eq.35:

eo = Nay, Pyul*SiKr — Nay, P02 SiKNey 1~ Ny, P SiK Nay, Pyudi + P02 SiK Ny, Pyww (51)

Indeed, in the right hand side of eq.51 additional sensitivities due to the guidance signal r, the knowledge
error sources n, the disturbance torques and forces d; and the process disturbance w is shown. An
additional bias on the pointing error is thus given by the time-constant components of r, n, d; and w.
Obviously, just as for the sensor misalignments, this is not the only effect on performances as the closed
loop sensitivity functions would differ as well from the nominal ones.

The effects of actuator and sensor misalignments have been shown on the pointing error and on the
knowledge error respectively. Eq.50 and eq.51 are only provided as examples. All misalignments have a
global effect on the system equations and introduce additional sensitivities on all the outputs in eqs.25-35.
Both input and output misalignments can be represented as elements of {¢;} and modelled in a LFR as
in eq.3.

5.2 Stability Margins

As recalled in [21], stability margins like gain and phase margins were especially needed to be
verified by the first generation control loops, as they were implemented with analogue devices, prone
by nature to gain and phase shifts due to thermal and ageing effects on hardware components. Today
the uncertainty given by the control loop is not as important given that digital control and navigation
software are highly reliable. Nevertheless, especially in the new space industry, uncertainties given by
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ageing effects on system hardware and also modelling uncertainties given by limited prior knowledge
of the payloads characteristics, especially when defining generic controllers and navigation filters for a
range of missions, can have an effect on the AOCS performances and stability.

Most commonly, the stability margin analysis is considered carried out by modelling the navigation
system as an integral part of the sensor suite, namely as if it is part of the plant. Other times it is simply
neglected as if the control stability problem and the filtering problem are not related at all since they
respond to different specifications. Both practices are justified, implicitly or explicitly, by an appeal to
the separation principle. As discussed in the preceding sections, the separation theorem itself remains
valid for any fixed plant realisation; however, performances are not captured by unbiased sensitivity
functions both because kinematic filtering is often preferred and because of non-perfect matching given
by parametric dispersions. For instance, it has been shown, through the effects of sensor and actuator
misalignments, that uncertainties at both the input and output breakpoints introduce a mismatch that
effectively changes the system disk margin and both knowledge and pointing error budgets.

Stability margins can be characterized in the most general way according to the S and 7 criteria[21]
by bounding the following peaks:

max & (7o)
murjlxc_r( }(jw))
max &(‘7;(1' w)) Y
max (S, (jow))

Where it is to be emphasized that the sensitivity functions with which the stability analysis in eq.52 is
described are mixed control-filtering sensitivities as described in Section 2.

5.3 Bode Integral

A revised Bode formula for MIMO system has been recently introduced[23], showing that the Bode
integral can be written as a difference between the open-loop and closed-loop eigenvalues:

3 [ na(Sitie ) - TS (g (ag)1) = (D7 (- ) + 2% R(p)| (53)
=1 k=1 k=1 i=1

where py is any of the N, unstable poles of Py,.

Eq.53 shows that not only do the unstable poles introduce a design limitation that affects the trade-
off[5] between the system bandwidth and the sensitivity bounds (stability margins), a further limitation is
provided by the designer’s ability to keep an "equilibrium" between closed loop and open loop eigenvalues.

Moreover, as the S; includes also the navigation filters, such equilibrium should be met also con-
sidering the contribution of the poles of the filter N. Indeed, according to the mission requirements
and specifics of the system, a trade-off is required between the poles of the controller and that of the
observer[24] accordingly deciding if it is more appropriate to have a fast observer with a slow controller
or the opposite.
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6 Insights in LFR Identification

A particularly valuable prospect is that of unlocking robust design validation by estimating the true
in-orbit performance of the MIMO attitude control system directly from flight data. Post-flight system
identification enables the reconstruction of the closed-loop transfer matrix, from which stability margins,
disturbance rejection bandwidths, and pointing error budgets can be rigorously verified against their
design specifications.

A prerequisite for formulating the identification problem is to characterise the noise environment
that corrupts the measurable outputs during the calibration experiment.

6.1 Disturbance Environment During Identification

During any on-orbit calibration experiment, the externally injected excitation signal r, is superim-
posed on the closed-loop system that is simultaneously driven by the natural disturbances n, d;, and w.
By inspecting the closed-loop eqs.25-33, one observes that the three unknown disturbance vectors enter
every measurable signal exclusively through a single composite quantity:

EE2n+Pydi+Pyow € RP (54)

Indeed, the weights of d; and w in each of eqs.25-33 equal those of n post-multiplied by #,, and Py,
respectively, so that every measurable output in y# admits the decomposition

VF = Grr + Ge &, (55)

where G, and G collect the - and £-dependent transfer functions from eqs.25, 27, 29, 31-33.
The PSD of the total disturbance is

D (w) = Dy(w) + Pyu(w) By, () Pl (w) + Py (w) Dy (w) P, (), (56)
built from the prior spectral envelopes ®,,, ®,,, ®,, that are the pointing error sources of the system[21].

6.2 Optimal Excitation Signal Design

Let r.(t) € R" denote the externally injected calibration signal. A necessary condition for consistent
parameter estimation is that r.(z) be persistently exciting of sufficiently high order. Formally, r.(7) is
persistently exciting of order N, if its power spectral density matrix @, (w) € C"*" satisfies [25]:

D, (w) >0 for at least N, distinct frequencies w € [w1, wn, ], 67

with @, (wy) required to be full rank at each excited frequency.

For a system parametrised by ng; unknown parameters, the minimum excitation order is N, >

[ng/nc] [26]. The excitation signal on each input channel j € {1,...,n.} is constructed as a multisine:
N.

re, (1) = Z Ajpsin(wpf+¢4),  wp=w+ (k- 1)Aw, (58)
k=1

where Aw = (wy, —w1) /(N — 1) is the frequency resolution, inversely proportional to the measurement
window Tpeas = 27/ Aw.

Mutual orthogonality between input channels can be achieved via interleaved frequency allocation,
where each j-th channel excites a disjoint frequency subset, guaranteeing channel decoupling at the cost
of a factor-of-n. reduction in per-channel frequency resolution.
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A linear chirp traversing [w;, wy] is generally ill-suited for MIMO identification for two reasons.
First, only a single instantaneous frequency is excited at any given time, so the spectral matrix @, (w) is
effectively rank-deficient over short windows, violating the persistence of excitation condition in eq.57.
Second, adequate frequency-domain averaging requires a very slow sweep rate & < Aw?, demanding
prohibitively long measurement windows—a critical constraint for on-orbit operations.

To efficiently design the multisine signal in eq.58, both the phases ¢ ; ; and amplitudes A ; ; need to be
optimised. The amplitudes A; ; are optimised by formulating an optimal experiment design problem that
concentrates the excitation power in the frequency-channel combinations where the sensitivity function
¥ is most sensitive to the parametric uncertainties {0;}.

6.2.1 LFR sensitivities to {6;}

A sensitivity function with ny, outputs and n. inputs can be represented as an LFR (like in eq.4):
-1
F = Mq-'22 +M7:21A7-' (I—Mq-”Aq-) M‘Flz' (59)

We define the left and right resolvent functions as:

-1 -1
RLy-" £ M?-"gl (I_ATM?—H) > RR¢ = (1_ M7'-11A7'_) M7'_12' (60)

The sensitivity of the LFR with respect to the scalar ¢;, accounting for its possible repetitions at diagonal
positions of A#, is then:
0F (w)

— = Re,(0) Ey; Re,(w) € CV7, (61)

Dy (w) = =5

where E¢. = 0A#/00; is a diagonal matrix that is 1 where the scalar ¢; is repeated in A¢ and 0 otherwise.
See the Appendix for proof.

6.2.2 Fisher Information Matrix

Eq.61 provides the key link between the LFR uncertainty structure and the Fisher information matrix
(FIM). For the multisine excitation in eq.58, the power spectral density is ®,_(w) = % Zivil a; af 0w —
wy), where a; € C" with [ak]j = Aj’keiqbf’k.

In the presence of the coloured output noise characterised in Section 6.1, the (7, j) entry of the Fisher
information matrix J € C"@*"d ig [25, 27, 28]:

N |

N,
1 & -1

=5y wih [eP] we (©2)
k=1

where wy; £ Dy (wy) ax € C is the projected sensitivity for parameter i at frequency wy, and C,EX) is
the output noise covariance:

Y = 657 (i) @g(wi) G0 (wi) (63)

Since CIEX) > 0 at every excited frequency, the FIM is always well defined.

Eq. 62 incorporates the a priori knowledge of the broadband disturbance environment. At frequencies
where the broadband noise floor is low, each unit of excitation power contributes more information;
conversely, a higher noise floor penalises the FIM contribution.
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6.2.3 Amplitude and phase optimisation

Since in eq.62 the matrix Dg (wi) akaf Z)g (wg) is Hermitian, and the weighting by [C },(CX)]_1
preserves this property, all spectral properties of the]: weighted FIM are phase independent. Consequently,
the amplitudes A; ; can be optimized separately from the phases ¢; ;. Indeed, provided 1 is invertible,
the amplitudes A; ; may be optimised according to one of three classical optimality criteria [29-31]:

* A-optimal: min tr[7 ' (A#)] — minimises total parameter variance.
* D-optimal: max logdet 7 (A¢) — minimises the volume of the confidence ellipsoid.
* E-optimal: max Anyin(Z (A¢)) — maximises worst-case identifiability.

The amplitude design must respect safety bounds to prevent the calibration experiment from exciting the
spacecraft dynamics into the nonlinear regime. Such bounds can be readily computed through standard
worst-case analysis of the sensitivity function 7.

The Fisher information matrix is invertible precisely because it is a sum of Gram matrices, which in
turn requires the reference signal to be a multisine. Each individual Gram matrix is rank-1; consequently,
exciting the system with a single sinusoid renders the unknown parameters unidentifiable under any
standard optimality criterion.

The optimization of the phases ¢; ; can be carried out to minimize the crest-factor of the frequency
response with the use of a Chebyshev norms-based algorithm [32]. This approach enables to improve
the crest-factor considerably compared to Schroeder phasing rules [33] which are optimal when the
amplitudes of the multisine are kept all equal.

6.3 Maximum Likelihood Estimator

A maximum likelihood estimator of § € R"4 can be designed to minimize the weighted estimation
residual:

Ok (5) =Y, —-F (wk,(f) a, (64)

where Y; € C™ denotes the measured output spectrum of F at frequency wy. The log-likelihood is
defined as the weighted quadratic cost function:

N

NOEY AL (65)

k=1

Defining Wi £ [Wg1-- Wi, 4] € C"™X ag the matrix of projected sensitivities from eq.62, the
parameters are updated iteratively via:

N,

. . 1 ‘ -1

g =60+ JI'R > wi [C,EX)] Pk { - (66)
k=1

where n denotes the iteration index. Near the true parameter values, the estimator achieves the Cramér—
Rao lower bound [28]:

cov (5) >7! (67)

The incorporation of C,EX) in both the cost function and the update rule ensures that the estimator is
efficient: itextracts the maximum amount of information from the data given the actual noise environment,
rather than treating all frequencies equally.

Given that the uncertain parameters {d;} are defined in open intervals, possibly normalized in the
open interval (-1, 1) (which is always a good practice when practically working with LFRs), and that
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I is well conditioned, since the maximum likelihood estimator is asymptotically normal, the residual
uncertainty intervals are given by:

0; € Si * Za/2 (I_l) (68)

ii
where z, /> is the quantile of the standard normal distribution. Once the new uncertainty intervals have
been obtained, the LFR may be rescaled in order that the uncertainty intervals are normalized.

6.4 Excitation Signal Injection Points

In sections 6.2 and 6.3 considerations are carried out in general terms without making assumptions
on ¥ . In this section, we shall argue the possible choices in defining 7.

From an intuitive standpoint, increasing the number of outputs 7,, enlarges the dimension of wy ;.
Consequently, the summation defining 7;; in eq.62 comprises more terms, which generally leads to a
larger value of the information metric. The natural instinct of the AOCS engineer would be to inject the
optimal excitation signal 7. in the guidance and consider as an output y,. Yet, the previous arguments
suggest to take all the available outputs and therefore the choice is to define the output of ¥ to be:

T
YE=|uo € y, 2 Y i (69)

From eq.25, eq.27, eq.29, eq.31-33 it is clear that the sensitivities are different and therefore each of these
contributions provides an exclusive source of information that may help determine a good 4. Indeed,
some sensitivities may provide a higher sensitivity to a parameter with regards to others, by combining
all these different contributions, all the information is fully exploited.

Another matter is deciding where to inject the excitation signal in the loop. This could ideally be
carried out on any signal available. Indeed, there are 8 different locations in in the closed loop system in
Fig.1:

A) Injection at the guidance: r — r + r,

B) Injection at the plant input, while the navigation filter ignores such injection: u — u + r

C) Injection at the controller output, while the navigation filter is informed of such injection:
Uy — Uy + T

D) Injection at the measured state: y, — y, + 1,

E) Injection at the filtered state output: Z — Z + r,

F) Injection at the filtered sensed output: y — y + 7,

G) Injection at the control command at the navigation filter only (when applicable)

H) Injection at the innovationi — i + r,

6.4.1 Injection at the guidance

This is the most intuitive injection point. In practice, this injection may be interpreted as a redefinition
of the guidance signal r thereby all the sensitivities in Section 3 hold:

SK
S,
P..SK
y;f) _ 7_~(A)r£A) _ yrf; FEA) (70)
b . SiK
(Pyu - Ay Alq(
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What must be highlighted is that the joint navigation and control sensitivities are expected to be very
much different in their frequency response. For instance, the sensitivities to the control error ¢ and the
state estimate Z are complementary: implying that for sure the injection signal can be made with a small
amplitude A; ; knowing that in certain frequency ranges one of two output signals shall be excited enough
to return enough information to identify the A#.

6.4.2 Injection at the plant input

In this case, the injection is carried out directly at the plant input, but is ignored by the navigation
system (if applicable). Effectively, this is equivalent to adding a term to the disturbance d; described in
Section 3:

~SiKN:y, Py

(—SON@,,PW )
P (In — SKNzy, P
(B) _ (B).(B) _ AT R (B)
yg =F P = SuNzy, P re (71)
(N)A’)’n _ﬁySiq(Nz))n) Pyu

_(Ip = Noy, = (pyu - ¢Y) S"«ny") Pyu

As seen in eq.71, the two output signals é and Z are redundant. This would be a problem if the injection
is performed at the plant input only: in such case, one of two outputs can be dropped as it does not
provide any additional information. Otherwise, the sensitivities in eq. 71 also differ significantly in their
frequency responses. In particular, Ny, and I, — Nj,, are complementary.

6.4.3 Injection at the controller output

In this case, the injection is carried out directly at the controller output and considered by the
navigation system (if applicable). The sensitivity to such an injection signal is:

S;
8,2,
© _ o0 _ | Pwdi ©)
¥ = FOHO < s | (72)
A
(Pou=73) 81

It can be noticed that eq.72 has all non-redundant outputs and a unique opportunity to excite directly the
estimated input sensitivity S;.

6.4.4 Injection at the measured state

In this case, the injection is carried out at the measured plant output. In practice, this injection is

equivalent to adding réD) to the knowledge error sources n, therefore it has the same sensitivites described
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in Section 3:

~SiK Ny,
_Sonyn
I, — PuSi KNz,
yi = FO? = YV r (73)
Nyyn - ﬁygiq(nyn
_Ip = Ny, = (Pyu - ﬁy) Si(l(N2Yn_

It can be noticed that in eq.73 the two output signals é and Z are redundant, in this case the same
considerations mentioned in Section 6.4.2 are valid.

6.4.5 Injection at the filtered state output

If an injection is added to the filtered state output Z, the following sensitivity functions would be
excited:

Sk ]

8,
~PuSiK

30
~-P,SiK
- (P Py) S

v = F O = " (74)

Where it is to be noticed that the sensitivity functions in eq.74 eliminate those in eq.70 if these would be
excited at the same frequencies. The total effect would only be a direct feedthrough of r,. on Z given by
the 7o + S, = I,. Thereby, as it doesn’t add anything valuable the choice is not consider injecting at the
filtered state output Z.

6.4.6 Injection at the filtered output
An injection at the filtered output § affects directly the navigation loop in eq.6:

y Ny N5 Py
{ — Y¥n Yo Yn + rc('F) (75)
Z Ney, Nau, | [Uo —Nzy,

What must be emphasized in eq.75 is that rc(,F) excites directly the output-filtering sensitivity P (see [5]):

P = (I P+ Ny’l) . This sensitivity provides insight into the filtering properties of the navigation filter
as PY is the dynamic transfer between the measurement error sources n and the innovation:

i=P (y+n)- PyNﬁluuo - PyrgF) (76)

The complementary output-filtering sensitivity M = I,,— P is indeed the sensitivity of the filtered output

-1
y to the measurement error sources n: M> = (I pt Nyll.) Nyll. = Ny, . By construction such sensitivities

are similar to the control sensitivities. It can be noticed that ' is also the unbiased sensitivity of the
innovation i to n as shown in eq.47.
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In closed loop, the following sensitivities would be excited:

SiKN:y,
SoNzy,

PuuSi KNy,
~S,Nzy,
ﬁySﬂ(Ngyn + P
(Pou = Py) SKAz,, - P

yE = O = r (77)

Given the complementarity of M” and P”, it can be noticed that the sensitivities in eq.73 eliminate
those in eq.77 if these would be excited at the same frequencies. The total effect would only be a direct
feedthrough in y, and y. Thereby, as it doesn’t add anything valuable the choice is to not consider
injecting at the filtered output.

6.4.7 Injection at the control input of the navigation filter

If an injection is added to the control command only at the input of the navigation filter, the following
sensitivity functions would be excited:

~SiK N,
~So Nz,
~PuSiK Nz,
SoNzu,
Niu, — PySiK Nz,
|~Nsu, = (P = Py SHNau,|

W = FOrD = r& (78)

The sensitivity functions in eq.78 are original compared to the ones obtained in the previous injection
points because they showcase the Nj,, and N;, . Nevertheless, it is to be noticed, that the output signals
¢ and Z are redundant.

6.4.8 Injection at the innovation

If an injection is added to the innovation the following sensitivity functions would be excited:

~SiK Ny,
~SoNzy,
~PuSi KNy,
Sonyn
~PSiKNzy, + Ny,
Nay, = (Pou = Py) KSoNey, |

(H) _ g(H) (H) _
c

0 ré? (79)

It can be noticed that eq.79 excites essentially the same sensitivity functions of eq.73. Indeed, if both
injections were to be carried out on the same frequencies the sensitivities would be eliminated yielding
a feedthrough at the y, and i channels. Thus, this injection doesn’t add anything valuable.
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6.5 Injection point selection

The sensitivity analysis carried out in Sections 6.4.1-6.4.8 reveals that the eight candidate injection
points are not all independent: three of them can be discarded on structural grounds, leaving five that
collectively provide the richest parametric information.

The five structurally independent injection points are therefore:

Fe = ¢

T
[rgA) rgB) rgc) rP) rc(_G)] (80)
Each contributes a qualitatively distinct family of sensitivity functions to the output 7 :

= [7:(A) F(B) F(C) FD) ¢(G>]rc (81)

Given the variety of sensitivity functions it is expected that the chances of exciting the system enough
to obtain a well conditioned 7 matrix are good, especially for those parameters that are most impactful.
Indeed, several structural features of eq.81 support the expectation that the resulting Fisher information
matrix 7 will be well conditioned:

1) Complementary sensitivity pairs. Injection A excites S, and 7, as separate output channels
(rows 2 and 4 of eq.70). Since these are complementary (S, + 95 = I,), the excitation signal
amplitude A ; can be kept small while still guaranteeing that, at every frequency, at least one
of the two channels produces a response of appreciable magnitude. Low—frequency content is
predominantly captured by 7,, while high-frequency content is captured by S,.

2) Direct access to input sensitivity. Injection C is the only point that excites the estimated input
sensitivity S directly as a stand-alone output channel (row 1 of eq.72). Moreover, all six
output channels of eq.72 are structurally non-redundant, meaning that no pair of rows becomes
proportional under any nominal parameter choice.

3) Separation of plant and filter contributions Injection B enters before the plant input (equivalent
to an additive disturbance d;) while Injection D enters at the measured state (equivalent to an
additive sensor noise n). As a result, the plant transfer $),, premultiplies the sensitivity matrix
in Injection B (eq.71) but does not appear in the corresponding position of Injection D (eq.73).
This frequency-dependent weighting difference ensures that the two injections provide linearly
independent columns in the projected sensitivity vectors wy ; of eq.62, even when the underlying
parametric gradients have similar structure.

4) Observability of the filter’s input channel. Injection G excites the navigation filter’s control-
command input Nz, and Nj,, (see eq.78), which do not appear as weights in any other injection
point. For AOCS architectures that incorporate commanded torques in the filter propagation,
these terms carry information about the filter’s internal model of the plant dynamics and are
therefore essential for identifying parameters that affect the matching conditions of eqs.36-37.

Recalling from eq.62 that each entry of the Fisher information matrix is a sum of Gram inner products
I = % 2k W}Zj Wy i, the dimensionality of wy ; grows with the total number of output channels n,. The
composite output vector y# in eq.81 aggregates six output signals from each of the five injection points,
providing up to 30 scalar output channels (before accounting for signal dimensions). The diversity of the
sensitivity functions across these channels—spanning complementary pairs, direct and indirect control
paths, and both the plant-side and filter-side of the loop—ensures that the projected sensitivity vectors
W span a high-dimensional subspace of C"> for each excited frequency wy, which is the fundamental
requirement for 7 to be well conditioned.
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7 Towards Robust Pointing Validation

The system identification framework in Section 6 allows to reduce with an ad-hoc optimal experiment
the uncertainties of the Ap along with the residual confidence intervals of such parameters. Provided such
experiment has been performed, an estimate of the true knowledge and pointing errors, in the operative
mission profile, can be computed by exploiting the sensitivity functions in Section 3. Given the telemetry
of the known signals in eq.69, it is now a matter of estimating the unknown inputs of the system n, d;
and w, allowing to recover an estimate of the true knowledge error Z and pointing error e from flight data.

The composite disturbance ¢ defined in eq.54 is directly computable from telemetry:
é =Yn— 7)yu (AP) Uop, (82)

which is exact—no inversion is required—once $,, is evaluated at the identified parameters Ap.

Although the closed-loop telemetry constrains n, d;, and w only through g?, the three disturbance
classes can be separated by exploiting the identified plant model and prior spectral information from the
mission environment analysis. At each frequency w, the composite disturbance satisfies

é(w) =T¢(w,Ap) v(w), (83)

where
Te(w.8p) = |1, Prulw,Ap) Py(w, Ap)| € CP¥rom) (84)

T
and v = [nT dl.T WT] € RP*™*4_ Since p < p + m + ¢q, €q.83 is underdetermined at each frequency.
However, the three sources possess distinct and well-characterised spectral signatures:

* Sensor noise n: high-frequency content with PSD ®,, (w) provided by the sensor manufacturer. At
frequencies well above the plant bandwidth, £y, — 0 and #y,, — 0,s0 & = n.

» External disturbance torques and forces d;: concentrated at orbital harmonics and at reaction-wheel
spin frequencies, with PSD ®,, (w) derived from the mission environment model.

* Process disturbance w: broadband, defined to take into account any modelling errors or particular
disturbances that can’t be added to u,.

Given the prior cross-spectral density matrix
@, (w) = blkdiag(®,(w), @y (w), @y (w)) (85)

and assuming mutual uncorrelation, the minimum-variance (Wiener) estimate of the individual distur-
bances at each frequency is

P(w) = @, () T (0, Ap) [@¢(w)] ' E(w), (86)

where ®; = I'c @, I‘? as in q.56 and E(w) is the DFT of £(¢). Writing out the individual estimates:

() = B(w) [0s(w)] ™ E(w), (87)
di(w) = By, (w) P (0) [@s(w)] ' E(w), (88)
W(w) = B, () P (0) [@s(w)] " E(w). (89)

The PSD (i)f(w) estimated directly from the telemetry via eq.82 can be compared with the model-
predicted PSD from eq.56. Any significant discrepancy flags either an environment model error w or a
residual parametric misidentification as defined in eq.68.
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With the individual disturbance estimates in hand, the unmeasured closed-loop signals are recon-
structed:

0=u,+d; (90)

Piue = yn — A = Py(Ap)it + Py (Ap) W 29
Srue = P (Ap) i+ P, (Ap) S 92)
Zirve = Zirue — 2 (93)

Crue =T — Ztrue 94)

The reconstructed errors can be decomposed per source using eqs.34—-35 evaluated at Ap, enabling a
line-by-line comparison against the pointing-error budget tree. Worst-case bounds over the residual
parametric uncertainty are obtained by evaluating the maximum over the confidence region, which is a
standard p-analysis problem since all transfer matrices are available in LFR form.

The identification—validation pipeline can be iterated to progressively improve both the parametric
estimates and the disturbance characterisation. The outputs of the validation step—the reconstructed
disturbances and their spectral decomposition—constitute refined prior information that can be fed back
into the experiment design in Section 6.

The procedure begins with Iteration 0, in which the design-phase prior spectral envelopes ®
)

0 0
Sl ). (I)El i),
(I)EVO ) are used to compute the output noise covariance C,EX’O via eq. (63), design the first calibration

experiment, and obtain an initial parameter estimate 6 ©. At each subsequent iteration j, the previous
estimate & U~ is exploited as follows. First, nominal-operations telemetry is recorded and the composite

disturbance estimate .f,? () = Yn— Pyu (A;j - )uo is computed via eq. (82). The Wiener filter (eqs. 87-89)
is then applied to separate the individual disturbance contributions A/, cfl.(j ), and w/). From these,

refined spectral envelopes dlflj), (I)((i]: ), (I)Evj ) are estimated, and the output noise covariance Clgx’j ) 1S
recomputed with the updated broadband noise model. The multisine amplitudes A; ; are then redesigned
accordingly, and a new calibration experiment is performed to yield § (/).

The procedure converges when

2 Imeas

5 — 3“'”” < €5 and (I)én"del ~ qlg ,

i.e. when the parameter estimates have stabilised and the model-predicted composite disturbance spectrum
is consistent with the one derived from telemetry.

Each iteration refines two coupled quantities: the parametric uncertainty set, which determines the
transfer functions, and the disturbance spectral model, which determines the noise weighting in the FIM
and the Wiener separation quality.

8 Conclusion

The central thesis of this paper is that spacecraft pointing performance cannot be rigorously verified
by analysing the estimation and control loops in isolation. When the plant model carries parametric un-
certainty in LFR form, the sensitivity functions governing knowledge and pointing errors are intrinsically
coupled between the navigation filter and the control law. The separation principle, while structurally
valid for any fixed plant realisation, does not extend to performance verification under parametric disper-
sion—a distinction with direct consequences for current AOCS practice.

To formalise this observation, a complete family of joint sensitivity functions has been derived for
the general (biased) case that encompasses kinematic filtering architectures, together with the conditions
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under which these reduce to the classical MIMO sensitivities via the control matching conditions (eqs.36-
37). The analysis has revealed that sensor and actuator alignment errors act not merely as biases, as
commonly treated, but as complex gain perturbations that reshape both the disk margins and the error
budgets. The Bode integral limitation, extended here to the joint loop, further demonstrates that the
placement of filter poles participates in the fundamental bandwidth—sensitivity trade-off alongside the
controller poles.

Moving from analysis to validation, the paper has introduced a systematic framework for in-orbit
identification of the LFR. The key enabler is the composite measurement disturbance &, which con-
solidates all unknown environmental inputs into a single observable quantity and determines the noise
weighting in the experiment design. By constructing the Fisher Information Matrix in eq.62 from the LFR
sensitivity gradients in eq.61, optimal multisine excitation signals can be designed that maximise para-
metric information content under spacecraft safety constraints. An exhaustive analysis of eight candidate
injection points has identified five that are structurally independent, each exciting qualitatively distinct
combinations of the joint sensitivity functions—ensuring that the resulting FIM is well conditioned across
the parameter space.

The identified model, in turn, closes the verification loop: a frequency-domain Wiener filter sepa-
rates individual disturbance contributions from operational telemetry, enabling reconstruction of the true
knowledge and pointing errors with per-source budget decomposition. Worst-case bounds over the resid-
ual parametric uncertainty follow from p-analysis, and an iterative refinement procedure progressively
tightens both the parameter estimates and the disturbance characterisation until model and telemetry
reach spectral consistency. Taken together, these results promote the LFR from a design-time abstrac-
tion to a flight-operational instrument. By feeding identified parameters and reconstructed disturbances
back into the sensitivity functions derived here, pointing performance and robustness margins can be
systematically verified—and improved—directly from commissioning data, bridging the gap between
frequency-domain design tools and the time-domain Monte Carlo simulations that remain the prevailing
verification approach in the industry.
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Appendix A
In this Appendix it is proven that the sensitivity of an LFR,
-1
F = Mg, + Mg, Ay (I - M7'~11A7") Mg,
with respect to a scalar uncertain parameter ¢; that may appear with repetitions on the diagonal of A# is

oF
a5, = RLr E7i Reys

where RLT = Mg, (I -Ag Mgrll)_l, RRT =(I- Mg, A«}')_IM?IZ, and E¢ = OAF]006;.
Define the right resolvent Rg = (I — My;A)~'Mi,, where for brevity we drop the subscript ¥ and
write M for My, and A for Ag. Then
F = M>, + My ARg.

Differentiating with respect to ;:

oF ORgr
Y My E; Rp + My AR, 95
35, 21 R+ Mp 35, 95)

where E; = dA/6;.

To compute dRg/d9;, apply the matrix-derivative identity dA~!/ox = —A~1(0A/0x)A™' to A =
I - M]]AI

0
— (I -MyN" =T =M AN My E(T-MpA)™" .

00;
Hence IR
=5 = (I=MiA)™ My E; Ry. (96)
Substituting €q.96 into €q.95:
oF 1 1
o5, = M1 Ei Rp + Moy A (1= M A)™ My Ei Rg = Moy [T+ A (1= MiA)™ Mu | Ei Rg
1

It remains to show that the bracketed term equals (I — A M1;)~'. Using the push-through identity A(I —
MyiA)~! = (I = AM;)~'A, one obtains

[+AT=MuA) "My =1+ =AMy AMy,
= (I =AMy [(I-AMy) +AMy]

= (=AM~

Therefore

oF -1 -1

55 My (I -AMy)" E; (I-MA)™ M =R, Ex; R,

1
Rig Rrgp
which completes the proof.
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