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ABSTRACT 

Kites possess complex flying characteristics that must be understood to ensure efficient operation in airborne 

wind energy applications. The flight dynamics of a six-degrees-of-freedom three-line delta kite with full 

tether dynamics through a spring-mass model is investigated. Results reveal nonlinear behaviours that agree 

with prior analyses on simpler models of single-tether systems with constrained dynamics. These include the 

co-existence of multiple steady-state solutions at low airspeeds and a pendulum-mode instability that puts 

the kite in an ‘automatic’ figure-of-eight trajectory without any active control input. In the three-line system 

studied, this figure-of-eight trajectory is identified to be a stable limit cycle, which is influenced by the lateral 

distance between the left and right tether anchor points on the ground station. Increasing this distance 

stabilises the pendulum mode, which destroys the limit cycle and puts the kite in a stable trim condition. 

However, doing so results in excessive lateral stability, thereby reducing the manoeuvrability of the kite. 

This finding highlights the impact of ground station design on kite flight dynamics and underlines a trade-

off between stability and manoeuvrability. 
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Nomenclature 

𝐶𝑥 , 𝐶𝑦, 𝐶𝑧 = body-axis force coefficients 

𝐶𝑙, 𝐶𝑚, 𝐶𝑛 = body-axis roll, pitch, and yaw moment coefficients 

𝐷𝐿𝑅 = lateral distance between side tether anchor points 

H = height (= – zE) 

𝐿𝐶 , 𝐿𝐿, 𝐿𝑅 = central, left, and right tether lengths 

𝐿0 = nominal tether length 

𝒙𝒔 = state vector 

𝒙𝒄 = control vector 

xE, yE, zE = Earth-axis coordinates 

xB, yB, zB = Body-axis coordinates 

𝛼 = angle of attack 

𝛽 = sideslip angle 

Δ𝐿𝑃 = simultaneous side tether length input for pitch control 

Δ𝐿𝑆 = differential side tether length input for lateral control 

𝜆 = continuation parameter 

𝜙, 𝜃, 𝜓 = Euler angles (roll, pitch, yaw) 

1 Introduction  

Airborne wind energy (AWE) is an emerging technology for renewable energy. Unlike conventional 

wind turbines, AWE uses a tethered flying device to generate electricity at high altitudes. In the ground-

gen configuration, the mechanical power delivered by the tether tension is transformed into electrical 

power by a generator on the ground. AWE systems have higher capacity factor than conventional wind 

turbines, in addition to being able to relocate and having lower lifetime material usage. An overview of 

AWE technology can be found in [1, 2]. 

Soft kites, hybrid kites, and fixed-wing aircraft are three of the most popular choices for the aerial 

component of AWE. Kites offer a lightweight platform with higher damage tolerance in the event of 

crashes compared to fixed-wing aircraft. Previous studies have uncovered nonlinear behaviours in kites, 

such as the co-existence of multiple equilibrium and periodic solutions at low wind speeds [3-5] and 

unstable pendulum-mode oscillations that resemble a figure-of-eight trajectory [6] (although the 

configuration used in [6] was an inflatable fixed-wing aircraft – arguably a hybrid between kites and 

fixed-wing aircraft). Some of these results have been verified with wind tunnel data [5, 7]. The fidelity of 

these nonlinear kite dynamics studies has also increased over the years. While early work assumed a rigid 

and drag-less tether, and constrained the dynamics to two [4] and five [6] degrees of freedom (DoF), 

recent studies have analysed the stability of kite systems, where the aerial component has full 6 DoF [8]. 

With the recent introductions of several advanced AWE simulators that includes full tether dynamics [9-

14], there is a need to adapt the prior stability analyses to these combined kite/tether systems. In a 

simulation environment, each elastic tether line increases the number of states significantly, resulting in 

higher computational cost. For instance, the stability characteristics of the three-line kite configuration 

has remained largely unexplored at an academic level. Further investigations into this area could benefit 

future AWE design, considering Enerkite’s adoption of the three-line configuration on its AWE system 

[15].  



Another key aspect in AWE simulations is the aerodynamic model employed to obtain the 

aerodynamic forces and moments on the kite. It greatly influences the motion of the kite and power 

predictions during typical AWE trajectories, and the appearance and stability of equilibrium states. As 

recently highlighted in a review on AWE aerodynamics [16], many prior works on kite dynamics and 

control used simple aerodynamic models based on constant aerodynamic coefficients and/or constant 

aerodynamic efficiency. Higher-degree-of-freedom simulations largely relied on models based on 

constant aerodynamic stability derivatives that were generally estimated either from empirical or heuristic 

data. Only a few of them used mid- and high-fidelity aerodynamic tools such as potential-flow models 

and computational fluid dynamics to estimate these aerodynamic derivatives [17, 18]. Indeed, recent 

studies suggest that these simple aerodynamic models when estimated with reliable aerodynamic tools 

are virtually equivalent to the direct coupling between the aerodynamic tool and the dynamic simulator 

[19]. These models may include steady terms if they are dependent only on the angle of attack and sideslip 

angle, and quasi-steady terms by including the dependence on the angular rates. The latter are well-known 

to highly influence the stability of equilibria [8]. 

This work focuses on analysing the nonlinear flight dynamics of a rigid-frame three-line delta kite 

AWE system, which combines a rigid frame with a membrane canopy. Numerical analysis is done on a 

MATLAB simulator built on top of the LAgrangian Kite SimulAtor (LAKSA) package [12, 20] featuring 

6 DoF, full tether dynamics through a spring-mass model, and realistic aerodynamics and inertia 

properties. Furthermore, the aerodynamic model used in this study is based on aerodynamic stability 

derivatives derived from a three-dimensional unsteady panel method that, for the force coefficients, fits 

previous experimental data reasonably [21]. The aerodynamic and tether models provide the foundation 

for investigating the kite’s static and dynamic stability properties. In particular, equilibrium trim points 

and limit cycles are calculated using the Dynamical Systems Toolbox [22] – a MATLAB implementation 

of the numerical continuation software AUTO [23]. Results focus on the kite’s open-loop dynamics at 

different wind speeds and tether anchor arrangements on the ground station, which uncovers nonlinear 

behaviours similar to those reported in previous studies that used simplified models [3-7] and highlight 

the role of ground station design on kite’s stability. 

2 Methodology 

2.1 Simulation framework 

The MATLAB-based simulator used in this paper is referred to as KiteElastic3 [24, 25], which is a 

modification of the KiteElastic module in the LAKSA open-source software [20, 26]. Unlike other 

modules of LAKSA, KiteElastic3 features a Newtonian formulation and uses dimensional variables. The 

kite is modelled as a rigid body with 6 degrees of freedom. Its dynamics is studied with respect to an 

inertial Earth frame with origin at the ground station (shown schematically in Fig. 3), the xE-axis pointing 

opposite the wind velocity, the zE-axis pointing toward the Earth’s centre, and the yE-axis completing the 

right-hand frame (see Fig. 1a). This arrangement results in xE and yE axes spanning the assumed flat 

ground, and the kite’s height 𝐻 = −𝑧𝐸.  

The KiteElastic3 simulator models the three-line kite AWE system built by the University Carlos III 

of Madrid (UC3M), which is shown in Fig. 2a. The kite is a rigid-frame delta kite of 3.66 m wingspan, 

with geometry based on the commercial HQ Fazer XXL kite. The UC3M’s kite has a total mass with 

avionics of 2 kg. Table I summarises the physical parameters of the kite and the tethers. To connect the 

three main tethers – labelled 𝐿𝐿, 𝐿𝐶, and 𝐿𝑅 – a series of eight bridle lines are used. The bridle-kite 



connection points are fixed in the body frame that originates from the kite’s centre of mass, the xB-axis 

along the central spine of the kite, the zB-axis normal to it and contained in the plane of symmetry of the 

kite pointing downwards in normal flight condition, and the yB-axis completing the right-handed frame 

(see Fig. 1b). Fig. 2a shows the location of the eight connection points on the kite, and  

Table II lists their coordinates in the body frame, along with the length of the bridle between each of 

them and the attachment points with the tethers. 

 

Fig. 1. Visualisation of the kite, bridle and tethers in the Earth’s frame. Panel (a) shows the three main 

tether lines, and panel (b) shows the body-axis reference system. All results assume a steady wind field 

pointing in the negative-𝒙𝑬 direction. 

 

 

Fig. 2. The UC3M kite (a) and the three-line tether control system (b). Bridle lines (yellow) and tether lines 

(green) are highlighted. 

 

Flight control is achieved by changing the lengths of the three tethers (𝐿𝐿 , 𝐿𝐶 , 𝐿𝑅), which are 

connected to a ground station pictured in Fig. 2b. The tether-ground station connection points (referred 

to as anchor points) are labelled 𝑃𝐿, 𝑃𝐶, and 𝑃𝑅 as shown in Fig. 2b and Fig. 3. Their Earth-axis coordinates 

are listed in Table III. To denote the lateral distance between the left and right anchor points, a parameter 

called 𝐷𝐿𝑅 is used as shown in Fig. 3. This parameter has a considerable effect on dynamic stability of 

the kite as discussed in section 3.2. 
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Fig. 3. Top-down schematic of the ground station with its tether anchor points shown. 

 

Table I. Physical parameters of the kite and tether. 

Kite  Tether 

Mass 2 kg  Radius 1 mm 

Mean aerodynamic chord 𝑐 0.6 m  Linear density 0.0018 kg/m 

Wingspan 𝑏 3.66 m  Young’s modulus 980 GPa 

Wing area 𝑆 1.87 m2  Damping coefficient 350 N s/m 

Moment of inertia 𝐼𝑥 0.715 kg m2  Drag coefficient 1.1 

Moment of inertia 𝐼𝑦 0.115 kg m2  Nominal tether length 𝐿0 100 m 

Moment of inertia 𝐼𝑧 0.819 kg m2  Central tether length 𝐿𝐶 100.535 m 

Moment of inertia 𝐼𝑥𝑧 0 kg m2    

 

Table II. Body-axis coordinates of the kite-bridle connection points and the corresponding bridle lengths. 

Point xB (m) yB (m) zB (m) Bridle length (m) 

1 −0.083 0 0.015 1.219 

2 −0.083 0 0.015 1.219 

3 −0.083 1.38 0.015 1.17 

4 −0.083 −1.38 0.015 1.17 

5 0.406 0.45 0.015 0.731 

6 0.406 −0.45 0.015 0.731 

7 0.1 0.93 0.015 1.073 

8 0.1 −0.93 0.015 1.073 

 

Table III. Earth-axis coordinates of the three tether anchor points at the ground station.  

Anchor point xE (m) yE (m) zE (m) 

𝑃𝐿 0 −𝐷𝐿𝑅/2 0 

𝑃𝑅 0 𝐷𝐿𝑅/2 0 

𝑃𝐶 0.05 0 0 

𝐿𝐿 𝐿𝐶 𝐿𝑅 

Wind 

𝐷𝐿𝑅 

𝑃𝐶 𝑃𝐿 𝑃𝑅 

𝑥𝐸 

𝑦𝐸 



The open-loop equations of motion are represented by a system of ordinary differential equations in 

the form of 

1 𝒙̇𝒔 = 𝒇(𝒙𝒔, 𝒙𝒄), (1) 

 

where 𝒙𝒔 and 𝒙𝒄 are the state and control vectors, respectively. 𝒙𝒔 has dimension 13+3×6×𝑁, comprising 

the 13 rigid-body states describing the kite’s 6 DoF motion, considering quaternions to describe its 

angular state, and 3×6×𝑁 states describing the 3 tethers. Each tether is discretised into 𝑁 nodes, which 

are identified by their Cartesian-coordinate positions (3 states each) and velocities (also 3 states each). 

The nodes are linked by mass-spring-damper elements. The bridles are also modelled as elastic tethers 

with the same characteristic of the three main tethers. Aerodynamic, elastic, and gravitational forces act 

on tether segments, which are bounded by one node on each end. All results in this paper use 𝑁 = 10, 

bringing the number of states in the simulator to 193. The flow 𝒇 in Eq. (1) is obtained by writing the 

kinematic and dynamic equations for the 3N particles used to discretize the tether and the kite, which is 

a rigid body. For brevity, the explicit form of  𝒇 is not given here, but it can be found in Ref. [27], and 

the code is available in the public repository of LAKSA [25]. Nonetheless, some important aspects of the 

model that are important to understand this work are given presented below.  

To describe the kite’s dynamics, the total force 𝑭𝐾 and torque 𝑴𝐾 in the body axis are needed. They 

can be calculated as follows 

 

2 
𝑭𝐾 = 𝑭𝐴 + 𝑭𝑇 + 𝑭𝑊, 

𝑴𝐾 = 𝑴𝐴 + 𝑴𝑇 , 
(2) 

 

where the subscripts 𝐴, 𝑇, and 𝑊 denote contributions from aerodynamics, tether, and gravity, 

respectively. Further details on the components making up the aerodynamic force and torque are 

described in section 2.2. From here, the standard rigid-body 6 DoF translational and rotational equations 

of motion derived from Newton’s second law can be used to calculate the kite’s trajectory and attitude.  

The control vector 𝒙𝒄 in Eq. (1) contains three elements: the lengths of the two side tethers 𝐿𝐿 and 

𝐿𝑅, and the central tether length 𝐿𝐶. Steering forces are generated by creating a difference in length 

between the two side tethers (for example, lengthening the left tether while shortening the right one), 

while pitch control is achieved by changing both side-tether lengths simultaneously. The tether lengths 

are written as 

 

3 

𝐿𝐿 = 𝐿0 + Δ𝐿𝑃 − Δ𝐿𝑆, 
𝐿𝑅 = 𝐿0 + Δ𝐿𝑃 + Δ𝐿𝑆, 

𝐿𝐶 = 𝐿0, 
 

(3) 

where 𝐿0 = 100 m is a nominal length, Δ𝐿𝑃 is the simultaneous side-tether length change for pitch control, 

and Δ𝐿𝑆 is the differential length input of the two side tethers for steering control. The chosen Δ𝐿𝑆 signs 

in the 𝐿𝐿 and 𝐿𝑅 equations are consistent with the sign convention for ailerons in conventional aircraft, 

so that a positive Δ𝐿𝑆 input results in a left-wing-down rolling moment.  



2.2 Aerodynamic model  

The aerodynamic forces and moments of the delta kite are given by a simple analytical model based 

on constant aerodynamic stability derivatives. The latter were found by using an in-house three-

dimensional Unsteady Panel Method (UnPaM) [28] based on potential flow. UnPaM was already applied 

to the same delta kite and compared to experimental data in previous works [21, 29]. It provided a 

reasonable accuracy in the lift and lateral force coefficients for a wide range of angles of attack 𝛼 ∈

[20∘, 40∘] and sideslip angles 𝛽 ∈ [−10∘, 10∘], whereas it underestimated the drag coefficient due to the 

lack of viscous effects. The moment coefficients provided by UnPaM were of the same order as the 

experimental ones, but it was difficult to establish a quantitative comparison due to the presence of 

experimental uncertainties in the estimation of the experimental moments [21]. The zero-lift angle of 

attack computed with UnPaM resulted in about 15∘. Since no stall is expected around this value, the 

potential-flow model is considered accurate for  𝛼 ∈ [10∘, 40∘]. 

Considering these limitations and validity ranges for 𝛼 and 𝛽, the model computes the aerodynamic 

force (𝑭𝐴) and moment (𝑴𝐴) around the centre of mass as 

 

4  

𝑭𝐴 =
1

2
𝜌𝑆𝑉𝐴

2(𝐶𝑋 𝒊𝐵 + 𝐶𝑌 𝒋𝐵 + 𝐶𝑍 𝒌𝐵), 
 

𝑴𝐴 =
1

2
𝜌𝑆𝑉𝐴

2(𝑏 𝐶𝑙  𝒊𝐵 + 𝑐 𝐶𝑚 𝒋𝐵 + 𝑏 𝐶𝑛 𝒌𝐵), 

 

(4) 

where 𝑆, 𝑏 and 𝑐 are the area, wingspan and mean aerodynamic chord of the kite (see Table I), and 

 

5  𝑽𝐴 = 𝑽𝐺 − 𝑽𝑊, (5) 

 

is the aerodynamic velocity of the kite with 𝑽𝐺 and 𝑽𝑊 its absolute velocity and the wind velocity at the 

kite’s height, respectively. The angle of attack and sideslip angles are defined as  

 

6  

𝛼 = arctan (
𝑽𝐴 ⋅ 𝒌𝐵

𝑽𝐴 ⋅ 𝒊𝐵
), 

 

𝛽 = arcsin (
𝑽𝐴 ⋅ 𝒋𝐵

𝑉𝐴
). 

(6) 

 

The aerodynamic coefficients as a function of the angle of attack 𝛼, the sideslip angle 𝛽, and the angular 

velocity vector, 𝝎𝐵𝐸 = 𝜔𝑋 𝒊𝐵 + 𝜔𝑌 𝒋𝐵 + 𝜔𝑍 𝒌𝐵, read 

7  

𝐶𝑋 = 𝐶𝑋0 + 𝐶𝑋𝛼 𝛼, 
𝐶𝑌 = 𝐶𝑌𝛽 𝛽, 

𝐶𝑍 = 𝐶𝑍0 + 𝐶𝑍𝛼 𝛼, 
𝐶𝑙 = 𝐶𝑙𝛽 𝛽 + 𝐶𝑙𝑝 𝑝, 

𝐶𝑚 = 𝐶𝑚0 + 𝐶𝑚𝛼 𝛼 + 𝐶𝑚𝑞 𝑞, 

            𝐶𝑛 = 𝐶𝑛𝛽 𝛽 + 𝐶𝑛𝑟 𝑟, 

(7) 



where 𝑝 =
𝜔𝑋 𝑏

2 𝑉𝑅𝑒𝑓
, 𝑞 =

𝜔𝑌 𝑐

𝑉𝑅𝑒𝑓
, 𝑟 =

𝜔𝑍 𝑏

2 𝑉𝑅𝑒𝑓
 are the nondimensional angular velocity components, 𝑉𝑅𝑒𝑓 =

10 m/s is a constant reference velocity and 𝐶𝑋0, 𝐶𝑋𝛼, 𝐶𝑌𝛽, etc. are the constant aerodynamic stability 

derivatives given by the numerical tool UnPaM. Their values are given in Table IV. 

 

Table IV. Aerodynamic stability derivatives of the analytical aerodynamic model based on UnPaM. 

Aerodynamic 

stability derivative 

Value  Aerodynamic 

stability derivative 

Value 

𝐶𝑋0 −0.95  𝐶𝑙𝑝 −0.074 

𝐶𝑋𝛼 2.55  𝐶𝑚0 0.17 

𝐶𝑌𝛽 −0.37  𝐶𝑚𝛼 0.21 

𝐶𝑍0 0.85  𝐶𝑚𝑞 0.32 

𝐶𝑍𝛼 −3.53  𝐶𝑛𝛽 0.09 

𝐶𝑙𝛽 0.021  𝐶𝑛𝑟 0.018 

 

The estimation of these parameters was performed by linearizing UnPaM’s results about a nominal 

angle of attack 𝛼0 = 30∘ and sideslip angle 𝛽0 = 0∘, which is an intermediate aerodynamic condition 

within the validity range for 𝛼 and 𝛽, and above the angle of attack of the zero-lift line. Due to the 

dependence on the angular velocity by the linearized model, two harmonic motions were imposed as 

inputs in an unsteady aerodynamic simulation in UnPaM with a time step Δ𝑡 = 0.02 s. A first harmonic 

variation of 𝛼 was prescribed in UnPaM as 

 

8  
𝛼(𝑡) = 𝛼0 + Δ𝛼 𝑠𝑖𝑛(Ω 𝑡), 

𝛽(𝑡) = 𝛽0, 
(8) 

 

with Δ𝛼 = 1∘ and Ω = 1 rad/s, that results in a period of 2𝜋 s. The UnPaM simulation was run for 2 

complete periods obtaining the evolution of the force and moment coefficients. The first period was 

discarded to avoid transient states due to wake formation and initialization of UnPaM. To build the 

linearized model in Eq. (7) and obtain the aerodynamic derivatives in Table IV, this first harmonic motion 

was used to perform a linear fitting of the longitudinal aerodynamic coefficients 𝐶𝑋(𝛼), 𝐶𝑍(𝛼) and 

𝐶𝑚(𝛼, 𝑞), with 𝑞 = 𝛼̇
𝑐

𝑉𝑅𝑒𝑓
 and 𝛼̇ computed analytically from Eq. (8). A second harmonic variation was 

imposed on 𝛽 as 

9  
𝛼(𝑡) = 𝛼0, 

𝛽(𝑡) = 𝛽0 + Δβ 𝑠𝑖𝑛(𝜔 𝑡), 
(9) 

 

with Δβ = 1∘ and the same period as in the first harmonic motion. In this case, the lateral-directional 

aerodynamic coefficients 𝐶𝑌(𝛽), 𝐶𝑙(𝛽, 𝑝) and 𝐶𝑛(𝛽, 𝑟) were fitted with 𝑝 =
𝛽̇ sin(𝛼) 𝑏

2 𝑉𝑅𝑒𝑓
 and 𝑟 =

−𝛽̇ cos(𝛼) 𝑏

2 𝑉𝑅𝑒𝑓
 

(find more details about the kinematic inputs of UnPaM in Ref. [21]).  



Figure 4 shows a comparison of the aerodynamic coefficients versus the angle of attack and sideslip 

angle computed with UnPaM and the linearized analytical model for the two harmonic motions prescribed 

in Eqs. (8-9). The start point for UnPaM’s results is also represented with a red circle to track the evolution 

of UnPaM’s coefficients as 𝛼 and 𝛽 vary. The three force coefficients (𝐶𝑋 , 𝐶𝑌, 𝐶𝑍) were modelled as 

steady, i.e., only dependent on the angle of attack or sideslip angle. This is the reason why the linearized 

model does not capture the unsteady variations but the average values during the harmonic motion. The 

reason behind this is the inability of the potential-flow model to properly capture typical stall-related 

hysteresis during unsteady variations of the angle of attack as demonstrated in Ref. [29]. Therefore, the 

dependence on the angular velocity was removed to avoid spurious results. On the other hand, the fitting 

of the three moment coefficients (𝐶𝑙, 𝐶𝑚, 𝐶𝑛) is quasi-steady, i.e., dependent on 𝛼, 𝛽 and the angular 

velocity. The linearized model of these three coefficients captures most of the unsteady variations 

predicted by UnPaM as shown in Fig. 4 (lower plots).  

 

Fig. 4.  Aerodynamic coefficients versus the angle of attack or sideslip angle computed with UnPaM and 

the linearized analytical model during for the harmonic motions in Eqs. (8-9). 

2.3 Trim and stability analysis using bifurcation methods and numerical 

continuation  

The kite’s equilibrium and limit cycle responses are found numerically using the Dynamical Systems 

Toolbox (DST) [22], which is a MATLAB implementation of the numerical continuation software AUTO 

[23]. DST utilises a path-following algorithm to find, for a given control vector 𝒙𝒄 and a user-defined 

parameter 𝜆, the values of 𝒙𝑠 that satisfy the conditions for either equilibrium (indicating trim) 

 

10  𝒇(𝒙𝑠, 𝒙𝒄, 𝜆) = 0, (10) 

 

or, for limit cycles: 



11  𝒙𝑠(𝑡) = 𝒙𝑠(𝑡 + 𝑇), (11) 

 

where 𝒙𝑠(𝑡) denotes the value of the state vector at an arbitrary time 𝑡, and 𝑇 is the period of the limit 

cycle. Equilibrium states need a constant control vector.  𝜆 is a user-defined parameter of interest for 

conducting a parameter sweep that is commonly named the bifurcation or continuation parameter. Once 

a solution is found, stability is determined by analysing the eigenvalues of the Jacobian of the flow 𝒇 

(evaluated at the  equilibrium solutions) or the eigenvalues (Floquet multipliers) of the monodromy matrix 

(for limit cycles). 

The continuation routine requires the user to supply a known solution to initialise the solver. This 

can be done by time-integrating the system with a set of input 𝒙𝑐 until 𝒙𝑠 settles onto its steady-state 

response, assuming that the steady state is stable and the initial condition belong to its basis of attraction. 

In our analysis we found equilibrium states and periodic orbits as a function of a bifurcation parameter 

that can be a physical parameter, like the wind speed, kite mass, tether attachment point, etc, or a 

parameter inside the control vector 𝒙𝑐. The results are plotted on a bifurcation diagram, where the 

bifurcation parameter is shown on the horizontal axis and one of the state variables on the vertical axis.   

In the published KiteElastic3 model [25], four states representing quaternions are used to describe 

the kite’s orientation with respect to the Earth axis. When implemented into the continuation solver, these 

four quaternion states must be rewritten into four Euler angles states 𝜙 (roll), 𝜃 (pitch), and sin 𝜓 and 

cos 𝜓 representing yaw angle 𝜓. One reason is that for the same limit cycle response, quaternion states 

have twice longer periods than their Euler angle counterparts due to quaternions’ double cover property. 

This longer period can cause numerical issues for the continuation solver. In addition, the yaw angle state 

should be split into sin 𝜓 and cos 𝜓 as explained in the appendix of [30].  

3 Results and discussion 

3.1 Effect on wind speed on trim points 

Consider the trim point A with parameters listed in Table V. This results in a symmetric (lateral and 

directional states are null) but unstable trim at a height of 94.1 m. The kite’s roll angle 𝜙 in this trim 

condition is zero depicted in Fig. 5. If no stabilising control input is provided, the kite flips over and 

eventually settles on an upside-down condition (𝜙 = 180°) at negative height. The transient motion 

between the two trim points suggests an unstable pendulum mode. Note that this trajectory would be 

unrealistic in a real AWE system, unless the ground station is located at a height above zero. 

 

Table V. Parameters of the labelled points on trim diagrams. 

Label Wind  𝑫𝑳𝑹 𝑳𝑪 𝚫𝑳𝑷 𝚫𝑳𝑺 Stability Roll angle 

A 8 m/s 0.7 m 100 m 0.4 m 0 m Unstable equilibrium 0o 

A’ 8 m/s 0.7 m 100 m 0.4 m 0 m Stable equilibrium 180o 

B 8 m/s 7 m 100 m 0.4 m 0 m Stable equilibrium 0o 

 

The impact on wind speed on trim can be investigated by setting the wind speed as the continuation 

parameter. Fig. 6 shows two bifurcation diagrams depicting how the angle of attack and height at trim 



vary with different wind speeds. The main panels (a) and (b) show results within the aerodynamic data 

range of 20o to 40o angle of attack. In addition, two insets are provided to depict results at higher 𝛼 ranges. 

These results may not be representative of the real kite but provide a fair comparison to some previous 

studies, which relied on simple aerodynamic modelling approaches. It can be seen from Fig. 6 that: 

- Faster wind raises the trim point to a higher height while lowering the angle of attack. 

- The kite requires at least 4.4 m/s of wind to fly, as no equilibrium solution exists below that speed. 

- At low wind speeds near the minimum flyable value, a small region with three possible trim points 

exists as shown in the insets. The shape of the trim curve in this region resembles those presented in 

previous studies on simplified models [3, 5, 7]. However, unlike in [3, 5, 7], no stable solution exists 

in Fig. 6 due to the presence of the unstable lateral/directional dynamics that flips the kite upside 

down. It is expected that parts of the curve in Fig. 6 will become stable if the pitch dynamics can be 

isolated.  

- A separate stable branch exists within the same wind speed range but with roll angle 𝜙 equals to 180o 

– corresponding to upside down flight at negative height. Since this flight regime is unphysical, it is 

not investigated further in this paper. 

 

 

Fig. 5. Transition from unstable (positive height) trim to stable trim (negative height). The trajectory is 

shown in blue. Note that 𝝓 is the roll angle. 

 

A notable observation from Fig. 6 is that as the wind speed reduces toward the minimum flyable 

speed, the height drop is relatively gradual: from 94.1 m at 8 m/s wind to 91.4 m at 6 m/s. However, once 

the wind speed drop below the minimum value at 4.4 m/s (noting that this is beyond the aerodynamic 

range), the kite suddenly does not generate enough lift to remain airborne. On the other hand, the change 

in angle of attack as wind speed reduces is more noticeable. This behaviour suggests that kite operators 

should keep track of not just the change in height, but also in the angle of attack, to prevent a crash. 



 

Fig. 6. Effect of wind speed on angle of attack (a) and height (b) at trim with 𝑫𝑳𝑹 = 0.7 m. 

3.2 Impact of the side tether anchor distance 𝑫𝑳𝑹 on stability  

The lateral distance between the left and right two tether anchor points 𝐷𝐿𝑅 has a major effect on the 

stability of equilibrium solutions (see Fig. 3 for a reminder of 𝐷𝐿𝑅 definition). This link between 𝐷𝐿𝑅 and 

stability is illustrated in Fig. 7, noting that symmetric trim occurs at 𝑦𝐸 = 0 m. Point A falls within the 

unstable equilibrium region as explained above. When 𝐷𝐿𝑅 reaches 6.2 m, a supercritical Hopf bifurcation 

appears, which indicates the presence of limit cycles at lower values of 𝐷𝐿𝑅. The limit cycle branch is not 

fully shown in Fig. 7 due to difficulties encountered by the numerical continuation solver. However, time-

integration of the dynamical system verifies that stable limit cycles exist for 𝐷𝐿𝑅 between 3.9 m and 6.2 

m. The kite’s trajectory in this region follows a figure-of-eight pattern, even though there is no active 

control input. Some of these trajectories are shown in Fig. 8. Also shown in Fig. 8 is a response at 𝐷𝐿𝑅 = 

3 m, where the response is quasi-periodic (i.e, does repeat itself to form a closed orbit). These automatic 

figure of eight trajectory resembles the pendulum instability reported in Fig. 17 of [6], despite the 

differences in the dynamic model (constrained 5 DoF with no tether dynamics in [6] vs 6 DoF with tether 

dynamics in this work) and aerial platform used (inflatable fixed-wing aircraft vs delta kite). Therefore, 

both results suggest that this sideways oscillation is a possible dynamic mode of tethered kite systems 

with interesting applications to power generation since no control is needed to perform a typical AWE 

manoeuvre. Reducing 𝐷𝐿𝑅 further will destroy the automatic figure of eight response, and the kite 

converges to the upside-down trim point with negative height, as seen in Fig. 5. 

 

Fig. 7. Effect of changing the tether anchor distance on the 𝒀-coordinate (a) and angle of attack (b) at trim.  

(a) (b) 

(a) (b) 



 

Fig. 8. ‘Automatic’ figure-of-eight trajectories: two as stable limit cycle and one as quasi-periodic limit cycle. 

 

The equilibrium point becomes stable when 𝐷𝐿𝑅 increases beyond the Hopf bifurcation at 6.2 m. For 

completeness, a wind-speed sweep at symmetric trim was conducted at 𝐷𝐿𝑅 = 7 m that is shown in Fig. 

9. Point B in this figure has the same parameters as point A in Fig. 6, except for 𝐷𝐿𝑅. In both instances, 

the curves have similar shapes and numerical values, with the only difference being stability. Therefore, 

both wind speed and tether anchor distance 𝐷𝐿𝑅 contribute to kite stability.  

 

 

Fig. 9. Effect of wind speed on angle of attack (a) and height (b) at trim at 𝑫𝑳𝑹 = 7 m. 

 

Although increasing 𝐷𝐿𝑅 improves stability at trim, doing so reduces lateral controllability. Fig. 10  

shows the lateral displacement from trim and the yaw angle response to the same differential tether length 

input but at two different 𝐷𝐿𝑅 configurations. Within the same 3-second window, the kite with low tether 

anchor distance achieves a larger lateral and yaw displacement, thereby having higher turning 

(a) (b) 



performance. Therefore, ground station design must consider the trade-off between stability at trim and 

lateral controllability required for manoeuvring.  

 

Fig. 10. Lateral and directional responses to a step in differential tether input of amplitude 𝚫𝑳𝑺 = 0.01 m. 

The initial conditions are equilibrium trim at operating points A and B. 

4 Conclusions 

This paper has demonstrated the potential of bifurcation methods for analysing flight dynamics 

characteristics of high-fidelity AWE simulations, which often involve a large number of states. Key 

results from the KiteElasic3 model – developed on top of the LAKSA simulation package – include the 

co-existence of multiple solutions and self-excited figure-of-eight trajectories. These behaviours were 

observed under simple changes to anchor locations and wind speeds, which highlight the complex 

dynamics of three-line kite systems and verify results from previous studies that used simpler models. 

The influence of tether anchor location on the automatic figure-of-eight flight serves as one example of 

how bifurcation can be incorporated into the AWE system design process to satisfy stability and control 

requirements. Lastly, due to the large number of states in the simulation used (193), this paper does not 

discuss the modal characteristics of the kite motion as seen in [4, 31]. The link between these modes and 

dynamic stability is a potential topic for future work.  
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