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ABSTRACT

Safe spacecraft rendezvous requires the chaser to satisfy stringent path constraints during proximity
operations while preserving convergence to the docking state. Although high-order control barrier
functions (HOCBFs) provide a systematic way to enforce safety, their monolithic constraint at the
final control input level can lead to boundary riding behavior and degraded transient performance
in path constrained rendezvous scenarios. This paper proposes a cascaded control barrier function
(CCBF) framework for safe spacecraft rendezvous. By decomposing the safety constraint into
sequential cascade layers, the proposed approach enforces safety consistency from the virtual
control level to the actual force input, thereby improving design traceability and tuning tractability
compared with conventional HOCBF formulations. The method is applied to satellite rendezvous
scenarios subject to a semi-cubical cone path constraint, within a backstepping based sequential
control Lyapunov function-quadratic programming (CLF-QP) architecture. Numerical simulation
demonstrates that both HOCBF and the proposed CCBF maintain the prescribed safety corridor,
whereas the proposed CCBF yields smoother and faster convergence to the docking region with
reduced boundary-riding behavior under the same path constraint.

Keywords: Control Barrier Function, Spacecraft Rendezvous, Cascaded Control, Safety-Critical Control

1 Introduction
In the operation of autonomous systems, safety violations can lead to critical system failures or severe

threats to public safety [1–3]. Systems that demand safety guarantees are broadly classified as safety-
critical systems, encompassing domains such as robotic systems, autonomous vehicles, and aerospace
systems. Particularly in the aerospace domain, satisfying critical safety requirements—such as flight
envelope protection, geofencing, and collision avoidance—requires operating within highly complex and
dynamic environments.

According to recent studies on space missions [4], the position and attitude dynamics of spacecraft
are highly coupled, making them challenging to control. Due to the mission complexity of operations such
as rendezvous and docking, strict safety guarantees, including collision avoidance and state constraints
during the approach to a target, are critical for the survivability of the spacecraft. Approaches such as
artificial potential fields (APF) [5, 6] or constrained optimal controllers [7–10] have been utilized to
enforce these rigorous safety requirements.
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APF methods have been extensively investigated for safe proximity operations. For instance, Shao et
al. [5] proposed an APF-based immersion and invariance adaptive pose controller, utilizing Lyapunov’s
direct method to formally prove the asymptotic stability of the closed-loop system. Wang et al. [6] formu-
lated a convex APF featuring a single global minimum to integrate pyramid-type pose constraints directly
into the controller design. Barrier Lyapunov Functions (BLFs) have been widely employed to manage
strict state boundaries. Huang et al. [7] incorporated BLFs into a backstepping framework to establish an
integrated adaptive finite-time control law for full state constraints. Similarly, Sun et al. [8, 9] leveraged
BLF-based backstepping designs to ensure relative state constraints during spacecraft maneuvers. From
an optimization-based perspective, Zhou et al. [10] utilized sequential convex programming within a
model predictive control (MPC) architecture, translating nonlinear and nonconvex constraints, such as
field-of-view limits and complex obstacle regions around the target body, into tractable second-order
cone programming sub-problems.

To enforce these rigorous state constraints, a variety of safety filters have been developed to modify
nominal control inputs and ensure system safety [11]. Among these approaches, Control Barrier Functions
(CBFs) [12] have emerged as an optimization-based mathematical framework. By mapping complex
state constraints to the control input space, CBFs enforce the forward invariance of safe sets through
quadratic programming (QP) with minimal control modification. Nevertheless, constructing valid CBFs
and tuning them for highly complex or cascaded systems is not yet fully established [3]. Furthermore,
standard monolithic CBF formulations often struggle to maintain non-conservativeness and theoretical
rigor when applied to complex dynamic environments. To address these challenges, we introduce a
Cascaded CBF (CCBF) architecture that decomposes safety constraints into sequential layers. Compared
to conventional High-Order CBF (HOCBF) formulations [13], this hierarchical structure ensures safety
consistency and facilitates the design and tuning processes of the safety filters. The effectiveness of
the proposed framework is validated through a path-constrained spacecraft rendezvous and docking
scenario [14].

The remainder of this paper is structured as follows. Section 2 provides the mathematical prelimi-
naries and foundational concepts regarding Control Barrier Functions. Section 3 establishes the relative
motion dynamics of a chaser spacecraft with respect to a target, which serves as the simulation scenario
for validating the proposed methodology. Section 4 details the theoretical formulation of the proposed
CCBF architecture. This section mathematically demonstrates how the cascaded framework decomposes
spatial boundaries into sequential control layers to guarantee the forward invariance of the safe set.
Finally, simulation results and concluding remarks are presented in Section 5.

2 Preliminaries
Safety is formulated as ensuring the forward invariance of a safe set, guaranteeing that the system

state does not leave this set. Following existing research [12, 13, 15], consider a state space X ⊂ R𝑛 and
a continuously differentiable function ℎ : X → R. We define the safe set C, its boundary 𝜕C, and its
interior Int(C) as follows:

C = {𝑥 ∈ X : ℎ(𝑥) ≥ 0}
𝜕C = {𝑥 ∈ X : ℎ(𝑥) = 0}

Int(C) = {𝑥 ∈ X : ℎ(𝑥) > 0} .
(1)

Definition 1 (Barrier Function [12]): The function ℎ : X → R is a barrier function for a continuous-
time dynamical system ¤𝑥 = 𝑓 (𝑥) if there exists an extended class K function 𝛼 such that:

¤ℎ(𝑥) + 𝛼 (ℎ(𝑥)) ≥ 0, ∀𝑥 ∈ X. (2)
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Definition 2 (Control Barrier Function [12]): Given the safe set C defined in (1), ℎ(𝑥) is a control
barrier function for a control-affine system ¤𝑥 = 𝑓 (𝑥) + 𝑔(𝑥)𝑢 if there exists an extended class K function
𝛼 such that:

sup
𝑢∈U

[
𝐿 𝑓 ℎ(𝑥) + 𝐿𝑔ℎ(𝑥)𝑢 + 𝛼 (ℎ(𝑥))

]
≥ 0, ∀𝑥 ∈ X, (3)

where 𝐿 𝑓 ℎ(𝑥) ≡ ∇ℎ(𝑥) 𝑓 (𝑥) and 𝐿𝑔ℎ(𝑥) ≡ ∇ℎ(𝑥)𝑔(𝑥) denote the Lie derivatives of ℎ(𝑥) along the vector
fields 𝑓 and 𝑔, respectively.

Definition 3 (High-order CBF [13]): For an 𝑚-th order continuously differentiable function ℎ :
X → R, a sequence of functions 𝜓𝑖 : X → R, 𝑖 ∈ {1, . . . , 𝑚} is defined in the form

𝜓𝑖 (𝑥) = ¤𝜓𝑖−1(𝑥) + 𝛼𝑖 (𝜓𝑖−1(𝑥)) , 𝑖 ∈ {1, . . . , 𝑚} (4)

where 𝛼𝑖 (·) denotes extended class K function of their argument and 𝜓0(𝑥) = ℎ(𝑥). Then, a sequence of
safety set C𝑖 associated with (4) is defined as

C𝑖 = {𝑥 ∈ X : 𝜓𝑖 (𝑥) ≥ 0} , 𝑖 ∈ {1, . . . , 𝑚}. (5)

A function ℎ : X → R is a high-order control barrier function (HOCBF) of relative degree 𝑚 for a control
affine system if there exist differentiable extended class K functions 𝛼𝑖, 𝑖 ∈ {1, . . . , 𝑚} subject to

sup
𝑢∈U

[
𝐿𝑚
𝑓 ℎ(𝑥) + 𝐿𝑔𝐿

𝑚−1
𝑓 ℎ(𝑥)𝑢 + 𝛼𝑚 (𝜓𝑚−1(𝑥))

]
≥ 0, ∀𝑥 ∈ C1∩, . . . ,∩C𝑚 . (6)

3 Relative Motion Dynamics

Fig. 1 Definitions of the Earth-Centered Inertial (ECI) frame (F𝑖), the target body-fixed frame (F𝑡 ), and
the chaser body-fixed frame (F𝑐).

The skew-symmetric matrix operator 𝑆(·) : R3 → R3×3 maps a three-dimensional vector 𝑥 =

[𝑥1, 𝑥2, 𝑥3]⊤ ∈ R3 into a cross-product matrix defined as:

𝑆(𝑥) =


0 −𝑥3 𝑥2

𝑥3 0 −𝑥1

−𝑥2 𝑥1 0

 . (7)
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For any two vectors 𝑥, 𝑦 ∈ R3, the operator 𝑆(·) satisfies the standard cross-product relationship 𝑆(𝑥)𝑦 =

𝑥 × 𝑦 = −𝑆(𝑦)𝑥.

To accurately describe the orbital and relative motions of the spacecraft, this study utilizes three
reference frames as shown in Fig. 1. The first is the Earth-Centered Inertial (ECI) frame F𝑖, whose
origin is located at the center of mass of the Earth. Within this frame, the unit vector 𝑖𝑖 points toward
the direction of the vernal equinox, 𝑘̂𝑖 points toward the North Pole, and 𝑗𝑖 completes the right-handed
orthogonal triad. In addition to the inertial frame, two local coordinate systems are employed: the chaser
body-fixed frame F𝑐 ≜ {𝑂𝑐, 𝑖𝑐, 𝑗𝑐, 𝑘̂𝑐} and the target body-fixed frame F𝑡 ≜ {𝑂𝑡 , 𝑖𝑡 , 𝑗𝑡 , 𝑘̂𝑡}. The origins
𝑂𝑐 and 𝑂𝑡 are located at the center of mass of the chaser and target spacecraft, respectively, with their
coordinate axes rigidly fixed to each corresponding body. The relative motion dynamics presented in this
work [16, 17] are fundamentally established and expressed with respect to the chaser body-fixed frame
F𝑐.

3.1 Relative Attitude Kinematics and Dynamics
Before detailing the governing equations for relative attitude, we first define the key angular velocity

vectors. Let 𝜔𝑐
𝑖,𝑐

and 𝜔𝑡
𝑖,𝑡

denote the angular velocities of the chaser frame F𝑐 and the target frame F𝑡

relative to the inertial frame F𝑖, expressed in their respective body-fixed coordinates. The relative attitude
of the chaser with respect to the target is parameterized using the Modified Rodrigues Parameters (MRP),
denoted by 𝜎 = [𝜎𝑥 , 𝜎𝑦, 𝜎𝑧]⊤ ∈ R3. Based on this representation, the rotation matrix 𝑅𝑐

𝑡 ∈ SO(3), which
transforms vectors from the target frame F𝑡 to the chaser frame F𝑐, is formulated as follows:

𝑅𝑐
𝑡 = 𝐼3 −

4(1 − 𝜎⊤𝜎)
(1 + 𝜎⊤𝜎)2 𝑆(𝜎) +

8𝑆(𝜎)2

(1 + 𝜎⊤𝜎)2 . (8)

The kinematic equation governing the MRP is given by:

¤𝜎 =
1
4
[
(1 − 𝜎⊤𝜎)𝐼3 + 2𝑆(𝜎) + 2𝜎𝜎⊤] 𝜔, (9)

where 𝐼3 denotes the 3 × 3 identity matrix, and 𝜔 ∈ R3 represents the relative angular velocity between
the two satellites, expressed in the chaser frame. This relative angular velocity is defined as

𝜔 = 𝜔𝑐
𝑖,𝑐 − 𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡 . (10)

The equation of motion for the relative angular velocity 𝜔 is derived from Euler’s rotational equations.
Let 𝐽𝑐 ∈ R3×3 denote the symmetric positive-definite inertia matrix of the chaser spacecraft, and 𝑀 ∈ R3

represent the control torque applied to the chaser, expressed in its body-fixed frame F𝑐. By algebraically
consolidating the Coriolis and gyroscopic coupling terms, the relative attitude dynamics can be expressed
as a single comprehensive equation [14]:

¤𝜔 = 𝐽−1
𝑐 (𝐶 (𝜔)𝜔 + 𝐷 (𝜔) + 𝑀) , (11)

where:
𝐶 (𝜔) = −𝐽𝑐𝑆(𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡) − 𝑆(𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡)𝐽𝑐 + 𝑆(𝐽𝑐 (𝜔 + 𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡))

𝐷 (𝜔) = −𝑆(𝑅𝑐
𝑡 𝜔

𝑡
𝑖,𝑡)𝐽𝑐𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡 − 𝐽𝑐𝑅

𝑐
𝑡 ¤𝜔𝑡

𝑖,𝑡 .
(12)

3.2 Relative Translational Kinematics and Dynamics
Following the definition of the relative attitude, we now establish the equations governing the relative

translational motion. The relative position vector 𝜌 ∈ R3 of the chaser spacecraft with respect to the
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target, expressed in the chaser body-fixed frame F𝑐, is defined as

𝜌 = 𝑟𝑐 − 𝑅𝑐
𝑡 𝑟𝑡 , (13)

where 𝑟𝑐 ∈ R3 and 𝑟𝑡 ∈ R3 denote the inertial position vectors of the chaser and target spacecraft,
respectively. The relative translational kinematics is governed by the following differential equation:

¤𝜌 = 𝑣 − 𝑆(𝜔𝑐
𝑖,𝑐)𝜌, (14)

where 𝑣 ∈ R3 represents the relative velocity between the two spacecraft, expressed in F𝑐. According to
the fundamental equations of the two-body problem, the relative translational dynamics can be formulated
as

¤𝑣 = −𝑆(𝜔𝑐
𝑖,𝑐)𝑣 −

𝜇

∥𝑟𝑐∥3 𝑟𝑐 − 𝑅𝑐
𝑡 ¤𝑣𝑡 +

𝐹

𝑚𝑐

, (15)

where 𝑚𝑐 is the mass of the chaser spacecraft, and 𝐹 ∈ R3 is the control force applied to the chaser in F𝑐.
In this formulation, the term −𝑆(𝜔𝑖,𝑐)𝑣 accounts for the Coriolis effect. The term −𝜇𝑟𝑐/∥𝑟𝑐∥3 represents
the gravitational acceleration acting on the chaser, where 𝜇 = 3.986004 × 1014 m3/s2 is the standard
gravitational parameter of the Earth. Lastly, ¤𝑣𝑡 denotes the inertial acceleration of the target spacecraft.

4 Cascaded Control Barrier Function
Consider a class of cascaded nonlinear control-affine systems represented by:

¤𝑥1 = 𝑓1(𝑥1) + 𝑔1(𝑥1)𝑥2

¤𝑥2 = 𝑓2(𝑥2) + 𝑔2(𝑥2)𝑥3
...

¤𝑥𝑛 = 𝑓𝑛 (𝑥𝑛) + 𝑔𝑛 (𝑥𝑛)𝑢.

(16)

𝑥𝑖 ∈ R𝑑𝑖 for 𝑖 ∈ {1, . . . , 𝑛} denotes the state vector at the 𝑖-th hierarchical layer, and 𝑢 ∈ R𝑚 is the actual
control input applied to the final dynamic layer. In this strict-feedback form, the state of the subsequent
layer 𝑥𝑖+1 acts as the virtual control input for the preceding layer 𝑥𝑖.

To enforce safety across the entire system, the CCBF applies a sequential safety filter at each
individual cascade layer. Let 𝑟nom

𝑖
denote the nominal virtual control command generated by a baseline

controller. At the first layer, the primary safety requirement is encoded by a continuously differentiable
barrier function 𝜓1(𝑥1) ≥ 0. The safe virtual control input 𝑟∗2, which dictates the desired safe behavior
for 𝑥2, is obtained by solving a layer specific QP:

𝑟∗2 = argmin
𝑟2∈R2

1
2
∥𝑟2 − 𝑟nom

2 ∥2

s.t. 𝐿 𝑓1𝜓1(𝑥1) + 𝐿𝑔1𝜓1(𝑥1)𝑟2 + 𝛼1(𝜓1(𝑥1)) ≥ 0.
(17)

As the cascade descends, the safe virtual input 𝑟∗
𝑖+1 generated by the upper layer must be tracked by

the current layer’s state 𝑥𝑖, while simultaneously satisfying the system’s safety bounds. Analogous to the
principle of HOCBF [13], the CCBF for the 𝑖-th layer is recursively defined. Let 𝑥𝑖 = [𝑥⊤1 , . . . , 𝑥

⊤
𝑖
]⊤

denote the augmented state up to layer 𝑖, and 𝜓1(𝑥1) = ℎ(𝑥1). The sequence of barrier functions is
formulated as:

𝜓𝑖+1(𝑥𝑖+1) =
𝜕𝜓𝑖

𝜕𝑥𝑖
¤̄𝑥𝑖 + 𝛼𝑖 (𝜓𝑖 (𝑥𝑖)), 𝑖 ∈ {1, . . . , 𝑛}. (18)
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By sequentially differentiating the barrier function 𝜓𝑖 (𝑥𝑖), the generic safety constraint for the 𝑖-th
intermediate layer is yielded. The corresponding virtual control input 𝑟∗

𝑖+1 is solved via:

𝑟∗𝑖+1 = argmin
𝑟𝑖+1∈R𝑖+1

1
2
∥𝑟𝑖+1 − 𝑟nom

𝑖+1 ∥2

s.t.
𝜕𝜓𝑖

𝜕𝑥𝑖
𝑔𝑖 (𝑥𝑖)𝑟𝑖+1 + Γ𝑖 (𝑥𝑖) + 𝛼𝑖 (𝜓𝑖 (𝑥𝑖)) ≥ 0,

(19)

where Γ𝑖 (𝑥𝑖) encapsulates all remaining state-dependent derivative terms independent of 𝑟𝑖+1. This
sequential filtering cascade continues down to the 𝑛-th layer, where the actual control input 𝑢 is finally
optimized to ensure the forward invariance of the interconnected system.

Remark 1 (Safety Consistency in Cascaded Architectures): Standard HOCBF formulations enforce
high-order derivative constraints within a single monolithic QP at the final dynamic control level. This
reactive structure often restricts the feasible control space and induces boundary-riding behaviors when the
nominal control objective conflicts with the safety boundary. In contrast, the proposed CCBF establishes
safety consistency by integrating with the backstepping architecture. By employing a cascaded multi-QP
framework, the CCBF sequentially ensures the safety of the virtual control references at each intermediate
layer before determining the final dynamic input. This layer-by-layer enforcement structurally decouples
the safety conditions, directly facilitating the tuning tractability addressed in the subsequent remark.

Remark 2 (Tuning Tractability and Constraint Decomposition): The proposed layer-by-layer decom-
position provides significant practical advantages in control design. In standard monolithic HOCBFs,
when the QP solver encounters an infeasible state, identifying which specific extended classK function 𝛼𝑖
requires adjustment is practically intractable due to the coupled nature of the high-order derivatives. The
CCBF isolates the optimization process at each step. Although this approach maintains the mathematical
order of the partial derivatives, the stepwise isolation provides clear traceability. If a specific cascaded
layer approaches infeasibility, the corresponding 𝛼 parameter can be adjusted independently, facilitating
a less conservative and more tunable control design.

4.1 Controller and Safety Filter for Spacecraft Rendezvous
In this study, a backstepping-based Control Lyapunov Function evaluated via Quadratic Programming

(CLF-QP) is employed as the nominal controller for the spacecraft rendezvous maneuver. For the
translational motion, the primary objective is to converge to a desired relative position 𝜌𝑟 = [1, 0, 0]⊤
expressed in the target frame F𝑡 . Accordingly, the Lyapunov function for the first kinematic layer is
defined as:

𝑉 𝑡
1(𝑥) =

1
2
(𝜌𝑡 − 𝜌𝑟)⊤ (𝜌𝑡 − 𝜌𝑟) , (20)

where 𝜌𝑡 = 𝑅𝑡
𝑐𝜌. To track the virtual velocity control input 𝑣𝑟 generated by the first layer, the Lyapunov

function for the second dynamic layer is constructed as:

𝑉 𝑡
2(𝑥) = 𝑉 𝑡

1(𝑥) +
1
2
(𝑣 − 𝑣𝑟)⊤ (𝑣 − 𝑣𝑟) . (21)

Similarly, to control the attitude of the chaser spacecraft, the Lyapunov functions for the first kinematic
layer and the final dynamic layer are defined using the MRP vector 𝜎 and angular velocity 𝜔:

𝑉𝑎
1 (𝑥) =

1
2
𝜎⊤𝜎,

𝑉𝑎
2 (𝑥) = 𝑉𝑎

1 (𝑥) +
1
2
(𝜔 − 𝜔𝑟)⊤ (𝜔 − 𝜔𝑟) .

(22)
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Based on these sequential Lyapunov functions, the nominal control inputs are synthesized by solving
the following CLF-QP optimization problem at each respective layer:

min
𝑢,𝛿

1
2
𝑢⊤𝐻𝑢 + 𝑝𝛿2

s.t. 𝐿 𝑓𝑉 (𝑥) + 𝐿𝑔𝑉 (𝑥)𝑢 + 𝛾(𝑉 (𝑥)) ≤ 𝛿,

𝑢lb ≤ 𝑢 ≤ 𝑢ub.

(23)

Here, the decay rates for the CLF constraints at each backstepping layer are set to 𝛾𝜌 = 0.8, 𝛾𝑣 = 0.08,
𝛾𝜎 = 3, and 𝛾𝜔 = 0.1. The parameter 𝑝 is a large penalty weight for the slack variable 𝛿 to ensure the
strict feasibility of the QP, and 𝐻 is a positive definite weight matrix. Within this cascaded architecture,
the generalized control variable 𝑢 denotes the virtual reference commands (𝑣𝑟 and 𝜔𝑟) when evaluated at
the kinematic layers, and the actual physical control efforts (force 𝐹 and moment 𝑀) at the subsequent
dynamic layers.

While the attitude tracking is entirely governed by the unconstrained CLF-QP formulation, the
translational motion must adhere to complex spatial boundaries during the proximity operation. To
enforce this, a semi-cubical parabola-based path constraint is adopted from [14]. The line-of-sight
relative position expressed in the target body frame is denoted as 𝜌𝑡 = (𝑅𝑐

𝑡 )⊤𝜌 = 𝑅𝑡
𝑐𝜌 ≡ [𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡]⊤.

Based on this coordinate system, the geometric barrier function ℎ(𝑥), which is visually represented in
Fig. 2, restricts the chaser’s trajectory as follows:

ℎ(𝑥) = 𝛼ℎ (𝑥𝑡 − 𝛿ℎ)3 − 𝑦2
𝑡 − 𝑧2

𝑡 . (24)

Fig. 2 Three-dimensional visualization of the semi cubical cone path constraint corridor defined by pa-
rameters 𝛼ℎ and 𝛿ℎ.

To guarantee safety within the proposed cascaded architecture, this geometric boundary is mapped
to the CCBF formulation defined in Eq. (19). For the first kinematic layer, the foundational barrier state
is defined as 𝜓1(𝑥) = ℎ(𝑥). To ensure safety while adhering to the principle of minimal intervention,
the virtual velocity reference 𝑣∗𝑟 is obtained by filtering the nominal command 𝑣nom

𝑟 (derived from the
translational CLF-QP) through the following CBF-QP formulation:

𝑣∗𝑟 = argmin
𝑣𝑟∈V

1
2
∥𝑣𝑟 − 𝑣nom

𝑟 ∥2

s.t. 𝐿 𝑓𝜓1(𝑥) + 𝐿𝑔𝜓1(𝑥)𝑣𝑟 + 𝛼1(𝜓1(𝑥)) ≥ 0.
(25)
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For the second dynamic layer where the actual control force 𝐹 is synthesized, the extended barrier
function is defined as 𝜓2(𝑥) = ¤𝜓1(𝑥) + 𝛼1(𝜓1(𝑥)). The corresponding safety filter calculates the safe
control input 𝐹∗ by minimally modifying the nominal force 𝐹nom via the secondary CBF-QP:

𝐹∗ = argmin
𝐹∈F

1
2
∥𝐹 − 𝐹nom∥2

s.t. 𝐿 𝑓𝜓2(𝑥) + 𝐿𝑔𝜓2(𝑥)𝐹 + 𝛼2(𝜓2(𝑥)) ≥ 0
𝐹lb ≤ 𝐹 ≤ 𝐹ub.

(26)

The complete closed-loop control architecture for the translational motion is illustrated in Fig. 3. The
overall system operates within a feedback loop where the controller is structurally decomposed into
a two-stage cascaded framework before being applied to the spacecraft plant. Specifically, the first
stage addresses the kinematic level. A CLF-QP computes the nominal virtual velocity 𝑣nom

𝑟 , which is
immediately processed by a CBF-QP safety filter to generate a safe virtual reference 𝑣∗𝑟 . Subsequently, the
second stage addresses the dynamic level. By tracking this safe virtual reference 𝑣∗𝑟 , a subsequent CLF-QP
computes the nominal control force 𝐹nom, followed by a final CBF-QP safety filter that synthesizes the
safe physical control input 𝐹∗ to be applied to the system. The mathematical expansion of the barrier

Fig. 3 Block diagram of the proposed cascaded control architecture for translational motion.

functions are detailed in the Appendix.

5 Numerical Simulation
To verify the proposed CCBF framework and compare it with the standard HOCBF, numerical

simulations were performed using MATLAB R2025a. The physical properties of the chaser satellite are
modeled with a mass of 𝑚𝑐 = 38.2 kg. To reflect hardware limitations, the control inputs are subject to
saturation constraints. The control force and torque are bounded by ±20 N and ±5 N·m along each axis,
respectively. The inertia matrix of the chaser satellite, denoted as 𝐽𝑐 (kg · m2), is given by:

𝐽𝑐 =


124.4 22.5 −21.5
22.5 163.6 −7.0
−21.5 −7.0 128.3

 . (27)

The barrier function employed in these simulations is the semi-cubical cone proposed in [14], which
is defined using the relative position vector expressed in the target frame, 𝜌𝑡 = 𝑅𝑡

𝑐𝜌. This spatial constraint
is mathematically formulated in Eq. (32) and visually illustrated in Fig. 2. The parameter 𝛼ℎ determines
the width of the cone; a larger value of 𝛼ℎ results in a wider allowable approach corridor. The parameter
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𝛿ℎ defines the offset distance from the origin of the target frame F𝑡 , indicating the exact position where
the rendezvous docking is completed. For the present simulation scenarios, the cone width parameter
is set to 𝛼ℎ = 0.1, and the offset is chosen as 𝛿ℎ = 1. The apex of the semi-cubical cone is located
at a distance of 1 m along the 𝑖𝑡-axis of the target frame. The formulation utilized for the safety filters,
which applies to both the CCBF and the baseline HOCBF used for comparative analysis, is detailed in the
Appendix from Eq. (33-42). For the CBFs associated with the translational kinematics in Eq. (14) and
the relative dynamics in Eq. (15), the extended class K functions are chosen as linear functions. Their
corresponding coefficients are set to 𝛼𝜌 = 0.8 and 𝛼𝑣 = 0.1, respectively.

To evaluate the performance of the proposed control frameworks, the numerical simulations are
initialized with specific orbital and relative state parameters. The target satellite is assumed to be
operating in an elliptical orbit, defined by a semi-major axis of 𝑎 = 7, 702, 455 m, an eccentricity of
𝑒 = 0.12, and an orbital inclination of 𝑖 = 30◦. The remaining classical orbital elements, including the
right ascension of the ascending node (Ω), the argument of perigee (𝜔), and the initial true anomaly ( 𝑓0),
are all set to 0◦. It is assumed that the target satellite maintains a fixed attitude with respect to the ECI
frame F𝑖, meaning that both its angular velocity𝜔𝑡

𝑖,𝑡
and angular acceleration ¤𝜔𝑡

𝑖,𝑡
are zero. For the relative

dynamics, the chaser satellite is initially placed at a relative position of 𝜌0 = [47.2,−16.6, 38.4]⊤ m with
an initial relative velocity of 𝑣0 = [−0.2,−0.3,−0.1]⊤ m/s with respect to the target frame. Furthermore,
the initial rotational kinematics and dynamics are defined by the MRP 𝜎0 = [−0.1, 0.12, 0.1]⊤ and the
relative angular velocity 𝜔0 = [0.05,−0.03, 0.07]⊤ rad/s, respectively.

5.1 Scenario 1: Performance Comparison of the Proposed CCBF Framework
This scenario evaluates the cascaded system defined in Eq. (16) under three distinct control strategies

during a rendezvous and docking maneuver: the nominal CLF-QP controller, the standard HOCBF, and
the proposed CCBF framework. Both the HOCBF and the proposed CCBF utilize the identical barrier
candidate given in Eq. (32). Figure 4 illustrates the resulting three-dimensional spatial trajectories of
the chaser satellite, which are represented with respect to the target reference frame, denoted as F𝑡 . As
illustrated by the nominal CLF-QP responses in Fig. 4 and Fig. 6a, the controller exhibits a significant
overshoot in the relative position during the approach phase. Such transient behavior implies that the
chaser satellite is exposed to a collision risk with the target satellite during close-proximity operations.
These results emphasize the necessity of executing rendezvous and docking maneuvers while adhering
to predefined path constraints to guarantee system safety [14].

Fig. 4 Three-dimensional relative trajectories of the chaser satellite under the nominal CLF-QP, HOCBF,
and the proposed CCBF frameworks.
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(a) Lyapunov function (𝑉) (b) Control barrier function (ℎ)

Fig. 5 Responses of the stability and safety certification functions. (a) Lyapunov function values demon-
strating convergence and (b) control barrier function values ensuring safety.

(a) Relative position (𝜌) (b) Relative velocity (𝑣)

Fig. 6 Responses of the translational relative motion for the chaser satellite. (a) Relative position and (b)
relative velocity profiles under the nominal CLF-QP, HOCBF, and the proposed CCBF.

The integration of barrier functions successfully mitigates this collision risk. As demonstrated in
Fig. 5b, both the HOCBF and the proposed CCBF maintain the required safety margins (ℎ(𝑥) ≥ 0)
throughout the entire maneuver, safely confining the chaser satellite within the designated safe corridor.

Although both barrier-based frameworks guarantee safety, their convergence behaviors differ due to
the geometric stringency of the path constraints. The semi-cubical cone employed in this rendezvous and
docking scenario imposes a non-linear spatial envelope, where the allowable lateral deviations in the 𝑦𝑡
and 𝑧𝑡 directions become progressively restricted as the chaser approaches the destination target.
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(a) Control force (𝐹) (b) Control moment (𝑀)

Fig. 7 Responses of the control inputs for the chaser satellite. (a) Control force and (b) control moment
profiles under the HOCBF and the proposed CCBF.

The standard HOCBF operates as a CBF-QP based safety filter at the control input level 𝑢. Because
it is formulated based on the principle of minimal intervention, when the nominal controller pushes the
system toward the safety limit, the resulting state trajectory tends to slide along the safety boundary.

In contrast, the proposed CCBF framework ensures the safety of the virtual control reference, thereby
establishing safety consistency throughout the cascaded dynamics. By addressing safety at the kinematic
level, the CCBF prevents the boundary-riding response. In the context of this rendezvous and docking
scenario, the geometric nature of the semi-cubical cone dictates that the safe gradient at the kinematic level
progressively aligns with the target direction as the chaser approaches the destination. Because the CCBF
framework ensures safety at this stage, the resulting virtual control reference yields a trajectory vector
oriented directly toward the target state. This alignment illustrates the practical advantage of maintaining
safety consistency. As depicted in the Lyapunov function responses in Fig. 5a and the translational
kinematics in Fig. 6, this structural safety enables the CCBF to achieve a more direct convergence to the
target relative position and velocity. Consequently, it leads to a steady reduction of the tracking errors
without oscillations.

Regarding the control inputs shown in Fig. 7, the control moments 𝑀 generated by the HOCBF and
the CCBF are identical, which is theoretically consistent as the barrier constraints affect the translational
kinematics. However, a quantitative analysis of the control force 𝐹 reveals a clear practical trade-off
between the control effort and the resulting maneuver efficiency. Evaluating the total control effort using
the 𝐿2 norm (

∫ 𝑇

0 ∥𝐹∥2
2𝑑𝑡) yields 8176.71 N2 ·s for the HOCBF and 9016.69 N2 ·s for the proposed CCBF.

By proactively utilizing this additional control effort to align the trajectory away from the boundary early
on, the CCBF framework streamlines the maneuver and yields a total path length of 104.84 m for the
standard HOCBF down to 80.59 m. This 23.13% reduction in spatial travel distance demonstrates that
the kinematic-level safety enforcement effectively eliminates boundary-riding and unnecessary detours,
making the slight increase in control effort a highly worthwhile trade-off for a safer and more direct
rendezvous.
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5.2 Scenario 2: Monte-Carlo Simulation
To verify the safety consistency and control efficiency of the proposed CCBF framework against

the standard HOCBF, 100 independent runs of Monte-Carlo simulation were conducted. The tuning
parameters, including the decay rates 𝛾 for the CLF-QP and the extended class K functions 𝛼(·) within
the safety filters, were maintained identical to those established in Scenario 1.

A set of 100 distinct initial conditions was randomly generated subject to specific bounds. The initial
relative attitude, parameterized by the MRP 𝜎, was uniformly sampled within the interval of -0.0873 to
0.0873 for each axis. Similarly, the initial relative angular velocity 𝜔 was uniformly distributed between
-3◦/𝑠 and 3◦/𝑠 per axis. The initial relative distance between the chaser and the target satellite was
fixed at 50 m. The specific initial position vectors were randomly generated to satisfy the predefined
semi-cubical cone safety constraint ℎ(𝑥) ≥ 0, from Eq. (24). Finally, the initial relative velocity was
uniformly sampled from -0.1 m/s to 0.1 m/s along each axis defined in the chaser body-fixed frame F𝑐.

(a) Relative position (𝜌) (b) Relative position (𝜌) (Zoomed)

Fig. 8 Statistical responses of the relative position trajectories from Monte-Carlo simulation. The solid
lines denote the mean trajectories, and the envelopes represent the 3-std bounds.

In Fig. 8, the statistical responses of the relative position trajectories are evaluated across Monte-Carlo
simulations. The right subfigure provides a zoomed-in view to clearly present the transient behaviors
during the approach phase. In these plots, the solid lines indicate the mean trajectory computed from
the simulation data, while the semi-transparent envelopes surrounding the mean values illustrate the
3-std (standard deviation) confidence bounds. From the envelopes presented in Fig. 8b, it is evident that
the lateral relative positions, 𝜌𝑦 and 𝜌𝑧, converge faster under the CCBF framework compared to the
HOCBF. In terms of safety consistency, this result implies that the boundary-riding behavior induced
by the standard HOCBF delays the rendezvous convergence. Furthermore, the mean trajectory of the
longitudinal position 𝜌𝑥 demonstrates a marginally faster convergence rate under the proposed CCBF.

Fig. 9 presents the responses of the Lyapunov and barrier functions evaluated across the 100 Monte-
Carlo simulation runs. Unlike the confidence bounds shown in Fig. 8, the semi-transparent envelopes in
these subfigures indicate the minimum and maximum values derived from all simulation data, while the
solid lines represent the mean responses. As depicted in Fig. 9a, both the HOCBF and the proposed CCBF
frameworks successfully ensure asymptotic stability, as the Lyapunov functions 𝑉𝜌 and 𝑉𝑣 converge to
zero regardless of the randomized initial conditions. The mean trajectory of 𝑉𝑣 reveals that the CCBF
achieves faster convergence compared to the HOCBF. For 𝑉𝜌, although the mean trajectories of both
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(a) Lyapunov functions (𝑉𝜌, 𝑉𝑣) (b) Barrier function (ℎ(x))

Fig. 9 Lyapunov and barrier functions responses from the Monte-Carlo simulation. The solid lines de-
note the mean trajectories, while the envelopes represent the minimum and maximum bounds across all
simulations.

frameworks are nearly identical, the envelope of the CCBF is bounded within that of the HOCBF. This
indicates that the proposed CCBF yields a more consistent and robust response against variations in initial
conditions. Fig. 9b demonstrates the rigorous enforcement of the safety constraints. The lower bounds
of the barrier function envelopes for both controllers never violate the safety, ℎ(x) ≥ 0, throughout the
entire maneuver, numerically proving the forward invariance of the safe set.

Fig. 10 Statistical distributions of the total traveled path length and control effort. The box plots illus-
trate the median, interquartile range, and variance for each framework.

To quantitatively assess the maneuver efficiency and robustness, Fig. 10 illustrates the statistical
distributions of the total traveled path length and the required control effort. Regarding the spatial
trajectory, the proposed CCBF achieves a lower median path length of 85.29 m compared to 93.92 m for
the standard HOCBF. An analysis of the upper whiskers reveals that the HOCBF extends up to 151.5 m in
adverse scenarios, whereas the CCBF effectively suppresses the worst-case trajectory expansion to 139.6
m. This demonstrates that the kinematic-level safety enforcement prevents the detours. Conversely, the
evaluation of the control effort presents a slight increase in the median value for the CCBF 5557 N2 ·s
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compared to the HOCBF 5457 N2 ·s. However, observing the dispersion of the data demonstrates the
structural advantage of the proposed framework. The CCBF yields a tighter interquartile range (4576 to
7114 N2 ·s) and narrower whisker bounds (3082 to 10899 N2 ·s) than those of the HOCBF, (4451 to 7217
N2 ·s, and 2942 to 11112 N2 ·s, respectively).

6 Conclusion
In this paper, a Cascaded Control Barrier Function (CCBF) framework was proposed to ensure the

safety of spacecraft rendezvous and docking maneuvers under spatial path constraints. By integrating
barrier conditions within a cascaded backstepping architecture, the proposed framework establishes
safety consistency starting from the kinematic level. As demonstrated in the simulation, this proposed
CCBF framework prevents the reactive boundary-riding behaviors typically observed in standard High-
Order CBFs. Consequently, this structurally embedded safety consistency naturally aligns the system
trajectory with the highly restrictive semi-cubical cone path constraints, while the layer-by-layer constraint
decomposition provides clear traceability and significant practical benefits in parameter tuning.

Appendix
This appendix provides the mathematical derivations required to implement the proposed cascaded

control barrier function framework in simulation. To successfully apply this cascaded safety architecture,
the barrier function constraints must be explicitly formulated with respect to the virtual control input 𝑣
(relative velocity represented in F𝑐) at the kinematic level, and synthesized with respect to the actual con-
trol force 𝐹 at the dynamic level. Before presenting the detailed expansion of these dynamic constraints,
this section introduces essential mathematical lemmas and establishes the rotational kinematic relations
that serve as the prerequisite basis for the subsequent proofs.

Lemma 1. For any vectors 𝑎, 𝑏 ∈ R3, the double cross-product yields the following skew-symmetric
matrix identity:

𝑆(𝑎 × 𝑏) = 𝑆(𝑆(𝑎)𝑏) = 𝑆(𝑎)𝑆(𝑏) − 𝑆(𝑏)𝑆(𝑎). (28)

Lemma 2. For a rotation matrix R ∈ SO(3) and any vectors 𝑎, 𝑏 ∈ R3, the cross-product is preserved
under rotation:

R(𝑆(𝑎)𝑏) = 𝑆(R𝑎)R𝑏 =⇒ R𝑆(𝑎) = 𝑆(R𝑎)R . (29)

Lemma 3. 𝑅𝑐
𝑡 ∈ SO(3) denotes the rotation matrix from the target body frame to the chaser body frame.

The time derivative of this rotation matrix is given by:

𝑑

𝑑𝑡
𝑅𝑐
𝑡 = −𝑆(𝜔)𝑅𝑐

𝑡 , (30)

where𝜔 is the relative angular velocity. To analyze the relative position vector expressed in the target body
frame, denoted as 𝜌𝑡 = (𝑅𝑐

𝑡 )⊤𝜌 = 𝑅𝑡
𝑐𝜌 ≡ [𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡]⊤, it is necessary to derive the time derivative of the

transposed rotation matrix 𝑅𝑡
𝑐. Utilizing the property of skew-symmetric matrices where 𝑆(𝜔)⊤ = −𝑆(𝜔),

the time derivative is derived as follows:

𝑑

𝑑𝑡
𝑅𝑡
𝑐 =

𝑑

𝑑𝑡
(𝑅𝑐

𝑡 )⊤

=
(
−𝑆(𝜔)𝑅𝑐

𝑡

)⊤
= 𝑅𝑡

𝑐𝑆(𝜔).

(31)
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Control Barrier Function Formulation
To ensure the safety of the spacecraft during proximity operations, spatial constraints must be

enforced. A differentiable constraint is formulated using a CBF, where a semi-cubical parabola-based
curve is selected [14] to restrict the chaser’s approach trajectory. The barrier function ℎ(𝑥) is defined
with respect to the target frame coordinates:

ℎ(𝑥) = 𝛼ℎ (𝑥𝑡 − 𝛿ℎ)3 − 𝑦2
𝑡 − 𝑧2

𝑡 , (32)

where 𝛼ℎ > 0 dictates the strictness of the spatial boundary, and 𝛿ℎ represents the desired safe standoff
distance along the 𝑖𝑡-axis. To enforce the forward invariance of the safe set, the time derivative of the
barrier function is evaluated using the chain rule:

¤ℎ(𝑥) =
(
𝜕ℎ(𝑥)
𝜕𝜌𝑡

)⊤
¤𝜌𝑡 . (33)

The partial derivative of the barrier function with respect to 𝜌𝑡 is computed as:

𝜕ℎ(𝑥)
𝜕𝜌𝑡

=

[
3𝛼ℎ (𝑥𝑡 − 𝛿ℎ)2 −2𝑦𝑡 −2𝑧𝑡

]⊤
. (34)

Subsequently, the time derivative of the relative position vector in the target frame, ¤𝜌𝑡 , is evaluated. By
substituting (30) alongside the relative translational kinematics Eq. (13), the expression expands to:

¤𝜌𝑡 = ¤𝑅𝑡
𝑐𝜌 + 𝑅𝑡

𝑐 ¤𝜌

= 𝑅𝑡
𝑐

(
𝑣 +

(
𝑆(𝜔) − 𝑆(𝜔𝑐

𝑖,𝑐)
)
𝜌

)
.

(35)

Leveraging the linearity of the skew-symmetric operator and the fundamental relative motion kinematics
(10), it can be shown that 𝑆(𝜔) − 𝑆(𝜔𝑐

𝑖,𝑐
) = −𝑆(𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡
). Substituting this property back into (35) yields:

¤𝜌𝑡 = 𝑅𝑡
𝑐

(
𝑣 − 𝑆(𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡)𝜌

)
. (36)

Enforcing safety solely at the kinematic level does not guarantee the forward invariance of the actual
dynamic system. To impose constraints directly on the control force 𝐹, a HOCBF expansion [13] is
required for this relative degree two system. The sequence of barrier functions is formulated as:

ℎ2(𝑥) = ¤ℎ(𝑥) + 𝛼1 (ℎ(𝑥)) ≥ 0,
¤ℎ2(𝑥) = ¥ℎ(𝑥) + 𝛼1 ¤ℎ(𝑥) + 𝛼2

( ¤ℎ(𝑥) + 𝛼1ℎ(𝑥)
)
≥ 0.

(37)

To evaluate ¥ℎ(𝑥), the second-order expansion is derived as:

¥ℎ(𝑥) = ¤𝜌⊤𝑡
𝜕2ℎ(𝑥)
𝜕𝜌2

𝑡

¤𝜌𝑡 +
(
𝜕ℎ(𝑥)
𝜕𝜌𝑡

)⊤
¥𝜌𝑡 , (38)

where the Hessian matrix 𝜕2ℎ(𝑥)
𝜕𝜌2

𝑡

is defined as:

𝜕2ℎ(𝑥)
𝜕𝜌2

𝑡

= diag (6𝛼ℎ (𝑥𝑡 − 𝛿ℎ),−2,−2) , (39)

where diag(·) denotes a square diagonal matrix with the specified elements aligned on its main diagonal.

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Except where otherwise noted, content of this paper is licensed under
a Creative Commons Attribution 4.0 International License.

The reproduction and distribution with attribution of the entire paper or of individual
pages, in electronic or printed form, including any material under non-CC-BY 4.0
licenses is hereby granted by the authors and respective copyright owners.

044 - 16

To expand ¥𝜌𝑡 and isolate the control force 𝐹, we first introduce two essential lemmas regarding
skew-symmetric matrices. By differentiating Eq. (36) and substituting the relative translational dynamics
Eq. (15), we obtain:

¥𝜌𝑡 =
𝑑

𝑑𝑡

(
𝑅𝑡
𝑐

(
𝑣 − 𝑆(𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡)𝜌

))
= 𝑅𝑡

𝑐𝑆(𝜔)𝑣 − 𝑅𝑡
𝑐𝑆(𝜔)𝑆(𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡)𝜌 − 𝑅𝑡

𝑐𝑆(𝜔𝑐
𝑖,𝑐)𝑣 − 𝑅𝑡

𝑐𝑆(−𝑆(𝜔)𝑅𝑐
𝑡 𝜔

𝑡
𝑖,𝑡)𝜌 − 𝑅𝑡

𝑐𝑆(𝑅𝑐
𝑡 ¤𝜔𝑡

𝑖,𝑡)𝜌 · · ·

− 𝑅𝑡
𝑐𝑆(𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡) ¤𝜌 + 𝑅𝑡

𝑐

(
− 𝜇

∥𝑟𝑐∥3 𝑟𝑐 − 𝑅𝑐
𝑡 ¤𝑣𝑡 +

𝐹

𝑚𝑐

) (40)

To simplify the expanded expression of Eq. (40), we apply the skew-symmetric identity from Lemma 1
to the nested cross-product term, yielding the following relation:

−𝑅𝑡
𝑐𝑆(−𝑆(𝜔)𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡)𝜌 = −𝑅𝑡

𝑐𝑆(𝑅𝑐
𝑡 𝜔

𝑡
𝑖,𝑡)𝑆(𝜔)𝜌 + 𝑅𝑡

𝑐𝑆(𝜔)𝑆(𝑅𝑐
𝑡 𝜔

𝑡
𝑖,𝑡)𝜌. (41)

Substituting Eq. (40) back into the original expansion results in the exact cancellation:

¥𝜌𝑡 = −𝑅𝑡
𝑐𝑆(𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡) (𝑣 + 𝑆(𝜔)𝜌 + ¤𝜌) − 𝑆( ¤𝜔𝑡

𝑖,𝑡)𝑅𝑡
𝑐𝜌 + 𝑅𝑡

𝑐

(
− 𝜇

∥𝑟𝑐∥3 𝑟𝑐 − 𝑅𝑐
𝑡 ¤𝑣𝑡 +

𝐹

𝑚𝑐

)
. (42)

To finalize the formulation, we aim to simplify the first term of (42). According to Lemma 2 (29),
the outer multiplier −𝑅𝑡

𝑐𝑆(𝑅𝑐
𝑡 𝜔

𝑡
𝑖,𝑡
) can be equivalently expressed as −𝑆(𝜔𝑡

𝑖,𝑡
)𝑅𝑡

𝑐. Concurrently, the inner
component of the first term, (𝑣 + 𝑆(𝜔)𝜌 + ¤𝜌), can be expanded by substituting the relative translational
kinematics from Eq. (14). Recognizing that 𝑆(𝜔) − 𝑆(𝜔𝑐

𝑖,𝑐
) = −𝑆(𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡
), the inner term is algebraically

manipulated to extract the exact form of ¤𝜌𝑡 :

𝑣 + 𝑆(𝜔)𝜌 + ¤𝜌 = 2
(
𝑣 − 𝑆(𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡)𝜌

)
+ 𝑆(𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡)𝜌. (43)

By pre-multiplying this expanded inner term by −𝑆(𝜔𝑡
𝑖,𝑡
)𝑅𝑡

𝑐, the entire first term of (42) reduces to:

−𝑆
(
𝜔𝑡
𝑖,𝑡

)
𝑅𝑡
𝑐

[
2
(
𝑣 − 𝑆(𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡)𝜌

)
+ 𝑆(𝑅𝑐

𝑡 𝜔
𝑡
𝑖,𝑡)𝜌

]
= −2𝑆(𝜔𝑡

𝑖,𝑡) ¤𝜌𝑡 − 𝑆(𝜔𝑡
𝑖,𝑡)2𝜌𝑡 . (44)

Furthermore, the second term of Eq. (42), namely −𝑅𝑡
𝑐𝑆(𝑅𝑐

𝑡 ¤𝜔𝑡
𝑖,𝑡
)𝜌, can be similarly manipulated. By

applying Lemma 2 to rearrange the rotation matrix and utilizing the definition 𝜌𝑡 = 𝑅𝑡
𝑐𝜌, it simplifies

directly to −𝑆( ¤𝜔𝑡
𝑖,𝑡
)𝜌𝑡 . By recursively applying the relative kinematics and Lemma 2 to eliminate

intermediate frame transformations as demonstrated above, the remaining terms consolidate. Following
this extensive algebraic simplification, the second time derivative of the relative position vector with
respect to the target frame reduces to the following compact form:

¥𝜌𝑡 = −2𝑆(𝜔𝑡
𝑖,𝑡) ¤𝜌𝑡 − 𝑆(𝜔𝑡

𝑖,𝑡)2𝜌𝑡 − 𝑆( ¤𝜔𝑡
𝑖,𝑡)𝜌𝑡 + 𝑅𝑡

𝑐

(
− 𝜇

∥𝑟𝑐∥3 𝑟𝑐 − 𝑅𝑐
𝑡 ¤𝑣𝑡 +

𝐹

𝑚𝑐

)
. (45)

Equation (45) explicitly reveals the affine relationship with respect to the actual control input 𝐹, allowing
the dynamic HOCBF constraint to be directly integrated into a QP framework.
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