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ABSTRACT

Precision landings on the lunar surface are essential for accessing scientifically valuable sites and
enabling future lunar base operations. Achieving such accuracy demands high-fidelity representa-
tions of the spacecraft dynamics during early GNC development phases. This work addresses two
major challenges in modeling lunar lander dynamics: 1) the accurate capturing of variable-mass
dynamics due to rapid propellant consumption, and 2) the characterization of sloshing-induced
perturbations, which are strongly dependent on the fill level and the lander’s acceleration. Ex-
panding upon a rigid body dynamical model, in this paper we derive a set of nonlinear equations
of motion that incorporates both variable-mass effects and sloshing dynamics using a pendulum-
based approximation parameterized for spherical tanks. The formulation is modular and scalable,
allowing a straightforward integration of multiple tanks and propulsion systems. The model’s
validity is demonstrated through a simplified lunar lander scenario showing very close alignment
with published data on sloshing mode characteristics.
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Nomenclature

o, 0,y = Euler angles (roll, pitch, yaw)
n, & = sloshing angular states

B, I, P = body, inertial, pendulum frame
0,5,G,C, F = origin, S/C reference, center of gravity, tank center, sloshing propellant
I = damping rate

wo = natural frequency

Jol = mass particle density

v = kinematic viscosity

a = acceleration

€x/y/z = basis vectors
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d = damping coeflicient

F force vector

g gravitational acceleration

I, specific impulse

J inertia matrix

[ pendulum length

L angular momentum

m mass

M torque vector

n normal vector

P pendulum string force

q quaternion vector

rQY direction vector (point X to Y in frame A)

Rup = rotation matrix (frame A to B, s.t. a® = Rap a®)
s = parameterization of points on nozzle cross section
Ryt = nozzle / tank radius

wg B = angular rate vector (frame A with respect to B stated in B)
T = thrust

v = nozzle exhaust velocity vector

1 Introduction

The Apollo 11 landing area on the lunar surface was defined by a target ellipse of about 50 km?,
rendering even large deviations from the nominal trajectory of secondary concern [1]. Today’s "New
Space Race" aims to greatly improve the touchdown accuracy, now measured in m? instead of km?,
to enable scientific research at key locations of interest and establish lunar bases [2]. The increased
precision by itself is a difficult feat, further complicated by the need for fully autonomous flight control
systems. Lunar landers are similar to launch vehicles in the sense that a large portion of their initial mass
is dedicated to propellant, which is then depleted rapidly over the course of the mission. This gives rise
to two aspects in need of close consideration: 1) the dynamics of variable-mass systems [3], and 2) the
interaction of sloshing propellant with the surrounding tank structure [4].

This paper contributes a methodical derivation of the nonlinear lunar lander equations of motion
(EOM) with six degrees of freedom (6-DOF). The EOMs combine both variable-mass effects as well
as propellant sloshing. The resulting closed-form structure is scalable and therefore applicable for
multi-engine and multi-tank setups.

Section 2 establishes the common elements of lunar lander systems and states the rigid body dynam-
ics. Subsequently, Section 3 addresses the effects of variable-mass systems. Prior work [3, 5] recognizes
their importance, specifically in the context of launch vehicles or missiles, and presents analytical deriva-
tions of the dynamics. Based on these, force and torque expressions tailored for solid rocket motors
firing with established burn profiles are presented in [6]. In this work, we apply the same "principle
of solidification" to arrive at closed-form descriptions of the variable-mass effects without a predefined
layout. Assuming uniform exhaust flow through a circular engine nozzle, this generalizes the analytical
description to accommodate arbitrary nozzle positions and orientations.

The influence of moving liquids within containers have been characterized extensively during the
Apollo era, as summarized in [7]. These studies established mechanical replacement models, such as
mass-spring-damper systems or pendulums, to approximate the sloshing dynamics. Although sloshing
has been accounted for when developing the Saturn V flight control scheme [8, 9], it was not explicitly
addressed in the design of the Apollo Landing Module; however, flight data confirmed sloshing effects [4].
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Decades later NASA identified a potentially destabilizing interaction of the Altair lunar lander’s thrust
vectoring system with sloshing oscillations [10]. To aid in the control system design, the ALINA lunar
lander adopted a multi-tank sloshing setup using acausal modeling environments for multi-body simu-
lations [11, 12]. Analytical expressions for multi-body dynamics of liquid-propelled launch vehicles to
analyze system stability are presented in, e.g., [13] and [14], relying on the aforementioned mechanical
sloshing analogies. An equally rigorous derivation for multi-tank lunar lander setups including analytical
linearization has recently been presented in [15]. Building upon this foundation, Section 4 implements
a pendulum sloshing model for spherical tanks with fill level dependent parameters based on [7]. While
generally sufficient for launch vehicles, NASA [16] notes the potential limitations of mechanical replace-
ment models in the specific context of fast maneuvers during lunar missions that evoke nonlinear and
secondary terms. Nevertheless, these analogies remain valuable for preliminary Guidance, Navigation,
and Control (GNC) design [12, 17].

2 Rigid Body Dynamics of Lander Module with Spherical Tanks

Typical structural layouts of lunar landers feature lightweight and damped landing legs that extend
outward to ensure a safe and soft landing while minimizing the risk of tip-over. Maintaining a low center
of gravity to improve stability at touchdown, the main engines shall be positioned as low as possible while
preserving sufficient ground clearance to allow exhaust gases to disperse laterally without significantly
disturbing the lunar regolith during touchdown. Propellant tanks are tightly clustered around the lander’s
central vertical axis to reduce the moment of inertia. This shortens the propellant feed lines to the
engines further, optimizing the configuration and available volumes. Operational equipment and mission
payloads can then be strategically placed above and around the tanks, while reaction control thrusters are
distributed along the outer structure for sufficient attitude control.

Payload

Thruster

Propellant
Tanks

Fig. 1 Typical layout of a lunar lander

We initially focus on a 6-DOF free-floating mass system, depicted in Fig. 1, that attaches a single
engine and a single spherical propellant tank. This forms the basis to arrive at the EOMs for a more
complex lunar lander setup as in Fig. 1. The selenographic coordinate system in the origin O is chosen as
the inertial reference frame / with its z-axis aligned with the Moon’s axis of rotation, the x-axis indicating
the prime meridian (pointing towards Earth), and the y-axis pointing due East, closing the right-hand
system. The lander’s reference position S, a static point inside the structure, defines the anchor point of
the body frame B. With that, we can define all locations and orientations of the lander’s components,
such as the tank in C and engine exhaust nozzle in E, with respect to S and B.
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X1

Fig.2 6-DOF body with a single engine and spherical tank

The current rotation of the lander’s body frame B with respect to the inertial frame / is defined by the
quaternion q;3 = [go g1 ¢q2 ¢3], where gy denotes the scalar component and (g1, g2, ¢3)" the vector
component. The corresponding rotation matrix R;p is defined by [18]:

1-2(¢2 +43) 2(q192— 90q3) 2(q193 + 40q2)
Rip =C(q18) = |2q192 + q093) 1 -2(q7 +q3) 2(q293 — qoq1)| - (1)
2q193 — q0g2)  2(q293 + qoq1) 1 —2(q} + q3)

Rotation matrices belong to the special orthogonal group SO(3), which have the property R;g = R 1‘3} =R},
[19]. The notation is chosen to transform a vector passively, i.e., a’ = R;ga®. The quaternion dynamics ¢
according to the Hamilton quaternion multiplication [20] is given as a function of the lander’s angular
velocity wa as:

1 0
q’:§q®wq with Wy = [ B]' 2)
Wp

While Euler angles are regularly found in aerospace applications, the use of quaternions is often preferable
as it is more computationally efficient and avoids Gimbal Lock. For attitude control designs the Euler
angles for roll ¢, pitch 6, and yaw ¢ may still be required and can be recovered by applying Eq. (3) when
assuming a Tait-Bryan YXZ rotation sequence (roll angle limited to ¢ € (=7, 7)) [18].

p asin(Z(C]OQI + 612%))
ol = atan2(2(CIOQ2 -q1q3), 1 - 2(9% + q% ) )
¥ atan2(2(6106]3 —qiq2), 1 = 2(q} + 61%))

With the frames appropriately defined, reexamining Fig. 2 allows us to identify all the forces F; and
moments M; expected to be acting on the rigid structure. A total of three main influences can be stated:

* F,/ M, due to gravity acting at the center of gravity G
» F,,/ M, due to mass moving inside or exiting the system through the engine nozzle at £
e F,/ M, due to propellant sloshing modeled as a pendulum attached at the center of the tank C.
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We declare that all varying-mass effects are treated as quasi-exogenous forces F;, and torques M,; such
that we can assume constant mass, center of gravity, and inertia (MCI) parameters; the Newton-Euler
approach for constant mass therefore remains valid. The equation for translational motion F = ma, valid
in the center of gravity G, is adapted to feature the aforementioned contributions as separate forces with:

mGFéG:ZFi’:Fg’+F,f1+F£. (4)
i

By establishing a basis vector of unit length with e’ = éG / ”"éc ||, the gravitational force vector can be
stated as F, I'= mg ge This provides an easy path to implement a position dependent spherical harmonic
gravity model g= g(roc) for the lunar environment; see, e.g., [21].

The rotational dynamics are derived from the angular momentum balance in G, which we express in
the body frame by applying L’G =R IBLg. As gravity acts in G, it will not produce a torque, while any
gravity gradient torque is neglected as it is assumed to vanish in the presence of any thrust perturbations
induced by the engines; i.e. MY = 0.

d d
L= >m - LG+ [wfxILG = > mP (5)
- .

JGwIB [wIBX]JGwIB = M), + MB (6)

Egs. (4) and (6) establish the basis for deriving the full lunar lander EOMs. The so far undefined
contributions originating from varying masses and sloshing propellant are derived in more detail in the
subsequent sections.

3 Dynamics of Variable-Mass Systems

An essential aspect of maneuvers performed in the vacuum of space is the realization that significant
changes to the trajectory can solely be caused by expelling mass from the system. How the necessary
forces and torques are considered or even represented in a dynamical model depends on the specific
application and intent. For instance, introducing a simple thrust vector at the engine mounting point (or
even in G) may be a practical and viable solution for rapid-prototyping and preliminary studies. However,
for more detailed dynamics modeling it is acknowledged that such a simplification is inadequate over the
intended time frame of a lunar landing, particularly when rotational motion is considered. This is because
the dynamical effects of such variable-mass systems have more terms involved than simply a thrust force
and varying mass due to the mass flow rates (propellant consumption). Therefore, the influence of mass
redistribution on the system requires a more rigorous treatment, addressed in [5]. Here, the "principle
of solidification" is employed, whereby the system is considered with constant MCI properties at any
specific point in time and their derivatives with respect to time are zero. Still, the MCI parameters are
evolving from one point in time to another [6].

Eke et al. [5] established a set of analytical equations based on Kane’s formalism [22] describing
the changes that mass particles inflict upon a system’s momentum when moving inside or exiting the
system’s boundaries. The details of the derivation are given in Ref. [5], with only key elements being
stated here. Essentially, the rigid body expression ' = ma for translational motion is extended to feature
three additional forces [5]:
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* F¢ covering the Coriolis component of the acceleration,

» F; covering the change of linear momentum due to particle motion inside the system,

* F7 covering the change of linear momentum across the system boundary, commonly portrayed as
the aforementioned thrust vector.

Fc:—Z/p(wxv)dV, FL:—i/pvdV, FT:—/pv(v~n)dS (7)
8 dt Jg S

Herein, 8 describes the boundary of a variable-mass system, S its surface area with n being a unit
vector normal to it and pointing outwards. A considered mass particle has the density p and translational
velocity v, while w describes the rigid body angular velocity, both with respect to an inertial reference
frame. Applying Reynolds transport theorem, the Coriolis integral term separates further into a force F¢1,
caused by redistribution of mass inside the boundary, and F>, which considers mass flow across the
boundary [5]:

d
FC:—2w><E/prdV—wa/pr(v-n)dS:FCl+FC2. (8)
B S

During a lunar lander’s main thrust phases the internal mass redistribution’s influence on the momentum
of the lander is generally negligible due to the presence of the large mass ejection across the system
boundary at high exhaust velocities, as justified in [5]. Hence, the terms F¢ and Fy vanish. To define
the remaining contributions we assume two more things:

1) The engine nozzle cross section is stated as a cir-
cular disc with radius Ry, a realistic description both for
main engines in general as well as most reaction control
thrusters. Defining the nozzle disc center location with
respect to the center of gravity as rgg = rsg — rsg (see
Fig. 3), we can derive the parametrization s in Eq. (9)
of every point on the exhaust nozzle surface.

2) The effective exhaust velocity is assumed uni-
form over and orthogonal to the nozzle cross section,
i.e., v(s) = ven. This simplification is adopted due to
the otherwise complex nature of the mass flow exhaust,
which is distinct for every engine design and changing

continuously along the flight envelope. Fig. 3 [Engine nozzle cross section
s(rge, Ry) = rge + a (t; cos B + t, sin B) 9)
with @ €[0,Ry], B€[02x], |all=Ilnl=1, tixtz=n

The engine’s specific impulse I, as performance characteristic together with Earth’s gravitational con-
stant go allows us to describe the exhaust velocity without atmospheric losses as v, = I;,g0 such as to
explicitly state the thrust 7 = —1ls,g0. The engine orientation with n = Rpgre, applies the rotation
matrix notation as above. This yields

Ff = —/pv(v -n)dS =riwe.n = -TRppe,. (10)
S
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While solving the integral [¢ (...) dS = [[7f 27N o () da dp for F2 is trivial due to the assumption

of uniform mass stream, it gets more elaborate for cases that are indeed functions of s. For the assumed
case of a circular exhaust nozzle, we can state the closed form of the Coriolis component as:

ng = 2w X /Sps(v -n) dS
2n RN
= =2pV.w X / / a(rge + a(t)cos B+ tpsinB)) da dp
o Jo
= —2pveﬂR]2\,[a)fo]rgE = [rgEx]a)fB
T
F¢y = ———I[répxlog. (1)

gOIsp

In a similar fashion we can state three contributors to the rotational dynamics of the lander as a result
of the motion of mass in an observed mass system 8 [5]:

* M covering the Coriolis component of the acceleration,
* My covering the change of angular momentum due to particle motion inside the system,
* M7 covering the change of angular momentum inflicted by the thrust.

Mc:—Z/psx(wxv)dV MH:—i/p(sxv)dV MT:—/p(sxv)(v-n)dS (12)
B dt Jg S

Based on the two distinct derivations for the rotational motion in [5], we can expand the Coriolis torque
further to obtain Eq. (13), exploiting the expected time derivative of the inertia matrix J.

MC:—jw—/psx(wxs)(v-n)dS—/pwx(sxv)dV (13)
S B

Both the last term on the right hand side of M¢ as well as My can be neglected for steady state relative
motion of particles, which is a valid assumption for the presented application due to long durations of
near constant thrust (see, e.g., [23]). The remaining integral in M¢ describes the so-called Jet Damping,
a torque that is (for most rocket configurations) opposing rotational motion transversal to the exhaust
stream. For a circular exhaust nozzle with uniform exhaust flow, the integral leads to a closed form of
the Jet Damping torque as:

B —_ — . e . — .
M, = /Spsx(st)(v n)dS PV, [/S(s Sw dS /S(s a))st]

21 pRN 2r PRN
—pPVe [/ / a(s-s)wdadﬁ—/ / a(s -w)s dadp
0 Jo 0o Jo

R
= ||"g]5||2 + TN) —(r GErGE 4N(I3 - RBEeerREE) wa
_AB
ME =L 48 4 (14)
jet jet B

golsp

Lastly, the thrust stated in Eq. (10) acting in E naturally generates a torque around G.

ME =~ [ s x )0 - 1)dS = ivelrox|Rage, = ~TlroexIRsze, (15)
S
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To summarize, we can define the force inflicted upon the rigid body due to mass flowing through
a single engine by adding Eqs. (10) and (11) together. Similarly, the thrust and Jet Damping torques
caused by a single engine can be calculated using Eqgs. (14) and (15), respectively, while the inertia
tensor’s derivative stated in Eq. (13) only appears once for the entire system, independent of the number
of engines.

4 Pendulum Sloshing Approximation

Estimating the behavior of moving liquids in a container for a lunar lander guidance and control
application is relevant due to the large momentum that the propellant carries relative to the lander’s dry
MCI properties. While sloshing in microgravity is a concern for attitude control during coast phases, our
focus lies on high-g applications such as for launchers and lunar descent burns. In those cases, sloshing
oscillations might cause system instability, if not properly managed.

Numerous publications documenting the interaction of main axis of
sloshing propellant with its surrounding structure have been 4 acceleration
published following its recognition in the early years of space sloshing T_/
flight; see, e.g., [8, 17, 24]. The general consensus is to sec- propellant E

tion the total propellant into a sloshing and a static portion,
shown in Fig. 4. The static portion is added to the rigid MCI
properties described in Section 2, whereby the exchange of . _______g---_______|
momentum caused by the propellant being transferred be-
tween the systems is assumed negligible (see Section 3). The
sloshing propellant portion can be mathematically approx-
imated as a superposition of multiple damped oscillatory static
modes. For preliminary analyses it is customary to only propellant
consider the first mode, as this is the one having the largest

effect on the vehicle dynamics [17]. The oscillatory system Fig.4 Separating current propellant
can then be modeled as either a second-order mass-spring- Mmass (%) into sloshing (—) and static
damper system or a damped pendulum, forming a multi-body () p(?l‘tiOI.lS with pendulum sloshing
problem when attached to the 6-DOF rigid structure [13]. ~ aPPproximation

This second-order system’s characteristics are dependent

on a number of design parameters related to the lander: tank shape and size, propellant type, current
acceleration, etc. An extensive overview of the dependencies has been collected in [7] and republished in
an updated form in [25]. We choose to focus on the dynamics derivation using a pendulum approximation
fixed at the center of a spherical tank, as the pendulum’s natural frequency similarly varies with the current
acceleration a and pendulum length / through wg = \/a_/l , while the spherical shape helps to conceive the
concept of assuming the central attachment point [26]. Nonetheless, spherical tanks are a special case of
cylindrical tanks with spherical end caps, also regularly found in lunar landers. For our purposes, these
come at the cost of more elaborate derivations (e.g., by not assuming a fixed attachment), without adding
much insight.

It is important to note that the considered pendulum approximation cannot accurately represent
effects due to swirling motion of the propellant. This is acceptable since major rolling motion (rotation
about the primary axis of acceleration in Fig. 4) of the lander during the approach is not to be expected
until just before touchdown, if at all.
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Deriving the pendulum dynamics starts at the tank’s center C,
a known and fixed distance rfc from the lander’s reference point
S. Assuming the main axis of acceleration is parallel to the body
x-axis, there is no need to define a new orientation frame in C,
i.e., for any rotation we can apply the body frame B, with B’
only denoting the translated coordinates. The sloshing pendulum
is then attached in C and we define a pendulum frame P such
that its x-axis goes through C and F with rgF = —le,. The
frame P is described by sequencing a rotation of n around the
shifted body frame’s yp--axis and rotating by & around the new
x-axis, as depicted in Fig. 5. Analogous to the rigid body case,

ZB’

Lo_-_-V

this leads to the definition of the following rotation matrix: Fig. 5 Pendulum frame rotation

cosp 0 sinp||cosé —siné 0O cosncosé —cosnysiné  sing
Rpp=R,(mR_(£)=| O I 0 |[[siné cosé 0f= siné cosé& 0 | (16)

—sinnp 0 cosnpf| O 0 1 —sinpcosé sinpsiné  cosnp
as well as the associated angular velocities wg p and acceleration a')g p

nsiné 4l fjsiné + né cos &
. . t . .. . A .
wgpzﬁy§+§z£=ﬁR3pey+§eZ: 1cosé —_— wgpz ficosé —nésiné| . (17)
¢ ¢

We can now derive the acceleration #or: from Fig. 5 we combine the tank’s location "gc and the center
of gravity r5- to get r8 . = r&. — r5.. We further simplify the derivation setting 7£.,. ~ 0, assuming that
the contribution of the length derivative to the pendulum’s overall dynamics is negligible, justified at the

end of this section.

I _ B P
rop =Trog + Riprge + Riprep (18a)

o1 o1 B B B P P P
For =Togt RIB[wIBX]rGC + RIB[wIBX]RBPrCF + RIP[wBPX]rCF (18b)

+Ryp ([wgl,,x]2 + [95;_35]) rég + 2R gl xR pplwhpX]rE (18c)
In Eq. (18c) we identify the characteristic centrifugal (—) and Euler terms (- --) of the outer and inner
rotation (rigid structure and pendulum, respectively), as well as the Coriolis term (——) due to the
superposition of both rotations. We introduce the sloshing propellant mass my and collect all acting
forces in F' by means of the Newton-Euler formalism, namely gravity F, (assuming ror = rog), a
damping force F, (linearly depending on the pendulum’s angular velocity), and the string force F)+
(orienting the acting scalar force p in space).

0 P
FI R[PFP RIPFP+
.. g d p . :
r(I)F = - + - + p— with Fé{ = mFgeg,, Ff =|dé |, F; =10 (19)
—dn 0
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Substituting i’é p from Eq. (18c) into Eq. (19), we sort the resulting formula such that only the
contributions containing the string force F [fi and the pendulum angular acceleration a')g p are on the
left side, while all other terms are on the right. Changing frames from inertial to pendulum frame by

multiplication with R p; and introducing the basis vectors e, /., the left side can then be restated as:

FP p/mr 0
m”F —lobpxlrt. = 0 | +1 &
0 —fjcos & + né sin &
1 - .
=p—e,+&ley —ijlcosée, + Inécosée;. (20)
mpg

From this, a reformulation giving three decoupled equations for the scalar string force p and the angular
accelerations 7j and & can be obtained. The latter two describe the state of the pendulum, whereas the
former describes the sloshing force ultimately acting on the rigid body lander.

P mr 0 0
El=0 11 0 |(Reih - Reslrécxlify - rEpxIRspify + €7) 1)
i 0 0 -—1/(lcosé)

with € = RpplwlyX’réc + RpglofyX*Rppriy + [wppXPrép + ...
P
d .2

+ 2R pplw]pX|RpplwppXrly — Rprgey - e [né cosée,
F

Recognizing that e [r/..X] = 0, the notation for the scalar sloshing force p can be further shortened to

P
CF
p= mFeI (RPIi:éG - RPB[I‘GBCX](L.)fB + GP) . (22)

Eq. (21) establishes the means to define the multi-body problem; nevertheless, the fill level dependent
parameters are missing that divide the propellant into a sloshing and a static portion. To address that, the
collected data in [7, 25], originally presented as functions of fill height ratio &2/ Ry, is recalculated for our
purposes into dependencies on the propellant mass percentage by applying the geometry of a spherical
volume. Fig. 6 (a) states the mass of both static and sloshing portions in relation to the current total
propellant in the tank mc, while Fig. 6 (b) relates these to the (initial) full tank propellant mass mc.
The length of the static propellant mass portion in Fig. 6 (c) indicates the distance of its center of gravity
from the center of the tank (see Fig. 4). As mentioned earlier, we assume this to be collinear with the
primary axis of acceleration with the liquid being stationary at the bottom of the tank. Hence, its center
of gravity is geometrically linked to its actual mass such that its MCI parameters can simply be stored in
a lookup table.

Evaluating Fig. 6 (b) and (c) we recognize that in regions where the sloshing pendulum length
derivative i'gF = [re, would be largest, the actual mass contributing in the sloshing motion is the
smallest, and vice versa. This validates our initial hypothesis that the length derivative to the pendulum’s
overall dynamics can be neglected. To establish the damping constant d in Eq. (19) such that  in
Fig. 6 (d) is fulfilled, we first calculate the non-gravitational acceleration at the tank’s center

a =l - gebll = i + Rup ([0fpxI? + [0fyx1) réc - gel (23)
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Fig. 6 Fill level dependent parameters for sloshing (—) and static (—) propellant mass portion

to evaluate the dimensionless parameter Re; stated in Eq. (24), which also depends on the propellant’s
kinematic viscosity v and a characteristic length, defined as the tank’s diameter L = 2Ry [7, 25].

v

al3

Re; = (24)

With the sloshing specific parameters my and [ gathered from Fig. 6 (b) and (c) based on the current
propellant mass inside the tank, we assume a generic damped second-order pendulum to state the damping
moment as Fyl = (dl) ¢ = (2mi*{ wp)¢. Further expanding by using wo = +/a/l, we obtain:

d =2mp¢Val. (25)

Fig. 6 (d) approximates Eq. (2.9) in [25] using a higher-order polynomial to eliminate the discontinuity
at 50% fill level. We recognize that for close to full and nearly empty fill levels the damping increases.
This is due to, for one, the small actual propellant mass participating in the sloshing motion such that
surface tension and tank wall friction become more pronounced and, secondly, the participating mass
decreasing faster than the static portion at low levels of propellant. The lookup data presented in Fig. 6
also provide meaningful information for mission planning. In between 40...80% fill level the absolute
sloshing mass peaks while experiencing the least damping, thus exerting the largest force on the structure,
as predicted in Ref. [27]. Therefore, fast attitude maneuvers during these periods are best avoided to
prevent large excitations of the mode.
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S Multi-body Nonlinear Equations of Motion

In the preceding sections we first established the rigid body dynamics subject to exogenous forces of
various origins. In a landing burn scenario, these origins are predominantly mass being exhausted from
the system, next to the potential of sloshing propellant interacting with the structure. Both phenomena
have been analyzed such that we can collect them as forces and torques influencing the rigid body
dynamics with:

R
Fth =R;p (ng + F}?) =-T (l[rgEx]wa + R;Eex) (26)
golsp
Flg = —RIPF;_ = —mFRlpexe; (Rp]i"éG — RPB[I‘gCX](I)fB + GP) (27)
B
jet
M; = M{+ M7 = ~Jwlp + Oje wip = [rGpxIRpEex (28)
sp
Mf = —[I'gcX]RB})F;’DJr = —mF[rng]RBpeer (RPIi:éG - RPB[rgCX]d)fB + GP) . (29)

Note that the string force F),+, originally derived at the sloshing mass in F, must cancel out with an
opposing string force F), in C, leading to the sign change in Eq (27) Recall that Egs. (4), (6) and (21)
state the fundamental equations to calculate the derivatives i/ oc and a)  Of the 6-DOF rigid body motion
as well as the pendulum states £ and 7j. The natural step now is to fuse the gained formulae by substituting
in Egs. (26) to (29) for the varying-mass and sloshing forces and torques. Sorting the equations such that
all contributions by the state derivatives i‘éG, Wip, f and 7j are on the left side and all the remaining on
the right establishes a structured form MxX = u as in:

mg I3 + mpRpe e Rp; —mpRpe e Rpg[rl x] O31 O3 i"éG
melrgoxIRppe e Rpr  JG —mp[rl xIRppe e Rpp[ri X] | O3 3x ap
—eyTRPI eyT (RPB[rgCX] + [ré)FX]RBP) [ 0 f
—e Rp; el (Rpplrf X1+ [rf . xIRgp) 0 —lcos¢ || i
R
mGgeé -T (R]Eex + %[rgEx]wa) — mFR[PeerGP
8014sp
T
BB B B B P
= | —lofxlIors - Jiwis + go—l (A]et wpp —[r GEX]RBEeX) —mp[rgex|Rppe.ece” | (30)
e €’
e] el

The pendulum state derivatives in Eq. (30) are coupled to the rigid 6-DOF derivatives unidirectionally.
Referencing Egs. (19), (21) and (22), the algebraic loop is avoided since p includes only the x-value
of F;, which is indeed zero. We can therefore exploit the sparse structure to first calculate the rigid
body accelerations required for evaluating the damping in Eq. (23) to subsequently calculate the sloshing
state evolution. The structure of Eq. (30) further comes in handy recognizing the repeatable pattern
presented in Eq. (31) when introducing additional propellant tanks (marked in blue) and engines or
thrusters (marked in red). Recall that the inertia’s time derivative in Eq. (28) only appears once, while
all the other variable-mass terms are evaluated for each engine or thruster separately.
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Showcasing the applicability of the derived EOMs for GNC designs, we envision the simplified lunar
lander illustrated in Fig. 7 with a single tank and a single engine in a monopropellant configuration. The
propellant characteristics loosely resemble those of ASCENT (formerly AF-M315E) [28]. The center of
gravity of the rigid vehicle as well as the inertial frame’s origin are collinear with the body x-axis such
that no torques are generated. We do not consider any rotational motion, as the lunar lander dynamics
are inherently unstable and describing a control design exceeds the scope of this publication. We instead
evaluate the fill level dependent sloshing mode characteristics from a MATLAB® / Simulink® implemen-
tation applying numerical linearization techniques. Relevant lander parameters are listed in Tab. 1, while
the others can be chosen somewhat arbitrarily, provided the aforementioned collinearity is respected.

Table 1 Example parameters.
/\ Parameter Value
’ mg 1000 kg
mc,o 1000 kg
: ré. [1 00]"m
*B re. [-1 0 0]"m
S I—VZB Rpe diag([—l 1 —1])
J Ry 0.55 m
A v 1.67 - 107 kg/s
g 1.57 m/s?
E 20 9.81 m/s?
I AP Isp 300 s
T 3000 N

Fig.7 Example lunar lander

The linearization was performed at fill levels of 1 to 99% with 1% increments. The results in Fig. 8 (a)
and (b) yield damping ratios and natural frequencies of the sloshing mode in expected regions, while
Fig. 8 (c) shows very close alignment with the analytically predicted values for a normalized first sloshing
mode frequency stated in [7, 25] and validated for spherical tanks using CFD in [29]. This underlines
the validity of the presented pendulum implementation to quantify the impact of sloshing propellant on
spacecraft in high-g scenarios.

The reproduction and distribution with attribution of the entire paper or of individual
Except where otherwise noted, content of this paper is licensed under 041-13 P pap

. L X . pages, in electronic or printed form, including any material under non-CC-BY 4.0
BY a Creative Commons Attribution 4.0 International License. . . . .
licenses is hereby granted by the authors and respective copyright owners.


https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

(a) Damping Ratio ¢ (-1073)  (b) Nat. Frequency wq (rad/s)  (¢) Normalized wyyRr/a

8 6 4 :
6 5 3
4 4 2
2 3 1
O | | | 2 | | | 0 | | |
0 25 50 75 100 0 25 50 75 100 0O 0.5 1 1.5 2
Fill Level (%) Fill Level (%) Fill Height Ratio &/ Ry

Fig. 8 Fill level dependent sloshing mode damping and frequency characteristics derived using linearized
models (—) and compared to analytical predictions (= =) based on [7, 25]

6 Conclusion

It was the objective of this paper to derive a dynamic model suitable for the simulation of the
terminal descent phase of a lunar lander, with a focus on accurate consideration and representation
of key physical phenomena. This model is motivated by supporting a substantiated and robust GNC
development. The lunar lander dynamics modeling was faced with two main challenges: 1) accurate
capturing of the variable-mass dynamics due to (rapid) propellant consumption, and 2) the impact of the
effects and perturbations due to liquid sloshing in a spherical container, which exhibit strong dependence
on fill level and the current acceleration acting on the lander. By extending a rigid-body dynamics model,
this work derived a set of equations of motion that incorporate both variable-mass effects and sloshing
dynamics using a pendulum-based approximation. The formulation is structured to be modular and
scalable, allowing straightforward integration of multiple tanks and propulsion systems into a nonlinear
simulation environment. The validity of the approach was demonstrated through implementation in
MATLAB® / Simulink® where the resulting sloshing characteristics showed very good agreement with
published data for the first sloshing mode. This confirmed the accuracy of the pendulum approximation
and the suitability of the model for early-phase GNC design and analysis.
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