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ABSTRACT

This paper presents an approach for the probabilistic analysis of stability margins and pointing
errors for a satellite system subject to parametric uncertainties. To analyze the influence of the un-
certainties on the system performance, probabilistic approaches provide more convincing insights
than worst-case methods. The classical approach uses Monte Carlo simulations which come with
high computational effort. As an alternative, we apply non-intrusive Polynomial Chaos Expansion,
which approximates a function of stochastic arguments as a series of orthogonal basis polynomials.
To deal with a high-dimensional uncertainty space, sparse grid quadrature is employed to calculate
the coefficients of the polynomial system. We show that Polynomial Chaos Expansion can replicate
the results of Monte Carlo simulations with almost perfect accuracy, while requiring 20-30 times
lower computation times. The non-intrusive approach also allows flexible evaluation of various
quantities of interest, proving the applicability of this method in the industrial Verification and
Validation process.
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Nomenclature

0 = Uncertain parameter vector
Va = PCE coefficients

1/ = PCE basis polynomials

Ya = L,-norm of basis polynomial
w = Weighting function
A,B,C,D = State space matrices
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= State vector
Input vector
Output vector
n Noise
s d = Disturbance
= Error metric
E[-] = Expected value
Var[-] = Variance
Univariate quadrature rule
Multivariate quadrature rule
Inner product
Tensor product
Mean
Standard deviation
= Sampled quantity
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1 Introduction

The verification and validation (V&V) of space vehicle control systems is a challenging and resource-
intensive process. The complex nature of the systems and a potentially large number of uncertain
parameters pose difficulties in assessing the performance and robustness requirements. The existing
approaches can be categorized in deterministic (i.e. worst-case) and probabilistic methods [1].

This paper contributes a computationally efficient probabilistic approach based on the concept of
Polynomial Chaos Expansion (PCE) to calculate stability margins and pointing metrics for satellite
attitude control. We demonstrate that PCE can provide accurate statistical characterizations of the system
across the entire uncertainty space. By systematically comparing PCE with conventional probabilistic
analysis using Monte Carlo (MC) simulations, we highlight the significant reduction in computational
effort offered by PCE.

Classical deterministic and probabilistic methods both come with their own challenges: For the
first, it is hard to verify that the worst case configuration has really been achieved [1] and models might
be invalidated based on worst-case events that are unlikely in a practical setting [2]. Additionally, it
has been shown that a controller based on a worst-case approach can have a higher overall risk of
destabilizing a system compared to a controller based on probabilistic metrics [3]. Hence, it is desirable
to know the distribution of stability margins and performance metrics subject to random parameters.
MC simulations are the industry standard to generate such distributions because of the straight-forward
implementation. A large number of random samples are drawn from the uncertain parameters according
to their probability distribution and the resulting system behavior is simulated. Statistical moments such
as mean and variance of the quantities of interest can be calculated from their sampled distribution and
a probability function can be fitted. However, they are typically limited by their high computational cost
[1]. Recently, combining traditional deterministic methods, namely the structured singular value, with
probabilistic assessments, see [2], have been promising. Still, they come at a large computational burden
for complex industrial models and usually rely on model simplification or reduction.

The computational effort of MC motivates the exploration of more efficient uncertainty quantification
techniques. Methods based on Polynomial Chaos Expansion (PCE) have attracted increasing interest
in the probabilistic analysis of uncertain systems. PCE offers a computationally efficient alternative by
representing system responses as spectral expansions in terms of orthogonal polynomials of the input
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uncertainties. This formulation yields direct access to statistical moments and enables fast sampling,
significantly reducing computational costs in uncertainty propagation. Those properties allow for time
and resource savings in the design and V&V process. Examples of the successful application of PCE in
the aerospace sector include the verification of satellite acquisition sequences [4], robustness analysis of
an automatic landing system [5] or the trajectory optimization of launch vehicles [6].

In this work, we apply a PCE-based framework on a satellite attitude controller for the MetOp Second
Generation spacecraft. We perform a probabilistic analysis of the gain and phase margins and the absolute
pointing error metric under a high-dimensional uncertainty space. The results are then compared to MC
simulations of appropriate sample size, both regarding accuracy and computation times.

2 Background

2.1 Uncertain Linear Time-Invariant Systems

Consider an linear time-invariant (LTI) system whose state space matrices are subject to stochastic

uncertain parameters o:
x(t,0) x(t,0) )
(1, 6) u(r)

where 6 € A’ is a unknown time-invariant parameter vector bounded within a compact subset A% C
R subject to a known probability distribution p(6). The state space matrices A : A"6 — R™*x,
B: A" — RWXu  (C A6 — RWYX1x D2 A6 — R™* M define the relation between the state vector
x(t,0) € R", the input vector u(t) € R™ and the output vector y(z,6) € R". The stability margins and
compliance with the pointing requirements must be assessed for all 6 € A"9.

A(S) B(5)
C(6) D(9)

2.2 Polynomial Chaos Expansion

The idea of PCE was first introduced by Wiener [7] in 1938. Consider the probability space (2, ¥, P)
where Q is the sample space, ¥ is the event space and P is a probability function, and a vector of random
variables ¢ : Q — R"s. A function Y (6) with finite variance depending on a random variable can then
be decomposed in a series of orthogonal basis functions ¢, [8]. For simplicity, the case with ns = 1,
resulting in univariate basis polynomials is defined first and later expanded to multivariate polynomials:

Y(8) = yata(s) @)
a=0

The basis functions fulfill the orthogonality condition

yfy ifa=p

Va, B € N, 3
0 otherwise A 0 )

<¢’aa¢’ﬁ> = -/Dwa(X)t//ﬁ(x)w(x)dx:

where w(x) is a weighting function and vy, is the L,-norm of ¢,. For practical applications, the infinite
series in Eq. 2 is truncated to include only L terms:

L-1
Y(8) ~ ) YaWa(6) )
=0

Wiener originally only considered Hermite polynomials as basis functions that correspond to normal
distributed random variables. Later, this system was expanded to other probability distributions by
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choosing adequate polynomials whose weighting function w(x) correspond to the probability density
function (PDF) of the respective distribution. By selecting the correct polynomial basis, an exponential
convergence rate with respect to the maximum polynomial degree L — 1 can be achieved for sufficiently
smooth model responses (Tab. 1) [9].

Table 1 Polynomial basis for different probability distributions

probability distribution weighting function polynomial  support

gaussian e</2 Hermite  (—o0, c0)

uniform 1 Legendre [-1,1]
beta (1-x)%(1-x)B Jacobi [-1,1]

gamma e Laguerre [0, )

The resulting expanded polynomial system has two important properties with respect to the stochastic
analysis of the output. First, the expected value E[-] and variance Var[-] can be directly computed from
the coefficients y,:

L-1
E[Y(8)] ~ yo, Var[Y(8)] = > y2(y2) (5)
a=1

where (¥2) = y2 has a simple, closed form expression depending on the chosen polynomial basis.
Second, instead of simulating the behavior of the original system for different samples of ¢, the polynomial
expression in Eq. 4 can be evaluated for the same samples, which is generally significantly more efficient.
PCE methods are commonly classified into two categories: intrusive and non-intrusive approaches.
For intrusive approaches, the terms in the model equations that depend on the uncertain parameter are
directly substituted by series expansions of suitable basis polynomials corresponding to the distribution
of the parameter. That leads to a system of coupled differential equations that must be solved to obtain
the coefficients. Systems that contain complicated (especially non-polynomial) functions can make the
computation of the coeflicients prohibitive or impossible [10] and the exact model equations must be
available. In contrast, non-intrusive PCE, as discussed below, treats the model as a black box. Only
the output of an arbitrary function of the uncertain parameters at certain nodal points is required for
calculating the coefficients, while the function definition itself can remain unknown. Consider a function
Y (6) that is expanded as an truncated series as in Eq. 4. To calculate the k-th coefficient yy, both sides
are multiplied by ¢ and the inner product (-, -) is taken. Because of the orthogonality condition (Eq. 3),
all summands except for yz iy become zero:

(Y(8), k() ~ (i Wi Ok (6)) = yuvy (6)

Therefore, the integral on the left side has to be evaluated and divided by the squared norm to obtain the
coeflicient:

Vi = (Y (8), Yi(6)) )
Yk

This approach is generally referred to as spectral projection [11]. In the case of multiple uncertain
parameters (ns = N > 1), a multivariate polynomial basis is required. We adopt a total-order expansion,
in which the basis consists of all products of univariate orthogonal polynomials whose total degree does
not exceed a prescribed maximum order P. This results in a basis of (%Tﬁ ,) ! multivariate polynomials [11].
The approach for calculating the yy is the same as in Eq. 7, except that for calculating the inner product,
a multidimensional integral over all ¢ has to be calculated, and the squared norm y,% is the product of the

squared norms of the univariate basis functions.
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3 Problem Definition

The goal of this paper is to apply non-intrusive PCE to analyze the distribution of pointing error
indices and stability margins of an existing controller for three-axis attitude tracking of the MetOp-SG
satellite. In particular, the absolute performance error (APE) of the attitude as well as the gain and phase
margins are approximated by PCE. Systems that can tolerate high gain-only or phase-only variations can
become unstable when subject to simultaneous gain- and phase variations [12]. Therefore, maximum
margins guaranteed by a stability disk are used in this paper. For the sake of brevity, we exemplary
use the loop-at-a-time margins from the first input to the first output of the MIMO system to show the
accuracy of our approach, leaving the other loops unperturbed. However, it can be equally used for any
other margin definition. In addition to the mean and standard deviation, which are directly obtained
from the PCE coefficients, a histogram of the distribution of the quantities of interest is also generated
to evaluate the suitability of the PCE expansion as a surrogate model of the original system. For that
purpose, the uncertain parameters are randomly sampled according to their distribution and directly
inserted into the polynomial system. The results and the necessary computation time are then compared
to MC simulations with an adequate number of samples.

3.1 MetOp-SG Satellite

The Met-OP SG Satellite is part of a series of three satellite pairs for meteorological Earth observation.
The satellite is in a sun-synchronous orbit with an altitude of 817 km, an inclination of 99° and an orbital
period of 102 min. It features a rigid central body, a solar array, and two scatterometers. The satellite is
modeled as a linear system with eleven uniformly distributed uncertain parameters affecting its dynamics
[13]:

Table 2 Uncertain parameters of the satellite model

Component Parameter Range (%)
Central body Mass 10
Moment of inertia 20
Fuel Mass 23
Solar array Mass 10
Moment of inertia 10
1%t and 2" cantilever frequency 10
2 Scatterometers Mass 10
Moment of inertia 20

The central body is modeled as rigid; the fuel is taken into account through its contribution to the
mass and moments of inertia, but sloshing effects are not considered. For the appendages, only the two
flexible modes of the solar array with the lowest frequency are considered, since they have the highest
impact on the spacecraft dynamics. The controller considered in this system has been described in [13].
It aims to track a reference attitude in the spacecraft body frame by commanding a reaction wheel torque.
In addition to the tracking requirement, a mixed-sensitivity scheme was used to ensure attenuation of
the flexible modes, noise rejection, limitation of the control effort, as well as gain, phase and modulus
margins. Although created as a Linear Parameter-Varying (LPV) controller to optimize performance
throughout an entire orbit, in this work it is only evaluated at a single design point. As a result, the
controller operates effectively as an LTI controller.
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3.2 Pointing

The pointing error metric considered in this paper is the APE around the x-, y-, and z axis. The point-
ing error sources of the system are the sensor noises of the satellite’s star trackers and the environmental
disturbance torques. The sensor noise can be described by high and low spacial frequency error, modeled
as first-order Gauss-Markov processes, and temporal error, which can be considered white noise. The
disturbance is modeled as the power spectral density of the simulated disturbance torque across three
orbits. Each noise and disturbance is equated to specific transfer functions W, and W, added at the
respective locations in the system as described in [13]:

n d Z
- b -
-W, Wy

Fig. 1 Extended system for performance metric calculation

The pointing error metric which equates to the standard deviation of the output can then be computed
as the Hy-norm of the transfer function H from a white noise input at n and d to the error metric z:

1 [S¢]
Care = \/E [ttty Hijw)do = 1, ®)

Exemplary, only the pointing error around the x axis is considered below.

4 Methodology

4.1 Sparse Grid Quadrature
Recall Eq. 7 for calculating the k-th coefficient:

= @040 = [ YO @w(e)0 ©)
Yk D

Yk

While the squared norms y,% have a closed-form solution and are straightforward to calculate, much more
effort is required to solve the multidimensional integral on the right. To integrate arbitrary functions f,
in this case f = Y (8)y(6)w(d), whose complete definition is possibly not given, the use of a quadrature
rule U[f] is a natural choice. The integral is therefore evaluated at a set of nodal points {p;} and
multiplied with a corresponding set of fixed weights {«;}:

[ Y @u@mm @5 = ULf1 = Y o (pin(powip) (10)
=1

J

When applied to a multidimensional integral of a function f (1, ..., dy), the quadrature rule expands to
a full tensor product. We first define a multi-index i = (i1, ...,iy) € NV. The full quadrature Q[ f] is
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defined as follows [11]:
QLf(61,. .., 00)] = U [F(S1)]@ - @UN[f(53)] = D -+ > (al @--@a) f(pll,....pN) (11)
i1=1 in=1

which requires a total of H]k\’: | M nodal points and function evaluations. This approach is therefore not
feasible for obtaining the coefficients of PCE system with N = 11 uncertainties as considered in this
paper with reasonable computational effort. In this case, it is common [10, 11] to employ a sparse-grid
quadrature scheme as first described in [14]:

Qifl= ), enwﬂ% -l yuhw~®wm) (12)

r+l1<[]<r+N r+n—|i

where |i| =iy + ...+ iy and r is a grid level that controls the number of nodal points in the quadrature
scheme. In this paper, isotropic Gauss-Legendre quadrature weights and nodes have been used. It must be
noted that for calculating the coefficients y; according to Eq. 7, the computationally expensive function
Y (p) must only be evaluated once for each nodal point p and the result can be stored and used for all k.
The evaluation of the polynomials ¢; can be precomputed for later look-up once the PCE degree and grid
level are defined, since they are independent of the function Y. Those properties can significantly speed
up the process. The Sparse Grids Matlab Kit has been used to compute the nodal points and weights for
this paper, which allows the generation of grids according to an user-defined grid level [15].

4.2 Comparison with Monte-Carlo simulations

To achieve a fair comparison of the computational efforts of PCE and MC simulations, a minimum
MC sample size must be defined which is required to estimate the statistical quantities with the desired
accuracy. According to the Central Limit Theorem, the distribution of the sampling mean converges to a
normal distribution when the sample size approaches infinity. This allows us to determine the minimum
required number of samples 7,4, such that the sampling mean i lies within a relative error margin € of
the true mean u with respect to a certain confidence level:

A\ 2
Za 20
Nyeqg = ( aE//JA ) (13)

with the standard normal quantile z,/, = 1.96 for a 95% confidence level and and chosen relative error
€ = 0.01. Since the sample mean i and sample standard deviation ¢~ are not known a priori, they
have to be estimated first by running the simulation for a large n. Besides the mean, also the standard
deviation of the PCE shall be compared with the MC simulations. However, in contrast to the mean,
there exists no closed-form expression to describe the convergence of the standard deviation without
requiring assumptions about the underlying distribution. Therefore, an empirical approach has been used
to estimate the relative error of the standard deviation with respect to a confidence level for a certain

number of runs. First, a set of different sample sizes n; € N have been defined. Then, for each sample
size, B € N MC runs were performed and the sample standard deviations (’)-IE”), b=1,...,Bhave been
calculated. The fraction of standard deviations f,, that lie within a relative error margin € around the

ground-truth standard deviation & (obtained from a very large MC simulation) is given by

ﬂ:% 5 < (145 | (14)

pﬁ:u—@&s
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The required sample size is the smallest tested n for which the fraction is larger than the confidence level
of 95%:
Nreg = min{n : f, > 0.95} (15)

The relative error threshold of € = 0.01 and the confidence level of 95% are an arbitrary choice only
valid for this test scenario and have to be adapted depending on the respective requirements. It has been
found that to bound the relative error of the standard deviation, a much higher » is required compared to
the error of the mean for the same confidence level. Therefore, this stricter criterion of Eq. 15 has been
used to determine the required MC sample size for each quantity of interest (see Table 3).

4.3 Evaluation Setup

A maximum PCE degree of L — 1 = 2 together with a Legendre polynomial basis suited for the
uniformly distributed parameters has been chosen. For eleven uncertainties and a total-order expansion,
this results in 78 multivariate basis polynomials and corresponding coefficients. A higher polynomial
degree would increase the accuracy only marginally while increasing the number of coefficients to be
computed to 364. A grid level of r = 2 has been found sufficient to integrate the target functions
accurately, resulting in 287 grid points. As explained above, this means that only 287 evaluations of the
computationally expensive functions are necessary. The mean and standard deviation in Tab. 3 have been
directly obtained from the coefficients according to Eq. 5 for PCE and calculated from the simulation
results for MC. To prove that the polynomial expansion accurately represents the behavior of the original
system, the same sample values have then be reused as an input for the PCE system as shown in Fig. 2.
The margin evaluations at the integration grid points were performed using the Matlab Robust Control
Toolbox.

4.4 Results

Table 3 Comparison of MC and PCE results

Metric Method Mean Std Time
APE X PCE 2.607 prad 0.424 prad  3.879 s
MC (n = 10500) 2.605 prad 0.425 prad  128.284 s
Rel. Difference 0.08% -0.24% -95.98%
Gain margin PCE 6.141dB  0.424 dB 2.160 s
MC (n =8400) 6.142dB  0.424dB  41.492s
Rel. Difference -0.02% 0% -93.79%
Phase margin PCE 31.459° 0.515° 2.204 s

MC (n = 7700) 31.464° 0.511° 49.526 s
Rel. Difference -0.02% 0.78% -94.55%
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Fig.2 Comparison of the distributions of the quantities of interest, evaluated with MC and PCE
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Fig. 3 Comparison of MC and PCE computation times. Note that the MC bar for the APE had to be
truncated for readability

The results in Tab. 3 show a very high agreement between PCE and the MC simulations. All errors
are well below 1%, which is the assumed accuracy of the MC simulations. In addition to computing
the high-level metrics mean and standard deviation accurately, PCE also reproduces the system behavior
for each set of sampled uncertainty parameters with near-perfect fidelity. The resulting distribution is
virtually indistinguishable from the simulation of the real system, as illustrated in Fig. 2. At the same
time, the total PCE computation times, combining the time for calculating the coefficients (build) and
evaluating the polynomials at the sampling points (sample) are about 20 to 30 times lower than for the
required number of MC runs, as shown in Fig. 3. It is important to note that once the PCE system has
been built, which has to be done only once if the system and the distribution of the uncertainties do not
change, the time for evaluation at one certain point of the uncertainty space becomes negligible (e.g. for
the APE it took an average of roughly 5 x 10> seconds per sample). Once the framework for generating
the PCE has been set up, any (sufficiently smooth) function of the system can be approximated with
only minor changes in the code, which gives great flexibility. The non-intrusive PCE approach can be
seen as a refined version of MC exploiting additional system knowledge: Instead of random points, the
function of interest is only evaluated at selected points (the integration grid points) with the extra step
of appropriately scaling each value based on the distribution of the uncertain parameters (by multiplying
with the suitable basis polynomials and dividing by the norm squared). In this example, the maximum
polynomial degree L could be easily found by iteratively increasing it until a satisfactory result was
obtained. Methods for automatically choosing an optimal degree (so-called adaptive PCE) are described
in the literature (e.g. [16])
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5 Conclusion

This paper presented the application of non-intrusive PCE for the probabilistic analysis of stability
margins and pointing of an attitude control loop for a satellite with a high number of uncertainties. It
demonstrated the strong applicability of our approach. The comparison with MC simulations highlights
three major advantages: A significant speed-up of the computation with excellent accuracy while keeping
the flexibility to easily choose the quantity of interest. That makes PCE a powerful alternative for
uncertainty analysis in the aerospace V&V process. There are two important limitations to the proposed
use of PCE: it requires a smooth dependence of the quantity of interest on the parameters, and even
some smooth functions (e.g., those with highly oscillatory behavior) might need a very high polynomial
degree which can render the computation of the coefficients expensive. Additionally, the sparse grid
quadrature does not scale well to high-dimensional problems, which can make the method intractable
when dealing with a large number of uncertainties. Further work could extend the approach to LPV
systems by including parameters that depend on the orbital position as additional uncertainties within
the framework. This would enable capturing the system characteristics over the entire orbit. Adaptive
PCE could be used to find an optimal polynomial basis with a minimum amount of manually selected
parameters.
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