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ABSTRACT

Future space missions depend on autonomous rendezvous, ranging from human exploration
and large-scale in-orbit assembly to debris removal and satellite servicing. Classical strategies
such as V- and R-Bar hopping have been extensively used due to their safety guarantees, holding
points, and structured phases, yet their implementation has traditionally relied on pre-generated
trajectories that are executed in flight. This approach limits adaptability and does not fully exploit
modern control techniques, particularly when mission-specific constraints such as Keep Out Zones
or spacecraft restrictions must be considered.

This work addresses these limitations by proposing a model predictive control formulation for
the short-range phase of rendezvous that reconstructs classical V-, R-Bar, and generalized glideslope
hopping approaches while recovering them directly in the optimization problem. The proposed
framework incorporates additional mission constraints, including Keep Out Zones enforced via
Control Barrier Functions, alongside the approaches, ensuring they remain valid under different
dynamical models. The results show that the controller is able to autonomously recover the expected
classical hopping behaviors, maintain passive abort safety, and satisfy constraints in both single-run
and Monte Carlo simulations.

Keywords: Model Predictive Control, Autonomous Rendezvous, Guidance Navigation and Control, Constrained
Control
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Nomenclature

𝑁 = Model Predictive Controller (MPC) prediction horizon length
𝑡𝑜𝑟𝑏 = Orbital period of target
𝑤 = Orbital rate
𝜃 = Approach angle
𝛾 = Hop aggressiveness parameter
𝜌 = Displacement fraction
ℎ() = Control Barrier Function (CBF)

1 Introduction
Guidance Navigation and Control (GNC) systems play a critical role in the success of space missions

and continue to evolve as a result of intensive research efforts within both academia and industry [1].
However, the inherently conservative nature of the space sector has led to the persistence of classical
mathematical tools that lag behind the state-of-the-art in control and estimation theory, despite signif-
icant advancements in computational power [2]. This gap between theoretical progress and practical
implementation is further amplified by the emergence of new space applications. The rise of NewSpace
and the democratization of access to space have introduced cost-driven technologies such as cubesats,
reusable launchers, and space ferrying, while established space agencies (ESA, NASA, etc.) are increas-
ingly pursuing technologically demanding missions [3]. One such challenge is autonomous spacecraft
rendezvous, which is becoming ever more relevant with the advent of in-orbit servicing, refueling depots,
and human exploration missions. The Artemis program demonstrates the complexity of rendezvous
operations, requiring precise control to dock the Orion spacecraft with the Lunar Gateway [4]. More
recently, SpaceX’s Starship [5] architecture has introduced a new layer of complexity, requiring multiple
autonomous refuelings in orbit to enable missions to the Moon and Mars. Beyond human spaceflight, au-
tonomous rendezvous plays a key role in active debris removal, satellite servicing, and large-scale in-orbit
assembly [6]. Missions such as Northrop Grumman’s MEV [7] and ESA’s upcoming ClearSpace-1 [8]
demonstrate the importance of precise guidance and control systems for docking with uncooperative
targets [9]. Optimization-based methods are a promising answer to those needs, which can take into
account uncertainties, dynamic constraints, and mission-specific objectives [10].

In rendezvous missions, classical strategies such as V- and R-Bar hopping have been widely adopted
since the Space Shuttle era [11]. These approaches are valued for their safety guarantees, indefinite
holding options, predefined checkpoints, and the ability to divide the approach into well-structured
phases. They allow precise navigation corrections, ensure safe separation at each stage, and facilitate
coordinated operations between ground control, the crew, and the target vehicle [12]. Despite these
advantages, the application of such strategies in the modern context often remains limited to reproducing
trajectories generated offline, which are then tracked by a guidance algorithm [13–15]. While effective
in nominal scenarios, this methodology does not fully exploit the capabilities of modern control. It
results in pre-determined trajectories that cannot adapt to contingencies or optimize performance in real
time. Even when mission-specific constraints such as Keep Out Zones (KOZ) are considered, they
are often incorporated in a restricted manner, without leveraging optimization to address all constraints
simultaneously while accounting for the current spacecraft state.

The objective of this work is to develop a Model Predictive Controller (MPC) for the terminal phase
of rendezvous, up to 10 km, capable of executing these classical approaches in an optimization-based
framework. The proposed formulation recovers these approaches directly from the cost function and
constraints, while also allowing the incorporation of additional mission requirements into the same
structure. Since the formulation is expressed directly in terms of the spacecraft state, it can be used
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with different dynamical models by mapping their states into the chosen state representation used in the
developed approach.

By recovering classical rendezvous strategies directly within a constrained MPC formulation, this
framework also opens the door to extensions that account for realistic actuation effects, such as thruster
deadbands and minimum firing times, without sacrificing convexity or real-time implementability, as
explored in [16].

1.1 Notation
Vectors are represented in bold non-italic lowercase, a ∈ R𝑛, while matrices are represented in bold

non-italic uppercase, A ∈ R𝑛×𝑚. Scalar variables, 𝑎 ∈ R, are written in lowercase. The (𝑖, 𝑗)-th entry
of a matrix A is denoted by 𝐴𝑖 𝑗 , and the 𝑖-th component of a vector a is denoted by 𝑎𝑖. Sets are written
in capital blackboard-bold letters, such as R. The operator ∥ · ∥2 denotes the 2-norm of a vector, ∥ · ∥∞
represents the ∞-norm, and ∥ · ∥1 denotes the 1-norm, and the notation diag(𝑎1, . . . , 𝑎𝑁 ) represents a
diagonal matrix with diagonal entries 𝑎1, . . . , 𝑎𝑁 .

2 Review of Classical V/R-Bar Approaches
Many targets have specific sensors or docking hardware positioned on certain sides, which need

to be taken into account in the final phases of approach, constraining angles/directions in which the
rendezvous approach can be made. Other constraints, like thruster positioning and minimum firing time,
environmental disturbances, lighting conditions necessary for the approach, Field of View requirements,
passive abort safety to handle thruster failures, communication with ground stations, and more, also
need to be taken into account [17, Pages 109–123]. As a result, while far-range rendezvous can often
be planned mainly by trading fuel against time, the final approach phase is driven by these operational
constraints, and trajectories that are suboptimal in fuel or time may still be selected because they better
satisfy safety and mission requirements.

Fig. 1 Final approaches to target, adapted from [18]

The Local Horizontal Local Vertical (LVLH) frame is commonly employed in the final phase of
approach, where the 𝑥 and 𝑧 axes are referred to as the V-Bar and R-Bar, respectively. This can be
observed in Figure 1, which also illustrates typical strategies used in the last stage of the approach. The
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LVLH frame represents a relative reference system between the chaser and the target, being centered on
the latter. In this work it is defined with the 𝑧 axis directed towards the Earth’s center, the 𝑦 axis aligned
with the negative angular momentum vector of the target orbit, and the 𝑥 axis completing the orthogonal
triad, typically pointing in the direction of the target’s motion.

The first approach to be discussed is along the V-Bar direction. After reaching the desired initial
distance, typically around a few kilometers, although this depends on the size of the target, an impulsive
maneuver is executed in the radial direction, pointing to nadir, to initiate a hop. Alternatively, a tangential
transfer maneuver could be performed in the V-Bar direction, aligning with the velocity vector, similar
to a small Hohmann transfer [19, Section 14.7]. While this alternative is more fuel-efficient for a two-
impulse burn, as previously noted, it has a significant drawback. If the second impulse at the end of
the hop cannot be executed, the chaser will not return to its initial position. In contrast, a radial burn,
although consuming more fuel by a factor of 3𝜋

2 [20, Page 55], ensures the chaser’s return to the starting
point in the event of any aborted impulses, leading to the main advantage of this approach, which is the
ability to stay indefinitely in a closed relative orbit which passes through the hold point. This behavior is
illustrated in Figure 1, where the dotted gray trajectory demonstrates the chaser returning to its starting
position after the time it takes to complete a full orbit (𝑡𝑜𝑟𝑏).

Another approach involves maneuvering along the R-Bar direction, with the chaser beginning from
below the target. Here, impulsive maneuvers after each hop include equal Δv components in both the 𝑥

and 𝑧 axes. The primary advantage of this approach is its shorter hop duration of 0.2𝑡𝑜𝑟𝑏, facilitating faster
progress both when the operation proceeds as planned and when recovery is required, however, unlike
V-Bar hopping, the chaser will not stay indefinitely in a relative closed orbit around the hold point [18].
This approach also comes at the cost of increased fuel consumption due to the need to counteract not
only the Coriolis force, which is also present in the V-Bar approach, but also centrifugal forces [14].

To summarize, the V-Bar approach offers advantages in terms of maintaining trajectory stability and
fuel efficiency, while the R-Bar approach excels in achieving faster progress and recovery times [12].
Additionally, as seen in Figure 2, the R-Bar approach allows for a larger safety boundary in passive
abort scenarios. This is due to the greater centrifugal force acting on the chaser compared to the V-Bar
approach.

Fig. 2 Safety boundary example, adapted from [12]

By generalizing the V-Bar and R-Bar approaches, it is possible to derive what is known as the
Glideslope approach. This method is characterized by parameters such as the number of hops, the
duration of each hop, the angle formed with the velocity vector, and the starting and ending distances [21].
This generalization allows the approach to accommodate a wide range of constraints, including those
previously discussed, making it a flexible and robust framework for rendezvous operations.

It is worth noting that in these approaches the distance traveled within each hop typically decreases as
the chaser approaches the target. When the chaser is far away the target position is more uncertain, which
makes smaller steps near the end desirable since they gradually improve the accuracy of the estimate. In
addition to this effect, larger hops amplify the errors associated with prediction, which means that a single
large hop toward the target would carry a higher margin of error and could even lead to a collision. For
these reasons it is preferable to approach the target through successive increments of decreasing length.
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As the chaser approaches within approximately 250 m of the target, the final phase of the approach
begins. In this phase, a straight-line trajectory is followed, necessitating continuous thrusting. Although
this consumes more fuel compared to hopping, the total Δv required is relatively small when compared
to the overall mission, and it allows for a more precise, faster, and safer approach.

3 Problem Statement
To define the problem, consider a target spacecraft on an arbitrary orbit around Earth and subject

to external disturbances. The evolution of the relative spacecraft dynamics is described in discrete time
using the Clohessy-Wiltshire (CW) model [22] in the LVLH frame as:

x(𝑘 + 1) = A𝐶𝑊x(𝑘) + B𝐶𝑊u(𝑘) (1)

where 𝑘 denotes the discrete time step, A𝐶𝑊 ∈ R6×6 characterizes the homogeneous dynamics, and
B𝐶𝑊 ∈ R6×3 represents the control influence. The state vector is defined as x = [𝑝𝑥 , 𝑝𝑦, 𝑝𝑧, 𝑣𝑥 , 𝑣𝑦, 𝑣𝑧]⊺,
where 𝑝 and 𝑣 represent the position (m) and velocity (m/s) in each of the axis respectively, while the
control input is u = [𝑢𝑥 , 𝑢𝑦, 𝑢𝑧]⊺ (m/s2). Since the CW model is a Linear Time Invariant (LTI) system,
the matrices A𝐶𝑊 and B𝐶𝑊 are constant, which significantly simplifies the formulation.

To design the MPC controller capable of executing the required tasks, the control problem can be
formulated as:

min
x𝑖 ,u𝑖

𝐽 = 𝐽𝑁 (x𝑁 , 𝑘 + 𝑁) +
𝑁−1∑︁
𝑖=0

ℓ(x𝑖, u𝑖, 𝑘 + 𝑖)

s.t. x𝑖+1 = Ax(𝑘) + Bu(𝑘),
x0 = x̂𝑘 ,

h(x𝑖, u𝑖, 𝑘 + 𝑖) = 0,
g(x𝑖, u𝑖, 𝑘 + 𝑖) ≤ 0, ∀𝑖 ∈ [0, 𝑁 − 1] (2)

where 𝑖 denotes the iterations of the MPC performed at each time step 𝑘 . The term x̂𝑘 ∈ R𝑛𝑥 represents
the state estimate at step 𝑘 , while ℓ(x𝑖, u𝑖, 𝑘 + 𝑖) : R𝑛𝑥 × R𝑛𝑢 ↦→ R is the running cost. The terminal cost
𝐽𝑁 (x𝑁 , 𝑘 + 𝑁) : R𝑛𝑥 ↦→ R captures the cost associated with the final state at iteration 𝑁 . A(𝑘) ∈ R𝑛𝑥×𝑛𝑥

characterizes the discrete homogeneous dynamics, and B(𝑘) ∈ R𝑛𝑥×𝑛𝑢 represents the discrete control
influence. The equality constraints are represented as h(x𝑖, u𝑖, 𝑘 + 𝑖) = 0 : R𝑛𝑥 × R𝑛𝑢 ↦→ R𝑛ℎ and
inequality constraints as g(x𝑖, u𝑖, 𝑘 + 𝑖) ≤ 0 : R𝑛𝑥 ×R𝑛𝑢 ↦→ R𝑛𝑔 . The parameter 𝑁 represents the horizon
length, x𝑖 denotes the state at iteration 𝑖, and u𝑖 is the corresponding control action.

The range considered in this work usually starts at around 1 to 10 km [23], and the MPC typically
employs sampling times ranging from a few minutes to a few hours, with the exact value depending on
the type of approach under consideration. Approaches that converge more rapidly towards the target
require a finer sampling rate to ensure adequate responsiveness, whereas slower strategies can tolerate
coarser discretization, as will be demonstrated later.

The primary challenge lies in formulating MPC constraints that capture the essential characteristics
of classical rendezvous approaches (such as passive abort safety, decreasing hop distances, and axis-
aligned approaches) while recovering them directly from the optimization problem rather than simply
tracking pre-computed trajectories.
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4 Design of Proposed Approach
This work proposes a Short Range Framework (SRF), designed to take over the final phase of the

rendezvous, typically initiated at distances between 1 and 10 km [13]. The framework aims to execute
classical approaches from the literature, such as V-Bar and R-Bar hopping, by incorporating them directly
into the MPC. This contrasts with common approaches where such approaches are performed by tracking
pre-generated trajectories [13, 14]. Instead, the proposed method enables the MPC to autonomously gen-
erate the optimal trajectory by receiving user-defined parameters, including the minimum and maximum
hop distances, the rate at which subsequent hops decrease, and other mission constraints.

Pos.
Vel.

Spacecraft

Guidance Expert
Jump timing

Runs on time (every    )

Short Range
Framework

Run SR-MPC
Plan N steps ahead

Execute 1st
maneuver

Reached
hold point? N = N-1

NoYes
Stop

Fig. 3 Overview of the Short Range Framework

An overview of the SRF is shown in Figure 3. At its core lies the guidance expert, which in this
work acts as a coordination algorithm, part of which is embedded directly in the MPC. Its role is to
provide information such as the timing of hops and the initial hold point, which must be aligned with
the chosen approach direction. These parameters are passed to the MPC, which then plans a trajectory
over a prediction horizon of 𝑁 steps, ensuring that the complete evolution from the initial condition to
the endpoint is represented. The MPC then computes a sequence of control actions, though only the first
input is applied at each step. The spacecraft is simulated using a nonlinear dynamical model subject to
noise, 𝐽2 perturbation, and realistic thruster limitations that impose maximum and minimum actuation
bounds. An additional requirement of the framework is that the generated hops ensure passive abort
safety. This property guarantees that if an approach is interrupted, the uncontrolled relative dynamics
cause the chaser to drift away from the target rather than approach it unintentionally. Ideally, after a
failed hop the chaser returns to its initial position, allowing a new attempt to be carried out without risk
of collision.

The developments that follow build upon the closed-form solution of the CW model, presented
in [24, Chapter 7.4] and shown in Equation (3), which forms the foundation for the design of the proposed
approaches: 

𝑝𝑥𝑡 = 𝑝𝑥0 + 6 (𝑤𝑡 − sin(𝑤𝑡)) 𝑝𝑧0 +
(
4 sin(𝑤𝑡) − 3𝑤𝑡

𝑤

)
𝑣𝑥0 + 2

1 − cos(𝑤𝑡)
𝑤

𝑣𝑧0

𝑝𝑧𝑡 = (4 − 3 cos(𝑤𝑡)) 𝑝𝑧0 + 2
cos(𝑤𝑡) − 1

𝑤
𝑣𝑥0 +

sin(𝑤𝑡)
𝑤

𝑣𝑧0

𝑣𝑥𝑡 = 6𝑤 (1 − cos(𝑤𝑡)) 𝑝𝑧0 + (4 cos(𝑤𝑡) − 3) 𝑣𝑥0 + 2 sin(𝑤𝑡)𝑣𝑧0

𝑣𝑧𝑡 = 3𝑤 sin(𝑤𝑡)𝑝𝑧0 − 2 sin(𝑤𝑡)𝑣𝑥0 + cos(𝑤𝑡)𝑣𝑧0

(3)

where 𝑤 =

√︃
𝜇

𝑎3 represent s the orbital rate, 𝜇 is the standard gravitational parameter, and 𝑎 is the radius
of the target body’s circular orbit.
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In the following discussions 𝑡 denotes the time at which the chaser crosses the reference axis after
completing a hop, and 2𝑡 denotes the time at which the chaser returns to its original position, if such is
the case.

4.1 V-Bar Hopping Approach
In this section, the V-Bar hopping approach shall be studied and developed. The relevant literature

on this approach with radial impulses has established that if the time required for a hop to complete, that
is, for the chaser to cross the V-Bar axis again, is equal to half of the orbital period, then the trajectory
will naturally return it to the same point one full orbit later, as illustrated in Figure 1 [14, 18]. The
objective here was to replicate this result by manipulating (3) to verify whether the same property could
be obtained analytically, serving as an already tested baseline for the more complex case of the R-Bar
and glideslope hopping approaches that follow.

The first step was to impose a set of constraints on the equations. As observed in Figure 1, if the
chaser’s velocity at 𝑡 is perpendicular to the V-Bar axis, then its trajectory will return it to the same
position at a later time, which is precisely the condition that is sought. This leads to the following
constraints:

𝑝𝑥𝑡 ≠ 𝑝𝑥0 ≠ 0, 𝑝𝑧𝑡 = 𝑝𝑧0 = 0
𝑣𝑥𝑡 = 𝑣𝑥0 = 0, 𝑣𝑧𝑡 ≠ 𝑣𝑧0 ≠ 0 (4)

These constraints mean that the chaser’s 𝑥 position at time 𝑡 is different from zero while its 𝑧 position is
zero, which corresponds to crossing the axis, and its velocity at that instant is purely along 𝑧, perpendicular
to the axis. Under these conditions the goal is to determine the value of 𝑡 that satisfies the equations.
Here it is assumed that this perpendicular velocity at the crossing point is a requirement for the chaser to
return to its initial position prior to the hopping maneuver.

Under these conditions the trajectory is described by:

𝑝𝑥𝑡 = 𝑝𝑥0 + 2
1 − cos(𝑤𝑡)

𝑤
𝑣𝑧0

0 =
sin(𝑤𝑡)

𝑤
𝑣𝑧0

0 = 2 sin(𝑤𝑡)𝑣𝑧0

𝑣𝑧𝑡 = cos(𝑤𝑡)𝑣𝑧0

(5)

From the condition 𝑤𝑡 = 𝑛𝜋 with 𝑛 ∈ N0, it follows that

𝑡 =
𝑛𝜋

𝑤
(6)

Since 𝑤 = 2𝜋
𝑡𝑜𝑟𝑏

, where 𝑡𝑜𝑟𝑏 is the orbital period of the target, this becomes

𝑡 =
𝑛𝜋

2𝜋
𝑡𝑜𝑟𝑏

=
𝑛

2
𝑡𝑜𝑟𝑏 (7)

This matches the result in the literature, indicating that setting 𝑡 = 0.5𝑡𝑜𝑟𝑏 yields a perpendicular velocity
to the V-Bar at the crossing point, which in turn brings the chaser back to its initial position at 𝑡 = 𝑡𝑜𝑟𝑏.
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Further simplifying, the following is obtained:
Δ𝑝𝑥 =

4
𝑤
𝑣𝑧0

0 = 𝑠𝑖𝑛(𝑛𝜋)
0 = 𝑠𝑖𝑛(𝑛𝜋)
𝑣𝑧𝑡 = −𝑣𝑧0

(8)

where Δ𝑝𝑥 = 𝑝𝑥𝑡 − 𝑝𝑥0 . This reveals that varying the initial radial thrust 𝑣𝑧0 only affects the hop
length along the V-Bar, while the 𝑧-velocity at 𝑡 remains perpendicular and exactly opposite to its value
immediately after the initial impulse. Notably, in the V-Bar case the hop distance Δ𝑝𝑥 is independent of
the hop duration, provided that 𝑡 = 0.5𝑡𝑜𝑟𝑏. The chaser can therefore hop any distance within this time
frame and still return to the initial point. As will be shown later, this property is unique to the V-Bar case
and does not hold for other approaches.

The analysis confirms that the V-Bar hopping approach inherently returns the chaser to its initial
position after one orbital period when the hop duration is set to half the orbital period, with the hop
distance determined solely by the initial radial velocity.

4.2 R-Bar Hopping Approach
This section concerns the study of the R-Bar approach, where the objective is to confirm the result

in [18] directly from the dynamic equations (3), in the same spirit as the analysis carried out for the V-Bar
case in the previous section. If the same behavior can be reproduced analytically, then the extension to a
generalized approach angle becomes more reliable. This can be regarded as an intermediate step toward
the general formulation.

In [18] the authors discuss the R-Bar case and state that the hop duration must be below 0.21𝑡𝑜𝑟𝑏.
Unlike the V-Bar case, the condition is not given as an exact value but instead as an upper bound. This
distinction arises because, the V-Bar case is exceptional, where the hop distance does not depend on the
hop duration, whereas for other approach directions they are directly coupled. For the R-Bar, 0.21𝑡𝑜𝑟𝑏
defines the maximum hop duration that still guarantees a return trajectory, where this value corresponds
to a single hop that spans the entire distance to the desired position. Smaller values correspond to shorter
hops. This property has important consequences for the MPC design. In the V-Bar case the MPC
could simultaneously act as both guidance expert and controller by directly constraining the hop duration
together with the hop conditions. For the R-Bar, since the hop time is linked to the distance, it would
be impossible to impose hop constraints on a state whose occurrence time is not known in advance. As
a result, the guidance expert must now operate as a pre-processing stage that provides the MPC with
admissible hop times. It takes into account an aggressiveness parameter 𝛾 that dictates how much each
hop reduces the distance relative to the previous one, and the number of hops 𝑛ℎ𝑜𝑝𝑠. Based on these
parameters the guidance expert then computes a sequence of hop times, which can then be enforced
within the MPC by constraining the chaser to be at the axis crossing with perpendicular velocity at each
𝑡𝑘
ℎ𝑜𝑝

. The generalized procedure is summarized in Algorithm 1.

Here 𝜃 is the approach angle (0◦ for V-Bar and 90◦ for R-Bar), p0 is the initial position of the chaser,
and 𝜔 is the orbital period. The algorithm constructs a sequence of exponentially decreasing distances
based on 𝛾 and uses them to determine the corresponding hop times. Step 5 is the critical part of the
process, where the hop dynamics are solved to obtain the time required to cover each prescribed distance.
This step will be described in detail here for the R-Bar case and generalized in the following section.
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Algorithm 1 Guidance expert procedure for hop time generation in the general case
Inputs: 𝑛ℎ𝑜𝑝𝑠, p0, 𝛾, 𝜃, 𝜔

Outputs: tℎ𝑜𝑝 = {𝑡1
ℎ𝑜𝑝

, . . . , 𝑡
𝑛ℎ𝑜𝑝𝑠

ℎ𝑜𝑝
}

1: Construct exponentially decaying distances {𝑑0, . . . , 𝑑𝑛ℎ𝑜𝑝𝑠 } from 𝛾 and p0
2: for 𝑘 = 1, . . . , 𝑛ℎ𝑜𝑝𝑠 do
3: Set current hop start 𝑑𝑘 and end 𝑑𝑘+1
4: Compute 𝜌 =

𝑑𝑘+1
𝑑𝑘

5: Solve hop dynamics with 𝜃, 𝜌, and 𝜔, obtain 𝑡𝑘
ℎ𝑜𝑝

6: end for
7: return tℎ𝑜𝑝

To obtain the analytical expression for the hop time 𝑡ℎ𝑜𝑝, a sequence of constraints analogous to those
used in the V-Bar case is imposed. In this case, the constraints are:

𝑝𝑥𝑡 = 𝑝𝑥0 = 0, 𝑝𝑧𝑡 ≠ 𝑝𝑧0 ≠ 0
𝑣𝑥𝑡 ≠ 𝑣𝑥0 ≠ 0, 𝑣𝑧𝑡 = 𝑣𝑧0 = 0 (9)

with the objective of determining 𝑡. These conditions correspond to enforcing that the velocity at the axis
crossing is perpendicular, so that the trajectory naturally returns to the initial position, as in the V-Bar
case.

Applying these constraints to the CW equations (3) yields:
0 = 6(𝑤𝑡 − sin(𝑤𝑡))𝑝𝑧0 +

(
4 sin(𝑤𝑡)

𝑤
− 3𝑡

)
𝑣𝑥0 + 2

1 − cos(𝑤𝑡)
𝑤

𝑣𝑧0

𝑝𝑧𝑡 = (4 − 3 cos(𝑤𝑡))𝑝𝑧0 − 2
cos(𝑤𝑡) − 1

𝑤
𝑣𝑥0 +

sin(𝑤𝑡)
𝑤

𝑣𝑧0

0 = 3𝑤 sin(𝑤𝑡)𝑝𝑧0 − 2 sin(𝑤𝑡)𝑣𝑥0 + cos(𝑤𝑡)𝑣𝑧0 .

(10)

The hop time 𝑡 is then derived as a function of the position ratio 𝜌𝑧 = 𝑝𝑧𝑡/𝑝𝑧0 . To simplify the
equations, dimensionless variables are introduced as 𝜙 = 𝑤𝑡, 𝛼𝑧 = 𝑣𝑥0/(𝑤𝑝𝑧0), and 𝛽𝑧 = 𝑣𝑧0/(𝑤𝑝𝑧0).
Dividing through by 𝑝𝑧0 and substituting yields

0 = 6(𝜙 − sin 𝜙) + (4 sin 𝜙 − 3𝜙)𝛼𝑧 + 2(1 − cos 𝜙)𝛽𝑧
𝜌𝑧 = 4 − 3 cos 𝜙 − 2(cos 𝜙 − 1)𝛼𝑧 + sin 𝜙𝛽𝑧
0 = 3 sin 𝜙 − 2 sin 𝜙𝛼𝑧 + cos 𝜙𝛽𝑧 .

(11)

From the third equation, 𝛽𝑧 is obtained as 𝛽𝑧 = (2𝛼𝑧 − 3) tan 𝜙. Substituting this relation into the
first equation gives

0 = 6(𝜙 − sin 𝜙) + (4 sin 𝜙 − 3𝜙)𝛼𝑧 + 2(1 − cos 𝜙) (2𝛼𝑧 − 3) tan 𝜙, (12)

which after simplification leads to

𝛼𝑧 =
6(sin 𝜙 − 𝜙 cos 𝜙)
4 sin 𝜙 − 3𝜙 cos 𝜙

. (13)

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Except where otherwise noted, content of this paper is licensed under
a Creative Commons Attribution 4.0 International License.

The reproduction and distribution with attribution of the entire paper or of individual
pages, in electronic or printed form, including any material under non-CC-BY 4.0
licenses is hereby granted by the authors and respective copyright owners.

048 - 10

Substituting both 𝛼𝑧 and 𝛽𝑧 into the second equation yields

𝜌𝑧 =
3𝜙 − 4 sin 𝜙

3𝜙 cos 𝜙 − 4 sin 𝜙
. (14)

This expression matches the one obtained in [18], since their result:

𝜌𝑧 =
3𝜙 sec 𝜙 − 4 tan 𝜙

3𝜙 − 4 tan 𝜙
(15)

is algebraically equivalent after substituting sec 𝜙 = 1/cos 𝜙 and tan 𝜙 = sin 𝜙/cos 𝜙. Finally, the hop
time is obtained as 𝑡 = 𝜙/𝑤. If equation (14) is solved with 𝜌𝑧 = 0, corresponding to the largest
admissible hop, a numerical solution yields 𝜙 ≈ 1.27. This result leads to

𝑡 =
𝜙

𝜔
⇒ 𝑡 =

𝜙

2𝜋
𝑡𝑜𝑟𝑏 ⇒ 𝑡 ≈ 0.21 𝑡𝑜𝑟𝑏, (16)

which confirms the previous finding that the maximum hop corresponds to approximately 0.21 𝑡𝑜𝑟𝑏, with
smaller hops associated with proportionally smaller transfer times.

This concludes the derivation of the analytical expression that correlates the distance covered with
the hop duration (14). In the upcoming section, the generalized equation shall be obtained, which allows
any hopping angle approach to be executed.

4.3 Generalized Hopping Approach
In this section, the generalized approach for hopping along any approach angle is deduced. It builds

on the confirmed deduction for the R-Bar case, which is closer to the generalized formulation since it
relates the distance fraction to time. This formulation is conceptually similar to the R-Bar case, where
the user selects the aggressiveness parameter and the number of hops, with the additional choice of the
approach angle 𝜃, as outlined in Algorithm 1. To extend the derivation to arbitrary approach directions,
the original dynamical system is reconsidered, and the approach angle 𝜃 is defined with respect to the V-
Bar axis. The initial distance to the desired position is denoted by 𝑑0 =

√︃
𝑝2
𝑥0 + 𝑝2

𝑧0 , and the displacement
fraction is defined as 𝜌 = ∥p𝑡 ∥/∥p0∥, which represents the portion of the total displacement in the
direction of the target completed in a single step.

The perpendicularity conditions, as in the other approaches, are expressed in this case through the
inner product between the final position and velocity vectors:

p𝑡 · v𝑡 = 0 ⇐⇒ 𝑝𝑥𝑡 𝑣𝑥𝑡 + 𝑝𝑧𝑡 𝑣𝑧𝑡 = 0 (17)

As in the case of axis-aligned hops, the objective is to describe the trajectory in terms of a fixed
fraction 𝜌 of the initial distance and determine the time 𝑡 at which the constraint is satisfied. The
conditions 𝑝𝑥𝑡 = 𝜌𝑝𝑥0 and 𝑝𝑧𝑡 = 𝜌𝑝𝑧0 enforce this requirement.

The dynamics are described using state transition matrices:

p𝑡 = 𝚽𝑝𝑝p0 +𝚽𝑝𝑣v0

v𝑡 = 𝚽𝑣𝑝p0 +𝚽𝑣𝑣v0
(18)
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where

𝚽(𝜙) =


1 6(𝜙 − sin 𝜙) 4 sin 𝜙−3𝜙

𝜔

2(1−cos 𝜙)
𝜔

0 4 − 3 cos 𝜙 2(cos 𝜙−1)
𝜔

sin 𝜙
𝜔

0 6𝜔(1 − cos 𝜙) 4 cos 𝜙 − 3 2 sin 𝜙
0 3𝜔 sin 𝜙 −2 sin 𝜙 cos 𝜙


(19)

To simplify the derivation of the analytical expressions, the coordinate frame is rotated such that one
axis is aligned with the approach direction, reducing the deductions to a single-axis form. The rotated
frame is defined by 𝑒𝐴 = cos 𝜃 𝑒𝑉 + sin 𝜃 𝑒𝑅 for the approach direction and 𝑒⊥2 = − sin 𝜃 𝑒𝑉 + cos 𝜃 𝑒𝑅
for the orthogonal direction. The corresponding rotation matrix is

R =

[
cos 𝜃 sin 𝜃
− sin 𝜃 cos 𝜃

]
, (20)

which performs a clockwise rotation that aligns 𝑒𝐴 with the horizontal axis. With this definition, 0◦
corresponds to the V-Bar and 90◦ to the R-Bar approach.

The dynamics in the rotated frame follow from the transformation of the state transition matrices:

𝚽̃𝑝𝑝 = R𝚽𝑝𝑝R−1, 𝚽̃𝑝𝑣 = R𝚽𝑝𝑣R−1, 𝚽̃𝑣𝑝 = R𝚽𝑣𝑝R−1, 𝚽̃𝑣𝑣 = R𝚽𝑣𝑣R−1 (21)

leading to 
𝑟𝑥𝑡 = 𝜙11

𝑝𝑝𝑟𝑥0 + 𝜙12
𝑝𝑝𝑟𝑧0 + 𝜙11

𝑝𝑣𝑤𝑥0 + 𝜙12
𝑝𝑣𝑤𝑧0

𝑟𝑧𝑡 = 𝜙21
𝑝𝑝𝑟𝑥0 + 𝜙22

𝑝𝑝𝑟𝑧0 + 𝜙21
𝑝𝑣𝑤𝑥0 + 𝜙22

𝑝𝑣𝑤𝑧0

𝑤𝑥𝑡 = 𝜙11
𝑣𝑝𝑟𝑥0 + 𝜙12

𝑣𝑝𝑟𝑧0 + 𝜙11
𝑣𝑣𝑤𝑥0 + 𝜙12

𝑣𝑣𝑤𝑧0

𝑤𝑧𝑡 = 𝜙21
𝑣𝑝𝑟𝑥0 + 𝜙22

𝑣𝑝𝑟𝑧0 + 𝜙21
𝑣𝑣𝑤𝑥0 + 𝜙22

𝑣𝑣𝑤𝑧0

(22)

Here, r and w denote position and velocity in the rotated frame. The initial position is r0 = [𝑑0, 0]⊤,
while the final position is r𝑡 = [𝜌𝑑0, 0]⊤, ensuring motion along the rotated axis. Passive safety requires
the final velocity to be orthogonal to this direction, which is enforced by 𝑤𝑥𝑡 = 0. The constraints here
described applied to Equation (22) yield:

𝜌𝑑0 = 𝜙11
𝑝𝑝𝑑0 + 𝜙11

𝑝𝑣𝑤𝑥0 + 𝜙12
𝑝𝑣𝑤𝑧0

0 = 𝜙21
𝑝𝑝𝑑0 + 𝜙21

𝑝𝑣𝑤𝑥0 + 𝜙22
𝑝𝑣𝑤𝑧0

0 = 𝜙11
𝑣𝑝𝑑0 + 𝜙11

𝑣𝑣𝑤𝑥0 + 𝜙12
𝑣𝑣𝑤𝑧0

(23)

Solving the linear system defined by the middle and last equations provides the initial velocities in
the rotated frame: [

𝑤𝑥0

𝑤𝑧0

]
=

[
𝜙21
𝑝𝑣 𝜙22

𝑝𝑣

𝜙11
𝑣𝑣 𝜙12

𝑣𝑣

]−1 [
−𝜙21

𝑝𝑝𝑑0

−𝜙11
𝑣𝑝𝑑0

]
(24)

and substitution into the first equation yields 𝜌 as a function of elements of 𝚽̃, which are dependent on
𝜙 and 𝜃:

𝜌 = 𝜙11
𝑝𝑝 + 𝜙11

𝑝𝑣

(
𝑤𝑥0

𝑑0

)
+ 𝜙12

𝑝𝑣

(
𝑤𝑧0

𝑑0

)
(25)

Beyond this point, finding a closed-form solution becomes complex, and the CasADi library [25] is
therefore employed to solve the problem numerically, although other methods could be employed. Note
that the 2×2 matrix in (24) is assumed nonsingular for the range of admissible values.
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This concludes the derivation of the hop time 𝑡, which allows the guidance expert to employ
Algorithm 1 for generating the corresponding time constraints. These constraints are then provided
to the MPC, enabling it to produce the desired sequence of hops. The next section focuses on how
the developments presented here can be implemented so that the MPC is capable of generating such
trajectories implicitly.

It is worth noting that, even though the R-Bar and generalized approaches rely on time-based hold
points, they remain valuable as they preserve the predictability required for mission coordination while
still benefiting from the MPC formulation. The guidance expert defines the strategic timing, but the inner
optimization ensures fuel efficiency, disturbance rejection, and constraint satisfaction in real time, which
goes beyond simply tracking pre-computed reference trajectories.

4.4 Implementation into the Short Range MPC Controller
In this section, the short range MPC optimization problem is presented. The formulation incorporates

a generalized form of the constraints introduced in the previous sections, such that no modification is
required when switching between different approaches, other than providing the desired approach angle.
The only exception is the V-Bar hopping approach, which does not rely on implicit time constraints to
regulate the hop distance but instead requires direct constraints within the MPC. Additionally, a Control
Barrier Function (CBF) was incorporated into the MPC control problem as a way of making sure that it
never enters a user-defined KOZ.

CBFs [26–28] are functions specifically designed to ensure that the system state remains within
a predefined safe set by enforcing forward invariance through appropriate control constraints, while
preserving the quadratic structure of the optimization problem. The first step in defining a CBF is to
select a barrier function ℎ(x) that is positive within the safe set, zero on its boundary, and negative
outside. In this case, the following barrier function was chosen:

ℎ(x) = (𝑝𝑥 − 𝑐𝑥)2 + (𝑝𝑦 − 𝑐𝑦)2 + (𝑝𝑧 − 𝑐𝑧)2 − 𝑟2 (26)

This defines a spherical KOZ of radius 𝑟 centered at c. Unlike a static geometric constraint, a CBF
accounts for the system dynamics by incorporating the derivative of ℎ into the constraint formulation. In
this case, the derivative is given by:

¤ℎ(x) = 2
(
(𝑝𝑥 − 𝑐𝑥)𝑣𝑥 + (𝑝𝑦 − 𝑐𝑦)𝑣𝑦 + (𝑝𝑧 − 𝑐𝑧)𝑣𝑧

)
(27)

The safety condition is then imposed by ensuring that ℎ does not decrease too rapidly, tuned with a
constant 𝛼, which is formulated as:

¤ℎ(x) + 𝛼ℎ(x) ≥ 0 (28)
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The updated MPC control problem is then expressed as:

min
x𝑖 ,u+

𝑖
,u−

𝑖

1
2
(p𝑡 𝑓 − p𝑑)⊺Q(p𝑡 𝑓 − p𝑑) + 𝑅

𝑡 𝑓∑︁
𝑖=0

1⊺(u+
𝑖 + u−

𝑖 ) (29a)

s.t. x0 = x̂𝑘 , (29b)
x𝑖+1 = A𝐶𝑊x𝑖 + B𝐶𝑊 (u+

𝑖 − u−
𝑖 ), ∀𝑖 ∈ [0, ..., 𝑡 𝑓 ], (29c)

x𝑡 𝑓 ∈ X 𝑓 , (29d)
0 ≤ u+

𝑖 ≤ 𝑢𝑚𝑎𝑥 , ∀𝑖 ∈ [0, ..., 𝑡 𝑓 ], (29e)
0 ≤ u−

𝑖 ≤ 𝑢𝑚𝑎𝑥 , ∀𝑖 ∈ [0, ..., 𝑡 𝑓 ], (29f)
𝑡 𝑓∑︁
𝑖=0

∥u𝑖∥1 ≤ 𝑢𝑏𝑢𝑑𝑔𝑒𝑡 , (29g)

x𝑢1 = x1, (29h)
x𝑢𝑖+1 = A𝐶𝑊x𝑢𝑖 , ∀𝑖 ∈ [1, ..., 𝑡 𝑓 ], (29i)
¤ℎ(x𝑢𝑖 ) + 𝛼ℎ(x𝑢𝑖 ) ≥ 0, ∀𝑖 ∈ [1, ..., 𝑡 𝑓 ], (29j)
r 𝑗 = Rp 𝑗 , w 𝑗 = Rv 𝑗 , ∀ 𝑗 ∈ [0, ..., 𝑛ℎ𝑜𝑝𝑠], (29k)
− 𝑟𝑡𝑜𝑙 ≤ 𝑟𝑧 𝑗 ≤ 𝑟𝑡𝑜𝑙 , ∀ 𝑗 ∈ [0, ..., 𝑛ℎ𝑜𝑝𝑠], (29l)
− 𝑤𝑡𝑜𝑙 ≤ 𝑣𝑥 𝑗 ≤ 𝑤𝑡𝑜𝑙 , ∀ 𝑗 ∈ [0, ..., 𝑛ℎ𝑜𝑝𝑠], (29m)
ℎ𝑚𝑖𝑛 ≤ 𝑟𝑥 𝑗 − 𝑟𝑥 𝑗+1 ≤ ℎ𝑚𝑎𝑥 , ∀ 𝑗 ∈ [1, ..., 𝑛ℎ𝑜𝑝𝑠 − 1], (29n)
𝑟𝑥 𝑗+1 − 𝑟𝑥 𝑗 ≤ 𝑟𝑥 𝑗 − 𝑟𝑥 𝑗−1 + 𝜖, ∀ 𝑗 ∈ [1, ..., 𝑛ℎ𝑜𝑝𝑠 − 1], (29o)

The terminal cost is expressed as the quadratic difference between the terminal position p𝑁 ∈ R3

and the desired position p𝑑 ∈ R3, both defined in the LVLH frame, and weighted by the matrix Q. The
running cost consists of the ℓ1 norm of the control actions u𝑖, weighted by the scalar 𝑅. The system
dynamics are represented by the CW model matrices A𝐶𝑊 and B𝐶𝑊 . The terminal state is constrained
to lie in the set X 𝑓 , which defines allowable terminal positions. The control actions are bounded in the
infinity norm by 𝑢𝑚𝑎𝑥 at each step, ensuring that individual inputs do not exceed specified limits, and
the sum of the ℓ1 norms of the control actions over the horizon is constrained by 𝑢𝑏𝑢𝑑𝑔𝑒𝑡 , which limits
the total cumulative actuation. Finally, a shrinking horizon strategy is employed, where the index range
𝑖 ∈ [𝑘, ..., 𝑁 − 1] and the final time 𝑡 𝑓 decrease with each iteration. This results in one fewer iteration
at each time step and modifies the effective horizon length over the course of the procedure. Note that
because the ℓ1 norm introduces non-differentiability, which is not easily handled by numerical solvers, it
is expressed in terms of u+ and u−, where u = u+ − u− with u+, u− ≥ 0.

Constraint (29j) corresponds to the CBF condition in Equation (28). Note that an additional state
x𝑢, referred to as the unforced state, is propagated within the optimization (seen in constraints (29h)
and (29i)). This state evolves without control input, except for the influence of the first control action, and
represents the system drift in the absence of actuation. The purpose of including x𝑢 is to guarantee that
if the MPC were to lose control authority in the following iteration, the system would still avoid entering
the KOZ.

The constraints after constraint (29j) are introduced to recover the hopping behavior. In these
constraints 𝑗 denotes the iterations at which the hops occur. The parameters 𝑟𝑡𝑜𝑙 and 𝑤𝑡𝑜𝑙 enforce
proximity to the axis crossing by constraining, the rotated position in the 𝑧 direction and the rotated
velocity perpendicular to the axis, both within tolerances that account for uncertainty. Equation (29k)
performs the rotation of position and velocity so that the dynamics are aligned with the chosen approach
axis, which makes the formulation applicable to arbitrary approach angles. Constraint (29l) then ensures
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that the rotated position lies within a tolerance band around the axis crossing at each hop, while (29m)
guarantees that the rotated velocity remains nearly perpendicular to the axis. The last two conditions, (29n)
and (29o), apply specifically to the V-Bar case. The first constrains the hop distances within the interval
[ℎ𝑚𝑖𝑛, ℎ𝑚𝑎𝑥], while the second enforces a decrease of hop sizes, tuned by the scalar 𝜖 . This parameter
plays a role equivalent to the aggressiveness factor 𝛾 in Algorithm 1, and it generates the decreasing
hopping sequence that defines this approach.

This concludes the implementation of the developed approaches within the SRF MPC, and in
the following section an analysis of the controller will be made in both single-run and Monte Carlo
simulations.

5 Testing and Validation
In this section, a deeper analysis of the performance of the developed SRF MPC is presented, serving

as a validation of the results presented. For the Monte Carlo study of 50 runs the simulations include
noise, 𝐽2 perturbation, and realistic thrusters.

The initial conditions are varied by 10% in each of the LVLH coordinates of position and velocity. If
a nominal value is zero, a minimum offset of 1 m for position and 0.1 m/s for velocity is applied to ensure
meaningful perturbations. The orbital parameters adopted for these runs are summarized in Table 2.

Target orbit in OE, x𝑇 (𝑡0) Chaser orbit in LVLH, 𝛿x𝐶 (𝑡0)
𝑎𝑇 km 𝑒𝑇 𝑖◦

𝑇
Ω◦

𝑇
𝜔◦
𝑇

𝑙◦
𝑇

𝑥𝐶 km 𝑦𝐶 km 𝑧𝐶 km 𝑣𝑥𝐶 m/s 𝑣𝑦𝐶 m/s 𝑣𝑧𝐶 m/s
8.1 × 103 0 0 0 0 0 2 cos(𝜃) 0 2 sin(𝜃) 0 0 0

Table 2 Hopping analysis initial conditions

These initial conditions where chosen such that the orbital period is close to 2 h, allowing a more
intuitive analysis of the plots. The chaser initial position depends on the approach angle 𝜃 so that the
starting point is aligned with the approach axis at a distance of 2 km from the target. A reference point
is also defined as 𝛿𝑥𝑟𝑒 𝑓 = [0.1 cos(𝜃), 0, 0.1 sin(𝜃), 0, 0, 0], which in a real mission would correspond to
the location at which a forced motion controller would take over for the terminal phase of the approach.

5.1 V-Bar Approach
In this section, the focus is on the V-Bar approach. In this case the trajectories are generated entirely

by the MPC, with no hold points in time or position, simply respecting the constraints imposed, and with
the correct sampling time to meet the timing provided by the guidance expert.

In Figure 4a the trajectory of the chaser is shown for a scenario with three hops and a nonzero value
of 𝜖 . The thin red line represents the chaser trajectory and the black crosses mark the moments when the
hops occur. The figure also displays the "Free Horz", which is the prediction of the MPC for the variable
x𝑢 defined in the control problem (29), representing the unforced state. This horizon indicates the path
the chaser would follow if no further actuation were applied after the impulse, and it is depicted with a
gradient that fades from darker to lighter as time progresses. The circles that appear at each hop illustrate
that, in the absence of control authority, the chaser would return to its previous position. An interesting
property of the V-Bar case is that this circular pattern is cyclic, keeping the chaser on a closed trajectory
(as described in Figure 1). The KOZ is also visible in this figure, with the surrounding CBF constraint
ensuring the chaser does not approach the target too closely.

Figure 4b shows the corresponding Δv usage, where it can be observed that smaller hops lead to
lower fuel consumption (clearer in Figure 5b). Notably, all impulses are applied in the radial direction
(𝑧-axis), which matches the expected behavior, although no constraint was explicitly imposed in the MPC.
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(a) 3 hops trajectory (b) 3 hops with Δv usage

Fig. 4 V-Bar hopping approach single run with SRF MPC

This confirms that such a trajectory naturally emerges as the optimal solution for hopping safely between
two points in the V-Bar. The first impulse in this case is smaller than the second, since at the beginning
the relative velocity is zero, while the second hop, although shorter, must counteract the velocity in the
opposite direction. Additionally, it is possible to see here the theoretical result that stated that each hop
last half of the orbital period (which for these initial conditions is 2 h), as the impulses occur in 1 h
intervals of each other.

(a) Trajectory (b) Δv usage

Fig. 5 V-Bar hopping Monte-Carlo with SRF MPC with 5 hops and disturbances

In Figure 5a the trajectories generated with varied initial conditions and disturbances are shown.
The SRF MPC consistently produces the imposed five hop behavior, with the hop distances reduced
as expected due to the aggressiveness parameter. Figure 5b shows that the Δv profile is similar to the
single-run case, although impulses in the opposite direction are introduced in the first hop to compensate
for the initial velocity variations of the Monte Carlo initialization.

From these results it can be concluded that the developed V-Bar hopping strategy performs as
intended. It is capable of handling variations in the initial conditions as well as disturbances, which
confirms its robustness and establishes it as a reliable solution.
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5.2 R-Bar Approach
This section now focuses on the R-Bar approach, where a key difference emerges when compared

with the V-Bar case. While in the V-Bar strategy the MPC itself determined the hop sizes, in the R-Bar
case the guidance expert algorithm generates time-based hold points that dictate when the hops are
executed.

(a) 5 hops trajectory (b) 5 hops Δv usage

Fig. 6 R-Bar hopping approach single runs with SRF MPC

Figure 6a follows the same legend naming scheme as the V-Bar case (Figure 4a), but now portrays
the R-Bar approach. Each hop exhibits a heart-shaped trajectory, consistent with the behavior illustrated
in Figure 1, and the hop amplitudes decrease linearly as defined by the aggressiveness parameter 𝛾 and
Algorithm 1. Figure 6b shows the corresponding Δv usage, where impulses are applied along both the
𝑥 and 𝑧 axes, as expected, and the interval between impulses remains below the 0.21𝑡𝑜𝑟𝑏 limit derived
theoretically.

Overall these results confirm the observations reported in [18]. R-Bar hopping approaches complete
significantly faster than the V-Bar ones (roughly five times faster), but at the cost of much higher fuel
consumption (approximately ten times more). Moreover, unlike the V-Bar case, the R-Bar approach does
not possess the property of indefinite stability in case of thruster failure, since the chaser does not remain
in a passive holding pattern.

Figure 7a illustrates the performance of the controller under varied initial conditions, where it is
possible to see that the MPC is able to consistently drive the chaser to the reference trajectory while
executing the planned five-hop approach. Figure 7b shows a behavior analogous to the V-Bar case, where
the Δv usage follows the expected profile.

As with the V-Bar analysis, the results confirm that the R-Bar implementation is correctly realized.
The controller demonstrates the ability to reliably execute the approach under both nominal and disturbed
conditions, with consistent performance across variations in the initial state.

5.3 Generalized Case
This section analyzes the generalized case and examines its behavior under different approach angles.

Figure 8 presents two different analyses of the solutions of Equation (25), which takes as input the
approach angle 𝜃 and the desired position ratio 𝜌, and outputs 𝜙, later used to determine the hop duration
such that the velocity is perpendicular at the rotated axis crossing. For both analyses a value of 𝜌 = 0.7
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(a) Trajectory (b) Δv usage

Fig. 7 R-Bar hopping Monte-Carlo with SRF MPC with 5 hops and disturbances

(a) Orbital period fraction sweep (b) Single hop LVLH trajectory analysis

Fig. 8 Generalized case hop duration expression analysis for 𝜌 = 0.7 and different approach angles
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was selected, corresponding to a hop covering 30% of the distance to the final point, with the R and
V-Bar cases highlighted in red.

In Figure 8a the resulting orbital period fractions are shown for this 𝜌 value, as the approach angle
varies, where each point represents a sample of Equation (25), numerically solved using CasADi. As
expected, the V-Bar case (0◦) yields a period fraction of 0.5, which holds for any 𝜌 due to its particularity
discussed previously. The R-Bar case (90◦) also behaves as expected, with a fraction below 0.21.
Between 0 and 90◦ (first quadrant) the orbital period exhibits a quadratic like behavior, with the hop
duration rapidly decreasing as the approach angle grows, reaching its minimum close to the R-Bar, and
the starting to increase again. Beyond approximately 110◦, however, the function becomes erratic, with
no clear solution between 110◦ and 180◦ (covering most of the second quadrant). From 180◦ onwards
the behavior repeats symmetrically with a period of 𝜋. To better investigate this behavior, Figure 8b
shows the chaser trajectories obtained for different approach angles. The velocity values come from
Equation (24), without MPC, and the trajectories are propagated using the CW model, with a single hop
closing 30% of the of the distance to the final hold point. The red trajectories correspond to the V- and
R-Bar cases, while dotted gray lines highlight each approach axis and black crosses mark the respective
axis crossings. The known cases behave as expected, with the chaser eventually returning to its initial
point after executing the maneuver. For intermediate angles, however, the chaser does not return to its
initial position. This discrepancy arises because the assumption in Equation (25) that a perpendicular
velocity at the axis crossing ensures precise return, only holds in the V- and R-Bar cases due to their
symmetry. For intermediate angles the upper and lower parts of the approach axis experience asymmetric
forces. Nevertheless, as shown in Figure 8b, even though the chaser does not return to its initial impulse
point, it does return to a point further away, which indicates that when the velocity is perpendicular at
the axis crossing in the first and third quadrants, the chaser still achieves passive abort safety. In contrast,
after the R-Bar the chaser returns to points progressively closer to the target, breaking this behavior.
Beyond 110◦ the problem becomes unfeasible, as trajectories cannot be generated. At 110◦ the chaser
nearly grazes the crossing point, forming a near straight line between it and the initial point, however
passive abort safety is still maintained. To take into account the second and fourth quadrants correctly, a
different condition for the velocity at the crossing point would have to be used.

In the following analyses the focus will be on the first and third quadrants, where the problem remains
feasible.

(a) 5 hops at 40◦ trajectory (b) 7 hops at 80◦ trajectory

Fig. 9 Glideslope hopping approach single runs with SRF MPC

Figure 9 illustrates the generalized hopping approach applied to the SRF for different approach angles
and parameters. In Figure 9a the horizon of the unforced state consistently returns to a point behind the
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initial hopping thrust position, marked by the crosses, which confirms passive abort safety. Figure 9b
shows a similar behavior, however the unforced trajectory reaches progressively shorter distances relative
to the initial thrust point as the approach angle increases, indicating that the trajectory gradually closes in
until the R-Bar case is reached. This observation is further supported by the results shown in Figure 8b.

The subsequent figures extend this analysis to a Monte Carlo study, allowing verification of whether
these behaviors remain consistent under initial variations and disturbances.

(a) Trajectory (b) Δv usage

Fig. 10 Glideslope hopping at 40◦ Monte-Carlo with SRF MPC with 5 hops and disturbances

Figure 10 presents the results of a Monte Carlo run at an approach angle of 40◦ with disturbances.
As observed in Figure 10a, the trajectories follow the expected paths, remaining within the predicted
behavior, and Figure 10b shows the fuel consumption for each run. As expected, the execution time and
fuel usage for the 40◦ approach falls between those of the R-Bar and V-Bar cases.

The analyses presented demonstrate that the generalized hopping approach maintains passive abort
safety, both in single-run and Monte Carlo scenarios. Although the generalized approach does not return
the chaser to its initial condition as initially expected, it still ensures passive abort safety. Achieving a
return to the initial point would require modifying the conditions for each approach angle, which would
significantly increase the complexity of the analysis. These results confirm the robustness of the approach
under varying initial conditions and support its implementation within the SRF MPC.

5.4 CBF Application
In this section, the CBF implemented in the SRF MPC (29) is validated. To construct a scenario in

which the KOZ is guaranteed to be violated, the V-Bar MPC conditions were modified such that the hops
occurred with a 0.6𝑡𝑜𝑟𝑏 interval instead of the nominal 0.5𝑡𝑜𝑟𝑏 that ensures the trajectory returns to the
same location. This modification causes the trajectory to slowly drift forward.

Figure 11 compares two scenarios. In the first, shown in Figure 11a, the CBF constraint in the
MPC (29) is disabled, labeled as "No CBF". In this case the horizon of the unforced state x𝑢 at the hop
impulse intersects with the KOZ and eventually drifts into it. In the second case, shown in Figure 11b,
the CBF constraint is enabled and the last impulse is adjusted so that the horizon of the unforced state
never violates the KOZ.

Although the conditions had to be modified manually in this example, since the V-Bar approach is
passively safe by construction, the use of the CBF remains essential. This is particularly true when large
disturbances may force the SRF MPC to generate corrective maneuvers that could otherwise result in a
violation of the KOZ.
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(a) No CBF trajectory (b) CBF trajectory

Fig. 11 CBF collision avoidance example

6 Summary
This work presented the development and validation of the SRF, which handles the final phase of

a rendezvous mission. The SRF MPC was designed to autonomously generate classical rendezvous ap-
proaches, such as V-Bar and R-Bar hopping, by incorporating them directly into the optimization problem
through constraints derived from analytical dynamics. This approach bridges the gap between theoretical
strategy design and practical implementation, allowing the MPC to produce optimal trajectories that
satisfy user-defined parameters like hop aggressiveness and approach angle, while allowing the use of
constraints to meet mission requirements.

The V-Bar approach has the chaser returning to its initial position after each hop if no further control
is applied, and having it stay in an indefinite hold, making it highly robust to thruster failures. The
R-Bar approach, while faster, consumed significantly more fuel and lacked indefinite passive safety. The
generalized glideslope approach extended these concepts to arbitrary approach angles, demonstrating
consistent performance across the first and third quadrants, though in these cases the chaser did not return
to its initial hopping condition.

Monte Carlo simulations confirmed the robustness of the SRF MPC under both ideal and disturbed
conditions, including sensor noise and 𝐽2 perturbations. The CBF was successfully implemented to
ensure strict adherence to the KOZ, providing an additional layer of safety by preventing unintended
approaches to the target.

Overall, the SRF MPC effectively combines the theoretical foundations of classical rendezvous
approaches with the flexibility and constraint-handling capabilities of MPC. It enables autonomous, safe,
and fuel-efficient execution of final approach trajectories, adapting to a wide range of operational scenarios
and requirements. The results validate the framework’s performance and reliability, establishing it as a
robust solution for the short-range phase of autonomous rendezvous missions.
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