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ABSTRACT

This paper presents a trajectory optimization problem for rocket landing that accounts for aero-
dynamic lift and drag, along with its onboard implementation. Considering a rocket landing on
Earth, where aerodynamic effects cannot be neglected, the problem formulation incorporates the
coupled drag and lift forces parameterized by the angle of attack. In addition, the formulated
problem constrains the thrust direction to be aligned with the vehicle attitude, thereby reflecting
the typical characteristic of rocket systems with small thrust deflection angle. This formulation
preserves additional control authority for rejection of unexpected disturbances. The optimal so-
lution is computed using sequential convex programming, and its algorithm is implemented on an
onboard computing platform using an in-house developed custom convex optimization solver to
demonstrate its practical feasibility.

Keywords: Reusable Launch Vehicle, Powered Descent Guidance, Onboard Trajectory Optimization, Custom
Solver

Nomenclature

X,Y = Position of the vehicle represented in the reference frame
Vv = Speed of the vehicle

Y = Flight path angle of the vehicle

m = Mass
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a = Angle of attack of the vehicle

t = Time

o = Air Density

Srey = Reference area for aerodynamics coeflicient
M = Mach number

K = % PSrer

Pum = Atmospheric pressure at current altitude

Ae = Exit area of the engine nozzle

mgry = Dry mass of the vehicle

tr = Final time in the optimal control problem

1 Introduction

Reusable launch vehicles have become an essential option for economically viable launch operations.
Among the various flight phases required for recovery such as the boost-back burn and reentry burn,
the landing burn is particularly critical, as it should eliminate any remaining dispersion and ensure a
soft touchdown at the designated landing site [1]. To accomplish this goal, powered descent guidance
is employed to generate the commands required to drive the vehicle to the target states at landing.
A representative example of such a guidance scheme is the Apollo powered-descent guidance [2]. It
analytically computes the acceleration command based on the current position and velocity to reach the
desired position, velocity and thrust acceleration at a specified time of flight. However, such guidance laws
derive their commands by assuming the acceleration profile to be a polynomial function of time, which
may lead to suboptimal solutions. Moreover, these approaches have difficulty in explicitly incorporating
path constraints, which limits the feasible region [3], and also face challenges in handling nonlinear
dynamics. To overcome these limitations of analytical guidance laws, approaches that solve an trajectory
optimization problem in real time on the onboard computer have been proposed to generate landing
trajectories and to use them for powered descent guidance. In particular, convex optimization has attracted
significant attention for such applications, as it offers guaranteed global optimality and algorithms with
polynomial-time convergence, making it well suited for safe and real-time solution [4]. A notable example
is the study of powered descent guidance for Mars landing that employs a convexification technique
known as lossless convexification [5]. In that work, the optimal control problem for Mars landing is
transformed into a convex optimization problem by exactly relaxing the nonconvex constraint arising from
the lower bound on the thrust magnitude. However, only linear dynamics are considered by neglecting
the effects of aerodynamic forces, taking into account the thin Martian atmosphere. In contrast, on
Earth, where aerodynamic effects cannot be neglected, such an approach may not be suitable for practical
operations [1]. To address the resulting nonconvexity caused by the nonlinear dynamics, a method to
utilize sequential convex programming (SCP) has been proposed to solve the nonconvex problem using
convex optimization techniques. Using this framework, several studies [6—8] have optimized landing
trajectories while accounting for the aerodynamic effects. Nevertheless, most of these studies consider
only aerodynamic drag, and relatively few have employed coupled drag-and-lift models parameterized
by angle of attack. Although a drag and lift model coupled through the angle of attack is considered in
[9], the problem is formulated such that the thrust direction could be set independently of the vehicle
attitude and angle of attack. Such a formulation may not be practically applicable to rocket applications,
where thrust vectoring deflection angles are typically limited to small values.

Another major challenge of trajectory optimization-based powered descent guidance is the need to
solve optimization problems in real time on resource-constrained onboard computers. Therefore, a convex
optimization solver capable of providing reliable and fast solutions is essential for such computationally
limited environments. Among the available methods, the interior-point method (IPM) [10] is widely
recognized for its robustness and efficiency in solving small to medium scale problems such as trajectory
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optimization applications. Moreover, a custom solver implementation can further exploit the specified
problem structure by eliminating redundant mathematical operations and computational branches during
execution. In addition, it allows all data to be statically allocated in memory, making it well suited for
onboard applications [11].

Motivated by these considerations, this paper presents a trajectory optimization-based powered
descent guidance that accounts for aerodynamic lift and drag. Given that the thrust vectoring deflection
angles are typically small, the problem is formulated such that the thrust direction is constrained by the
current attitude of the vehicle rather than being treated independently. To avoid singularities in the flight
path dynamics at the terminal time and to ensure a safer landing, a two-phase structure is employed:
the first phase aims to reduce trajectory dispersion, while the second phase aims to achieve a safe and
soft touchdown. Furthermore, numerical experiments are performed on an embedded onboard computer
using an in-house developed custom SOCP solver [12], thereby demonstrating the practical applicability
of the proposed approach in real-world scenarios.

2 Problem Formulation

This section presents the formulation of an optimal control problem for obtaining a landing trajectory
and guidance commands, and describes the convexification process of the formulated problem through a
SCP technique.

Yr

Xr
Landing
Site

Fig.1 Landing Frame

2.1 Dynamics

Prior to presenting the dynamics model used in the guidance problem, we first introduce the assump-
tions underlying the problem formulation.

Assumptions

1) Non-rotating Earth and constant gravitational acceleration are assumed, as the flight distance and
duration during the landing-burn phase are relatively short.

2) A point mass dynamics model is employed in a 2-dimensional planar reference frame.

3) The reference frame, represented in Fig. 1, is defined as a planar coordinate system with its origin
located at the landing site, where the x-axis points in the downrange direction and the y-axis
represents altitude. This frame is treated as an inertial frame.
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4) The thrust is assumed to be aligned with the longitudinal axis of the vehicle’s body frame, since
the deflection angle introduced by thrust vector control is small.

The translational dynamics of the vehicle expressed in the landing frame can be formulated as follow:

X =Vecosy (1a)
Y =Vsiny (1b)
. —-Fp-F
g reesa —gsiny (1c)
m
. Fp—Frsina gcosy
_ _ 1d
Y ey % (1d)
Fr+ P, A
W= — T at e (le)
gOIsp
The aerodynamic drag Fp and lift force Fr are modeled using a aerodynamic coefficients Cp (M, a),
and lift curve slope Cr o (M) := aa%’ as follow.
Fp = kCp(M, )V? (2
Fr = KCL,(,(M)Vza (3)

As shown in Fig. 2, the induced drag effect due to nonzero « is captured in the drag coefficient Cp, and
the near-linear variation of C with respect to « indicates that the lift force can be reasonably modeled
using the lift-curve slope Cr 4.

-
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-15 -10 -5 0 5 10 15 -15 -10 -5 0 5 10 15
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(a) Cp — a Curve (b) C; — a Curve

Fig.2 Aerodynamic Coefficient by Angle of Attack

The thrust is modeled by incorporating the effect of thrust loss caused by ambient pressure, as
follows.
Fr =Tyuc — PumAe 4)

Note that, according to Assumption 4), the thrust direction in Egs. (1c¢) and (1d) is expressed as a function
of the angle of attack. In this formulation, the required accelerations to satisfy the guidance objectives are
generated by attaining the corresponding trim angle of attack, rather than by directly commanding TVC
deflections. As a result, the available TVC deflections are conserved in the guidance block, providing
additional control authority for guidance error compensation as well as for attitude stabilization under
external disturbances and model uncertainties.
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2.2 Optimal Control Problem

Along with the dynamics model presented in the previous section, several constraints are considered
in the guidance problem to ensure a physically feasible and safe landing solution. First, to ensure that the
propellant consumption does not exceed the available amount, a constraint on the final mass is imposed
as follows.

m(tf) 2 Mdry (5)

Considering the engine’s operable throttle range and the thrust loss induced by ambient pressure, the
thrust magnitude is constrained as follows.

Tmin,vac - PalmAe < FT < Tmax,vac - Pathe (6)
Furthermore, a thrust magnitude rate constraint is imposed to avoid abrupt throttle command.
_Tmax < FT < Tmax (7)

To maintain the aerodynamic load within its allowable range, the following constraints are imposed on
the use of the angle of attack.
~Amax < X < Apax 3)

Finally, a rate constraint on the AoA is incorporated to ensure continuous and smooth AoA command
profile.
_d’max <@ < Ci’max (9)

The initial condition is set to the current values of the vehicle states as,

X(to) = Xo, Y(to) =Yo, V(o) =Vo, v(to) =70, m(to) =mo (10)

while terminal boundary conditions are enforced to satisfy the desired final position, speed, and flight
path angle.

X(tf) = Xf, Y(tf) = Yf, V(tf) = Vf, )/(l‘f) =Yr (11)

Finally, an objective function is considered to minimize the fuel consumption during the landing
flight, and the corresponding optimal control problem is formulated in 1.

In most conventional landing problems, it is common to set V; = 0 along with Y, = 0. However,
this setting leads to a singularity in the flight path angle dynamics Eq. (1d) as r — ;. Furthermore,
due to the nature of the fuel-minimization problem [13], the optimal solution typically commands full
throttle until just before touchdown, a strategy often referred to as a “suicide burn”. Such a touchdown
can impart a significant impact on the vehicle in the presence of model uncertainties and guidance error,
posing a high risk of a failed soft landing. To address these issues, this study introduces a two-phase
structure for the landing-burn segment: a landing-flight phase aimed at reducing trajectory dispersion
and a touchdown phase dedicated to achieving the final soft landing. In the landing-flight phase, the
vehicle flies toward the vicinity of the landing site and reduces its speed based on the solution of the
optimal control problem defined by £ 1. In the touchdown phase, the vehicle regulates its acceleration
to track a reference profile designed to achieve a safe and soft landing at the designated site. Based on
this profile, the terminal conditions on position and velocity in Eq. (11), i.e. the values of Xy, Y, V¢
and 7y, can be determined. For example, if the touchdown phase is designed to be initiated at a certain
altitude Y;4 and to use a constant vertical acceleration a;, as the reference profile, the terminal conditions
are given by

Xf:(), Yf:Ytd>0

Vi =~N2a;qYia, vy =90°
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This kind of two-phase strategy both eliminates the singularity in the dynamics at the terminal time of
the optimal control problem and improves the safety of the landing by mitigating the pre-touchdown
acceleration.

#1 : Optimal Control Problem for Rocket Landing
minimize - m(ty)
FT,O’

subjectto X =V cosy

Y = Vsiny

. —Fp—-Frcosa .

V= —gsiny
m

. _Fp—Frsina gcosy

r= mV Vv

i = _FT + PumAe (13)
gOIsp

X(10) = Xo, Y(10) = Yo, V(t0) = Vo, y(to) = yo, m(t9) = mo
X(tr) =Xyp, Y(tp) =Yp, V(tf) = Vi, v(ty) = vy

m(ty) > mgry

Tninvac = PatmAe < Fr < Tnaxvac — PamAe

— Thnax < Fr < Trax

— Qmax < A < Upax, —AUmax < & < Appax

2.3 Convexification through Sequential Convex Programming

The resulting optimal control problem #1 is nonconvex owing to the nonlinear dynamics, which
makes it unsuitable for real-time onboard solution. To address this challenge, this study applies a SCP
approach [7] to convexify the problem. For notational convenience, let the state and control input be
denoted by the vectorx = [X, Y, V, y, m] € R’ and u := [Fr, a] € R?, respectively, and express the
dynamics in Eq. (1) as follows.

X = f(x,u) (14)

where X denotes the derivative of x with respect to time ¢ (i.e., dx/dt). To efficiently handle the free-final
time problem, we introduce the normalized time variable 7 € [0, 1], and apply time-dilation [7] to Eq.
(14).

x' =ty f(x,u) = F(ty,x,u) (15)

where x” denotes the derivative of x with respect to the normalized time 7 (i.e., dx/dt). The actual time
t can be recovered from the 7 through the following mapping.

I =17 (16)

To construct the convexified subproblem for SCP, the time-dilated dynamics are linearized as
x 2A(ff,Z)x+B(ff,Z)I/t+D(le,Z)lf+W(le,Z) 17)

where the overbar denotes the reference point for the linearization, 7 := [X, i] € R’, and the coefficient
matrices are given as

_ oF _ oF _ oF
A(tr,2) == — , B(tf,2) = — . D(tr,2) = — (18)
' ox | ;. - ' ou | ;. - ' Otr|i. -
(Tr.2) (Tr.2) (tr.2)
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w(ty,z) = F(ty,z) — Ax — Biu — Dty (19)

To transcribe the optimal control problem into a parameter optimization problem, the linearized
dynamics are discretized with N nodes using the trapezoidal method.

H;xk+G;uk+H;xk+1 +quk+1 + M, = E; (k =0,1,---,N - l) (20)

where the coefficient matrices are defined as

Ap = A(fr,Zk), Br:=B(fr,Zk), Dy :=D(fr,Zk), wi :=w(ls, k) (21
_ AT _ AT
AT AT

H=1- 71“k+1, Gy = _73k+1 (22)

At At
M, = - (Di + Dps1), Eg:= > (W + Wiy1)

with At := 1/N, 7 = k/N, and Z; := Z(1%).

To prevent artificial unboundedness [4] introduced by linearization, a soft trust region term [7] with
weight parameter W; » and W, x

N
T =Wy, (ty —Tp)% + Z(Zk = Z2) Wi s (2 — Zk) (23)
k=0

is added to the objective function.

Finally, the convexified subproblem for applying SCP is formulated in 2. Its optimal solution at
each iteration serves as the linearization reference for the next iteration, and this process is repeated until
convergence is achieved. For the initial reference, a naive straight line trajectory connecting the initial
and terminal conditions are used in this study.

$?2 : Convex Subproblem for Rocket Landing

minimize —my + Jy
20, ZNGLf
subject to H xi + G;uk + H;X]H.] + GZ”kH +My=E, (k=0,1,---,N-1)

x0 = [Xo, Yo, Vo, vo. mo]”
xna = [Xp Yro Vi, vsl”

my 2= Mgy

Tninyac = PamAe < Frx < Taxwac = PamAe (kK =0,1,--+,N)
- Tmaxl‘fAT < Fri+1—Fri < TmaxthT (k=0,1,--- ,N—-1)
— Qpax S @ < Qpaxy (K=0,1,---,N)

- C.Vmaxl‘fAT < Qg+l — @k < C.VmaxthT (k=0,1,--- ,N-1)

(24)

3 Onboard Implementation

This section presents the onboard implementation framework for the landing trajectory optimization
problem formulated in the previous section. Since onboard computers typically operate under limited
computational power and memory, this study employs an in-house developed custom convex optimization
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Fig. 4 Trajectory Optimization in Online Operation

solver [12]. The solver is based on a primal-dual IPM algorithm, which has fast and robust performance
for small to medium scale problems. Unlike most existing solvers that cannot directly detect infeasibility
in the presence of quadratic objective functions, the in-house solver employs a homogeneous embedding
formulation that enables infeasibility detection without reformulating the problem. This infeasibility
detection capability ensures that the algorithm converges within a finite number of iterations even for
infeasible problem instances and explicitly provides a certificate of infeasibility, facilitating the handling
of abnormal situation.

In addition to its efficient algorithmic structure, the custom solver framework also offers advantages
for operation in such resource-constrained environments. The custom solver exploits the fixed problem
structure by performing an offline analysis of the sparsity pattern of the problem data (i.e., the positions of
nonzero elements in the problem data matrices) and uses this information to remove redundant operations
at runtime, thereby reducing computational overhead. Furthermore, unlike general-purpose solvers that
require dynamic allocation to accommodate arbitrary problem structures, custom solver can statically
allocate all data in memory. This feature simplifies the verification and validation process of flight
software and makes the solver highly suitable for onboard applications.
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To facilitate customization and data handling for the use of the solver, an in-house developed solver
customization tool is utilized. Implemented in MATLAB, the tool analyzes the problem structure
specified by the user and automatically generates customized solver code in C. It also provides parsing
information to allow users to easily handle the problem input data. Since sparse matrices are stored in the
compressed column storage (CCS) format in the C implementation, whose indexing scheme for accessing
each element is not intuitive, the provided parsing information facilitates the use of solver and improves
productivity of users in solver use. The overall customization process is illustrated in Fig. 3.

Based on the custom solver and the provided parsing information, a trajectory optimization module
for onboard execution is implemented in this study to perform trajectory optimization online, as illustrated
in Fig. 4.

4 Numerical Experiment

To validate the feasibility of the proposed formulation and implementation, numerical experiments
are performed on an embedded computing platform. In this study, AMD Zyng-7000 system on chip
featuring an ARM Cortex-A9 architecture running at a maximum clock frequency of 650MHz and
512MB of RAM is used. The solver and the implemented SCP algorithm are written in C and complied
with the -03 optimization level to maximize execution efficiency. The parameters for the SCP subproblem
P2 are listed in Table 2.

Monte Carlo simulations with 1000 samples are conducted by perturbing the nominal initial con-
ditions in Table 3 with dispersions sampled from uniform distributions defined over the corresponding
intervals. The number of discretization nodes were set to N = 50, and the maximum number of SCP
iteration is limited to 10. A convergence tolerance of 10~ is used to determine the SCP convergence.

Parameters  Values Unit | Parameters Values Unit
Min. Throttle  52.0 %o Unax 5.0 deg
Max. Throttle 100.0 %o Fnax 2.5 deg/s

Tonax 10.0  Yls Yia 20.0 m

Table 2 SCP Parameters

Parameters Values Unit Parameters Values Unit
Nominal Xy -800.0 m | Dispersion Interval of Xo [-10.0,10.0] m
Nominal ¥y 2500.0 m | Dispersion Interval of Yy [-10.0, 10.0] m
Nominal Vy  140.0 m/s | Dispersion Interval of Vj [-5.0, 5.0] m/s
Nominal y9  -50.0 deg | Dispersion Interval of y9  [-5.0,5.0] deg

Dispersion Interval of mg  [-1.5, 1.5] %o

Table 3 Numerical Experiment Conditions

The Monte Carlo results show that the proposed algorithm successfully converged to an optimal
solution for 97.1% of the samples. For the remaining 2.9% of cases, the SCP did not converge. As shown
in Fig. 5, the failed cases are characterized by more demanding initial conditions, including higher initial
speeds, larger flight path angles in the positive direction, and, on average, approximately 50kg lower mass,
compared to the nominal case. These conditions require larger maneuvering accelerations to satisfy the
terminal boundary condition, which may render the problem infeasible under the given path constraints
and limited control authority.
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Fig. 6 Monte-Carlo Results (States)

Figure 6 shows the vehicle states in the optimal landing trajectory from the Monte Carlo simulations.
The blue line indicates the trajectory corresponding to the nominal initial condition, whereas the gray
lines represent trajectories resulting from uniformly sampled dispersed initial conditions. Figures 6a
and 6b show the resulting optimal trajectory and speed profiles. It can be observed that the remaining
dispersions are effectively reduced during the landing-flight phase, and guiding the vehicle toward the
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Fig.8 SCP Performance Statistics in a Onboard Computer

desired terminal state as Eq. 11. This allows the remaining touchdown phase to be constructed such that
the vehicle can be smoothly landed on the landing site using an analytical guidance method or a similar
approach. Figure 6¢ shows the flight path angle profile. The results indicate that the vehicle can complete
the remaining touchdown phase with minimal attitude maneuvering by setting the terminal flight path
angle to be vertical to the ground. Finally, Fig. 6d shows the mass consumption results, confirming that
the mass consumption during the landing-flight phase does not exceed the available propellant.

Figure 7 shows the control input commands corresponding to the optimal trajectory. It can be
observed that the control inputs for thrust and angle of attack satisfy the prescribed constraints and that
the thrust profile exhibits the well-known min—max shape characteristic of fuel-minimization problems.
Moreover, in most cases, the resulting angle of attack profile tends to utilize nonzero values in the initial
high dynamic pressure region, where aerodynamic effects are significant. This is because exploiting the
induced drag generated by nonzero angles of attack as shown in Fig. 2b helps decelerate the vehicle and
thereby reduces propellant consumption.

Figure 8 shows the statistics of the performance of the implemented SCP algorithm on the onboard
computer. The results show that the SCP algorithm converged in an average of 4 iterations. The optimal
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trajectory is generated within 750 ms under the 3-sigma criterion, even on a processor running at a limited
clock speed of 650MHz.

5 Conclusion

In conclusion, this paper presents a trajectory optimization-based powered descent guidance for
rocket landing considering aerodynamic drag and lift. The proposed problem formulation accounts
for coupled drag and lift force parameterized by angle of attack, which is essential for rocket landing
on Earth where aerodynamic effects cannot be ignored. Considering that thrust deflection angles are
typically small in rockets, the problem is formulated such that the thrust direction is constrained by
the vehicle attitude, thereby preserving additional control authority for disturbance rejection in practical
applications. Furthermore, to prevent the singularity that arises in the flight path angle dynamics as the
terminal velocity approaches zero, this study employs a two phase structure consisting of a landing-flight
phase and a touchdown phase. This structure not only avoids the singularity in the dynamics but also
provides additional degrees of freedom to design the touchdown phase with a desired acceleration profile,
thereby enabling a safer landing. The resulting landing problem is solved using a SCP approach to enable
efficient real-time computation, and the SCP algorithm is implemented with the in-house custom convex
optimization solver for efficient onboard operation. Finally, numerical experiments are conducted on the
onboard computing platform to verify the practical applicability of the algorithm. The results demonstrate
successful convergence for the vast majority of Monte Carlo samples and show that the computation times
remain within a practically acceptable range, even in a resource-constrained computing environment.
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