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ABSTRACT

This paper addresses the problem of controlling a chaser spacecraft to safely achieve rendezvous
and docking with a target spacecraft, whose geometry is modeled as a bounded nonconvex polytope.
Currently, a natural solution approach is to design a Control Lyapunov Function (CLF) and a single
Control Barrier Function (CBF), and then apply the standard CLF-CBF Quadratic Program (QP)-
based framework to encode the stabilization and safety objectives into a single controller. However, a
major limitation of the standard CLF-CBF-QP approach is the emergence of undesired equilibrium
points that lead to deadlock situations and preclude task completion. This issue is even more critical
in the present setting, owing to the nonconvex nature of the problem. To overcome this drawback,
this paper proposes a hybrid CLF-CBF control strategy that ensures safe global navigation to the
docking point, improving upon current alternatives in the literature, which are limited to convex
obstacle sets. The proposed approach is validated in a high-fidelity spacecraft rendezvous and
docking scenario, demonstrating its effectiveness under realistic mission conditions.
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1 Introduction
A common requirement in spacecraft operations is the capability of one spacecraft, called the chaser,

to achieve rendezvous and docking with another spacecraft, referred to as the target. These maneuvers are
fundamental in a broad range of space missions, including Active Debris Removal (ADR) [1], On-Orbit
Servicing, Assembly, and Manufacturing (OSAM) operations [2], [3], as well as crew and cargo resupply
for space stations [4]. At its core, successful rendezvous and docking requires the chaser spacecraft to
converge to a designated docking point while avoiding collision with the target spacecraft.

Autonomous spacecraft rendezvous and docking have been addressed using several techniques, with
potential field methods standing out among the classical approaches [5], [6], [7], [8]. A potential field is a
scalar function whose gradient drives the system toward the desired equilibrium point and away from the
unsafe set. However, while conceptually simple, these methods face several limitations. Most notably,
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such methods introduce spurious equilibrium points that prevent global convergence, and they lack the
flexibility to accommodate additional mission constraints. Moreover, they are prone to other drawbacks,
such as oscillatory motion, overly conservative trajectories, and difficult parameter tuning [9].

Over the last decades, Model Predictive Control (MPC) has gained considerable attention for space-
craft rendezvous and docking [10], [11], [12], [13], [14]. MPC optimizes a cost function over a prediction
horizon at each time step while explicitly accounting for state and input constraints. However, the non-
linear nature of spacecraft dynamics and nonconvex sets for the admissible states place MPC within the
realm of nonconvex optimization, with all its associated challenges. Consequently, despite its predictive
advantages, MPC imposes a substantial computational load for real-time execution, even when resorting
to convexification techniques [15]. Moreover, the onboard computational power is usually limited by the
available power budget and radiation-hardening requirements, further challenging the use of MPC [16].

In the past decade, Control Barrier Functions (CBFs) have emerged as a promising tool for designing
controllers with formal safety guarantees for nonlinear systems [17], [18]. CBFs generalize the concept
of Control Lyapunov Functions (CLFs) [19] for safety, where the key point is imposing a Lyapunov-like
condition on the time derivative of a CBF to ensure forward invariance of the safe set. For control-affine
systems, CLFs and CBFs can be unified by means of Quadratic Programs (QPs), effectively combining
stabilization and safety objectives [17]. Under this approach, the conditions for asymptotic stability and
safety arise from the time derivatives of the CLF and CBF, which depend linearly on the control input. As
a result, controllers can be designed using QPs with linear inequality constraints, which can be efficiently
solved in real time. This approach has been effectively applied in the space context, particularly for safe
spacecraft reorientation under pointing constraints [20], [21]. However, its application to rendezvous and
docking remains limited. A notable example is the work in [22], which introduces a robust CBF method
to handle bounded disturbances, but only considers a simple planetary landing scenario.

Moreover, the standard CLF-CBF-QP framework has a significant limitation. While it enforces the
forward invariance of the safe set with a hard constraint, it relaxes the stabilization objective to maintain
the feasibility of the QP. This leads to the emergence of undesired equilibrium points that cause deadlock
situations and preclude any guarantees of task completion [23], [24], closely mirroring the similar issue
found in potential field methods.

A few works have addressed deadlock resolution in the context of CBF-based control. For instance,
[25] introduces Control Lyapunov Barrier Functions (CLBFs) to ensure safe global asymptotic stabiliza-
tion. However, as shown in [26], there cannot exist a CLBF that renders a point globally asymptotically
stable while avoiding a bounded set. In [23], the authors propose mitigating the unwanted equilibria by
combining CBFs with asymmetric rotating CLFs. However, despite rendering the unwanted equilibrium
points unstable, the authors do not provide global convergence guarantees, and this approach may induce
undesired oscillations. Later, [27] shows that the interior spurious equilibria can be eliminated using a
nominal stabilizing controller, but does not address the more challenging boundary equilibria.

Recently, deadlock resolution in the CBF-based setting has been addressed via hybrid feedback, as
continuous control approaches present a greater difficulty in handling this issue [28]. Particularly, hybrid
CBF formulations, originally developed for hybrid systems [29], [30], have been proposed for deadlock
resolution in continuous-time systems, where decisiveness is achieved by combining CBFs with logic
variables. For example, in [31], [32], and [33], the authors propose the use of an avoidance shell defined
by two partially overlapping domains, where decisiveness is achieved by switching between the domains.
However, the avoidance shell is an overly conservative obstacle representation.

More recently, in [34], the authors propose a hybrid CBF approach based on a polytopic avoidance do-
main, offering a less conservative obstacle representation, where deadlock resolution is achieved through
a switching mechanism similar to that from synergistic Lyapunov functions [35], [36]. Nevertheless, the
approach from [34] also lacks flexibility, as deadlock resolution is restricted to specific convex polytopes,
which themselves depend on the desired equilibrium point.
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To overcome the limitations of the previous methods, our recent work in [37] introduces an improved
hybrid CLF-CBF framework that guarantees safe global navigation in environments with arbitrary convex
polytopic obstacles, providing a systematic and flexible design. The approach decomposes the navigation
task into a sequence of safe stabilization subproblems (the hybrid modes), each defined by an active safe
half-space and an associated target point, and for each subproblem, a controller designed using compatible
CLF and CBF constraints ensures convergence to the active setpoint. As the trajectory approaches the
active setpoint, a switching mechanism updates the active safe half-space and assigns a new target point.
Global navigation is then achieved by ensuring that the switching logic generates a sequence of setpoints
converging to the desired goal point. The method is developed for first-order systems and extended to
higher-order dynamics via a joint CLF-CBF backstepping procedure. Nonetheless, this approach remains
limited to convex polytopic obstacles.

1.1 Main Contributions and Organization
This paper considers the problem of controlling a chaser spacecraft to safely achieve rendezvous and

docking with an orbiting target spacecraft. The geometry of the target spacecraft is modeled as a bounded
nonconvex polytope, defined as a bounded convex polytope with a convex docking port. To address this
problem, we propose a hybrid CLF-CBF control strategy that guarantees safe global navigation to the
desired docking point, extending our work in [37] to environments with nonconvex polytopic obstacles.

The main contributions of this paper can be summarized as follows:

• We extend the hybrid CLF-CBF framework from [37] to environments with nonconvex polytopic
obstacles and also time-varying system dynamics;

• We validate the proposed approach in a high-fidelity spacecraft rendezvous and docking scenario,
demonstrating its effectiveness under realistic mission conditions.

The remainder of this paper is structured as follows. Section 2 provides important background on
CLFs and CBFs, and Section 3 formulates the rendezvous and docking problem addressed in this paper.
Section 4 presents the proposed hybrid CLF-CBF control strategy, with simulation results in Section 5.
Finally, Section 6 summarizes conclusions and future directions.

1.2 Notation and General Definitions
N is the set of nonnegative integers. R, R≥0, and R>0 are the sets of real, nonnegative, and positive

numbers, respectively. R𝑛 is the 𝑛-dimensional euclidean space, and S𝑛−1 is the unit sphere in R𝑛. R𝑛×𝑚
is the set of 𝑛 × 𝑚 real matrices, R𝑛×𝑛≻0 is the set of positive-definite matrices of size 𝑛, and SO(𝑛) is the
special orthogonal group in R𝑛. For a given set S ⊆ R𝑛, int(S) and 𝜕S are the interior and boundary of
S, respectively. The 𝑝-norm of a vector x ∈ R𝑛 is denoted as ∥x∥𝑝, with ∥x∥ = ∥x∥2, and for two vectors
x1 ∈ R𝑛1 , x2 ∈ R𝑛2 , we often use the notation (x1, x2) =

[
x⊤1 x⊤2

]⊤ ∈ R𝑛1+𝑛2 . For a differentiable function
ℎ : R𝑛 → R and G : R𝑛×R≥0 → R𝑛×𝑚, we use the Lie-derivative notation (𝐿Gℎ) (x, 𝑡) = ∇ℎ(x)⊤G(x, 𝑡).
Additionally, ¤x is the time derivative of x, and x+ is the value of x after an instantaneous change. Finally,
0𝑛×𝑚 is the 𝑛 × 𝑚 matrix of zeros, and I𝑛 is the identity matrix of size 𝑛 (dimensions are often omitted).

Definition 1 (Class-K/K∞ Function) A continuous function 𝛾 : R≥0 → R≥0 is a class-K function if it
is strictly increasing with 𝛾(0) = 0, and it is a class-K∞ function if, additionally, lim𝑠→∞ 𝛾(𝑠) = ∞.

Definition 2 (Extended Class-K/K∞ Function) A continuous function 𝛼 : R→ R is an extended class-
K function if it is strictly increasing with𝛼(0) = 0, and it is an extended class-K∞ function if, additionally,
we have lim𝑠→±∞ 𝛼(𝑠) = ±∞.

Definition 3 (Positive-Definite Function around a Point) A scalar function 𝑉 : R𝑛 → R≥0 is said to
be positive definite around a point x̄ if 𝑉 (x̄) = 0 and 𝑉 (x) > 0 for all x ∈ R𝑛 \ {x̄}.
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2 Mathematical Background
Consider a time-varying control-affine system of the form

¤x = f (x, 𝑡) +G(x, 𝑡)u, (1)

where x ∈ R𝑛 is the system state, u ∈ R𝑚 is the control input, and the functions f : R𝑛 × R≥0 → R𝑛 and
G : R𝑛 × R≥0 → R𝑛×𝑚 are locally Lipschitz in x and continuous in 𝑡. Applying a feedback controller
k : R𝑛 × R≥0 → R𝑚 to (1) yields the time-varying closed-loop system

¤x = f (x, 𝑡) +G(x, 𝑡)k(x, 𝑡). (2)

As the functions f and G are locally Lipschitz in x and continuous in 𝑡, if the controller k also satisfies
these properties, then, for every initial condition x0 ∈ R𝑛, there exists a unique continuously differentiable
solution 𝝋 : 𝐼 (x0) → R𝑛 satisfying

¤𝝋(𝑡) = f (𝝋(𝑡), 𝑡) +G(𝝋(𝑡), 𝑡)k(𝝋(𝑡), 𝑡),
𝝋(0) = x0,

(3)

for all 𝑡 ∈ 𝐼 (x0), where 𝐼 (x0) ⊆ R≥0 denotes the maximal interval of existence for the solution [38]. If
𝐼 (x0) = R≥0, the solution is said to be complete. Next, we define the notions of asymptotic stability and
forward invariance considered in this paper.

Definition 4 (Asymptotic Stability) An equilibrium point x̄ of the system (2) is asymptotically stable if
it is stable and there exists a maximal set A ⊃ {x̄} such that, for every initial condition x0 ∈ A, 𝝋 is
complete and lim𝑡→∞ ∥𝝋(𝑡) − x̄∥ = 0. The set A is called the region of attraction of x̄. If A = R𝑛, then
x̄ is said to be globally asymptotically stable.

Definition 5 (Forward Invariance) A set C ⊂ R𝑛 is said to be forward invariant for the system (2) if,
for every initial condition x0 ∈ C, we have 𝝋(𝑡) ∈ C for all 𝑡 ∈ 𝐼 (x0).

2.1 Control Lyapunov and Control Barrier Functions
We begin by considering the usual control objective of globally asymptotically stabilizing the system

(1) to a desired equilibrium point x̄. This can be achieved by designing a control law that drives a proper
and positive-definite function (around x̄) 𝑉 : R𝑛 → R≥0 to zero, motivating the concept of CLF [39].

Definition 6 (CLF) A continuously differentiable, proper, and positive-definite function 𝑉 : R𝑛 → R≥0
around a point x̄ is a CLF for the system (1) if there exists a class-K function 𝛾 : R≥0 → R≥0 such that,
for all (x, 𝑡) ∈ (R𝑛 \ {x̄}) × R≥0,

inf
u∈R𝑚
[(𝐿f𝑉) (x, 𝑡) + (𝐿G𝑉) (x, 𝑡)u] < −𝛾(𝑉 (x)). (4)

Given a CLF 𝑉 for (1) and an associated class-K function 𝛾, we define the pointwise set of controls

𝐾CLF(x, 𝑡) = {u ∈ R𝑚 : (𝐿f𝑉) (x, 𝑡) + (𝐿G𝑉) (x, 𝑡)u ≤ −𝛾(𝑉 (x))}. (5)

This yields the following main result with respect to CLFs.

Theorem 1 (Stabilizing Controller [39]) Let 𝑉 : R𝑛 → R≥0 be a continuously differentiable, proper,
and positive-definite function around a point x̄. If 𝑉 is a CLF for (1), then the set 𝐾CLF(x, 𝑡) is nonempty
for all (x, 𝑡) ∈ R𝑛 ×R≥0, and any controller k : R𝑛 ×R≥0 → R𝑚 that is locally Lipschitz in x, continuous
in 𝑡, and with k(x, 𝑡) ∈ 𝐾CLF(x, 𝑡) for all (x, 𝑡) ∈ R𝑛 × R≥0 globally asymptotically stabilizes (1) to x̄.
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Additionally, we now consider the safety objective of rendering a given safe set forward invariant.
Particularly, we consider a safe set C ⊂ R𝑛 defined as the 0-superlevel set of a continuously differentiable
function ℎ : R𝑛 → R with ∇ℎ(x) ≠ 0 when ℎ(x) = 0, yielding

C = {x ∈ R𝑛 : ℎ(x) ≥ 0},
𝜕C = {x ∈ R𝑛 : ℎ(x) = 0},

int(C) = {x ∈ R𝑛 : ℎ(x) > 0}.
(6)

If ℎ has the properties of a CBF, then it can be used to design safe controllers for the system (1).

Definition 7 (CBF [17]) Let C ⊂ R𝑛 be the 0-superlevel set of a continuously differentiable function
ℎ : R𝑛 → R with ∇ℎ(x) ≠ 0 when ℎ(x) = 0. The function ℎ is a (zeroing) CBF for the system (1) if there
exists an extended class-K∞ function 𝛼 : R→ R such that, for all (x, 𝑡) ∈ R𝑛 × R≥0,

sup
u∈R𝑚

[(𝐿fℎ) (x, 𝑡) + (𝐿Gℎ) (x, 𝑡)u] > −𝛼(ℎ(x)). (7)

This definition means that a CBF is allowed to decrease in the interior of the safe set but not on its
boundary. Similar to CLFs, given a CBF ℎ for (1) and a corresponding extended class-K∞ function 𝛼,
we define the pointwise set of controls

𝐾CBF(x, 𝑡) = {u ∈ R𝑚 : (𝐿fℎ) (x, 𝑡) + (𝐿Gℎ) (x, 𝑡)u ≥ −𝛼(ℎ(x))}. (8)

This yields the following main result concerning CBFs.

Theorem 2 (Safe Controller [17]) Let C ⊂ R𝑛 be the 0-superlevel set of a continuously differentiable
function ℎ : R𝑛 → R with ∇ℎ(x) ≠ 0 when ℎ(x) = 0. If the function ℎ is a CBF for the system (1), then
the set 𝐾CBF(x, 𝑡) is nonempty for all (x, 𝑡) ∈ R𝑛 × R≥0, and any controller k : R𝑛 × R≥0 → R𝑚 that is
locally Lipschitz in x, continuous in 𝑡, and with k(x, 𝑡) ∈ 𝐾CBF(x, 𝑡) for all (x, 𝑡) ∈ R𝑛 × R≥0 renders C
forward invariant for the resulting closed-loop system. Also, C becomes asymptotically stable in R𝑛.

Remark 1 The strictness of the inequalities in (4) and (7) enables proving that optimization-based
controllers relying on CLFs and CBFs are locally Lipschitz in x [40], [41].

2.2 Quadratic Program Formulation
Stabilization and safety objectives represented by CLFs and CBFs can be unified via an optimization-

based approach. Specifically, given a CLF𝑉 and a CBF ℎ associated with a safe set, the standard approach
for encoding these objectives into a controller k : R𝑛 × R≥0 → R𝑚 is through the following QP:

(k(x, 𝑡), ·) = arg min
(u,𝛿)∈R𝑚+1

1
2
∥u − kn(x, 𝑡)∥2 +

1
2
𝑝𝛿2

subject to (𝐿f𝑉) (x, 𝑡) + (𝐿G𝑉) (x, 𝑡)u ≤ −𝛾(𝑉 (x)) + 𝛿,
(𝐿fℎ) (x, 𝑡) + (𝐿Gℎ) (x, 𝑡)u ≥ −𝛼(ℎ(x)),

(9)

where kn : R𝑛 × R≥0 → R𝑚 denotes a nominal controller that does not necessarily ensure stability and
safety, 𝑝 ∈ R>0 is a scaling parameter, 𝛾 is a class-K function corresponding to the CLF, and 𝛼 is an
extended class-K∞ function associated with the CBF. The CBF constraint ensures the forward invariance
of the safe set, and the relaxation variable 𝛿 softens the stabilization objective to maintain the feasibility of
the optimization problem across all x ∈ R𝑛. Also, the controller defined in (9) can be expressed in closed
form via the Karush-Kuhn-Tucker (KKT) conditions, and it is locally Lipschitz in x and continuous in 𝑡
if kn has such properties and the CLF and CBF gradients, along with 𝛾 and 𝛼, are locally Lipschitz [37].
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When input bounds must also be taken into account, an improved formulation is required, as simply
augmenting the QP from (9) with the input constraints may render the resulting QP infeasible. To properly
account for input bounds described by a compact convex setU ⊂ R𝑚, a suitable approach is to adopt the
optimal-decay formulation from [42] and design a controller k through the following QP:

(k(x, 𝑡), ·, ·) = arg min
(u,𝛿,𝜔)∈R𝑚+2

1
2
∥u − kn(x, 𝑡)∥2 +

1
2
𝑝𝛿2 + 1

2
𝑝𝜔 (𝜔 − 1)2

subject to (𝐿f𝑉) (x, 𝑡) + (𝐿G𝑉) (x, 𝑡)u ≤ −𝛾(𝑉 (x)) + 𝛿,
(𝐿fℎ) (x, 𝑡) + (𝐿Gℎ) (x, 𝑡)u ≥ −𝜔𝛼(ℎ(x)),
u ∈ U,

(10)

with scaling parameters 𝑝, 𝑝𝜔 ∈ R>0. This formulation guarantees feasibility when ℎ(x) ≠ 0.

However, it is important to highlight that a significant limitation of the standard CLF-CBF approaches
(and continuous navigation methods in general) is the emergence of additional equilibrium points be-
yond the zero of the CLF. These undesired equilibrium points can trap the system and prevent global
convergence to the desired equilibrium point. To overcome this issue, our recent work in [37] proposes a
hybrid CLF-CBF control framework that guarantees safe global navigation in environments with bounded
obstacles represented as convex polytopes, improving upon the hybrid approaches from [33] and [34].

3 Problem Formulation
We consider the problem of controlling a chaser spacecraft to safely perform rendezvous and docking

with an orbiting target spacecraft. The target spacecraft is fitted with a body-fixed reference frame FT, in
which the chaser dynamics are described by a second-order strict-feedback model of the form

¤p = v, (11)
¤v = f1(p, v, 𝑡) +G1(p, v, 𝑡)u, (12)

where p, v ∈ R𝑝 denote the position and velocity of the chaser in FT, respectively, u ∈ R𝑚 is the control
input, the functions f1 : R𝑝 × R𝑝 × R≥0 → R𝑝 and G1 : R𝑝 × R𝑝 × R≥0 → R𝑝×𝑚 are locally Lipschitz in
(p, v) and continuous in 𝑡, and G1(p, v, 𝑡) has full row rank for all (p, v, 𝑡) ∈ R𝑝 × R𝑝 × R≥0.

The body of the target spacecraft is modeled as a bounded nonconvex polytope T ⊂ R𝑝, defined as

T = P \ D, (13)

where P ⊂ R𝑝 is a bounded convex polytope, andD ⊂ R𝑝 is an unbounded convex polytope that models
the docking port, both with nonempty interior. The set P is defined by the intersection of 𝑄 ≥ 𝑝 + 1
half-space domains as

P =
{
p ∈ R𝑝 : ℎ1(p) < 0 ∧ · · · ∧ ℎ𝑄 (p) < 0

}
, (14)

where, for each 𝑞 ∈ {1, . . . , 𝑄}, the function ℎ𝑞 : R𝑝 → R is defined for all p ∈ R𝑝 as

ℎ𝑞 (p) = n⊤𝑞 p − 𝑑𝑞, (15)

with n𝑞 ∈ S𝑝−1 denoting the outward-pointing unit normal of facet 𝑞 and 𝑑𝑞 ∈ R the respective offset. We
further assume that the half-space constraints defining the polytope are nonredundant, so that removing
any of them results in a different set. This implies that the normal vectors satisfy n𝑞1 ≠ n𝑞2 for all distinct
𝑞1, 𝑞2 ∈ {1, . . . , 𝑄}. Similarly, the set D is defined by the intersection of 𝑀 ≥ 𝑝 half-spaces as

D = {p ∈ R𝑝 : 𝜓1(p) ≥ 0 ∧ · · · ∧ 𝜓𝑀 (p) ≥ 0} , (16)
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Fig. 1 Illustrative problem setup. The left figure depicts a possible setup in an inertial frame centered
on a central body around which the target orbits, along with the position of the chaser spacecraft in that
frame. The right figure depicts the same setup in the target-fixed frame, with a close-up view that high-
lights a possible representation of the geometry of the target.

where, for each 𝑖 ∈ {1, . . . , 𝑀}, the function 𝜓𝑖 : R𝑝 → R is defined for all p ∈ R𝑝 as

𝜓𝑖 (p) = a⊤𝑖 p − 𝑏𝑖, (17)

with a𝑖 ∈ S𝑝−1 denoting the inward-pointing unit normal of the 𝑖th facet and 𝑏𝑖 ∈ R the associated offset.
Given this formulation, the safe set for the position of the chaser spacecraft is defined as

C = R \ T = R \ (P \ D) = (R \ P) ∪ D, (18)

where the complement of P is given by

R \ P =
{
p ∈ R𝑝 : ℎ1(p) ≥ 0 ∨ · · · ∨ ℎ𝑄 (p) ≥ 0

}
. (19)

An illustrative example of the problem setup under consideration is depicted in Fig. 1. Having the
previous setup in place, we are now ready to formally state the problem addressed in this paper.

Problem 1 Consider the above setup, and let pd ∈ P∩ int(D) be the desired docking point for the chaser
spacecraft. Then, assuming an unbounded control input, design a control strategy which, for every initial
condition (p0, v0) ∈ int(C) × R𝑝, guarantees that the resulting chaser trajectory 𝝋 : R≥0 → R𝑝 satisfies
lim𝑡→∞ ∥𝝋(𝑡) − pd∥ = 0 and 𝝋(𝑡) ∈ C for all 𝑡 ∈ R≥0. Additionally, extend the proposed approach to
handle bounded control inputs.

A straightforward approach to this problem is to construct a single CBF using smooth approximations
of the maximum and minimum functions [43], and then apply the standard QP formulations described in
Section 2. However, as discussed in Section 2 and shown in [37], this approach gives rise to asymptotically
stable undesired equilibria at the boundary of the safe set, leading to deadlock situations and precluding
any guarantees of task completion. This limitation is even more critical in the present setup, owing to
the nonconvexity of T and the fact that the docking point is located within the convex hull of T .

4 Hybrid Control Solution
To address the problem outlined in Section 3, we propose a hybrid CLF-CBF control algorithm that

builds upon our work from [37], extending it to nonconvex polytopic obstacles and time-varying systems.
For greater clarity, we structure the approach into two sequential phases: rendezvous and docking. During
the rendezvous phase, we employ the hybrid framework from [37] to safely guide the chaser spacecraft to
a point p̄ located on the boundary of P and within the interior of the docking port, i.e., p̄ ∈ 𝜕P ∩ int(D).
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Once the spacecraft reaches a specified neighborhood of p̄, the algorithm switches to the docking mode,
with the control law safely stabilizing the chaser spacecraft to the desired docking point pd.

In the rendezvous phase, the safe set for the position of the chaser is defined as R \P, and the control
strategy involves solving a sequence of safe stabilization subproblems. Each subproblem consists of an
active safe half-space and an associated target point, for which we design a controller using compatible
CLF and CBF constraints, ensuring convergence to the active setpoint. As the spacecraft approaches the
current target, a switching mechanism updates the active half-space and assigns a new setpoint. Global
convergence to p̄ is then achieved by ensuring that the resulting sequence of setpoints converges to p̄.

During the rendezvous phase, the control strategy can then be described through an auxiliary hybrid
system with flow dynamics of the form

¤p
¤v
¤𝝃

 =


v

f1(p, v, 𝑡) +G1(p, v, 𝑡)k𝝃,1(p, v, 𝑡)
0

 , (p, 𝝃) ∈ F , (20)

and with jump dynamics described by
p+

v+

𝝃+

 =


p
v

s(p, 𝝃)

 , (p, 𝝃) ∈ J . (21)

In the above, 𝝃 = (p̂, 𝑞) ∈ Ξ is an auxiliary state that includes the active target point, p̂, and the index 𝑞
of the active safe half-space, with the set Ξ ⊂ R𝑝 × {1, . . . , 𝑄} being defined as

Ξ =
{
(p̂, 𝑞) ∈ R𝑝 × {1, . . . , 𝑄} : ℎ𝑞 (p̂) ≥ 0

}
. (22)

Furthermore, k𝝃,1 : R𝑝 ×R𝑝 ×R≥0 → R𝑚 denotes a controller that solves the subproblem defined by the
auxiliary state 𝝃. More specifically, k𝝃,1 ensures that the chaser remains within the active safe half-space
𝑞 while guiding it toward the current setpoint p̂. As detailed later, k𝝃,1 is designed using compatible CLF
and CBF constraints, which becomes feasible due to the linear nature of a half-space. The switching logic
is defined by the flow and jump sets, F ,J ⊂ R𝑝 × Ξ, together with the update function s : J → Ξ. The
design of the subproblem controller and the proposed switching logic are detailed in the next subsections.

Once the chaser spacecraft enters a neighborhood of the rendezvous point p̄, i.e., when ∥p − p̄∥ ≤ 𝑟
(with 𝑟 ∈ R>0 and this neighborhood included by int(D)), the algorithm switches to the docking mode.
In this phase, the active controller becomes kd,1 : R𝑝 ×R𝑝 ×R≥0 → R𝑚, which is a controller that keeps
the spacecraft inside D while guiding it to the docking point pd. This controller is also designed using
compatible CLF and CBF constraints, which is possible due to the convex and unbounded nature of D.

4.1 Switching Logic
In line with [37], the switching logic of the rendezvous phase relies on a reference direction that

serves to guide the sequence of setpoints toward p̄ (see Fig. 2). This direction is defined by the vector

w = n𝑞, (23)

where 𝑞 denotes the index of the function ℎ𝑞 attaining the highest value at p̄, meaning that1

𝑞 = arg max
𝑞′∈{1,...,𝑄}

ℎ𝑞′ (p̄). (24)

1We consider that arg max/min returns a single solution when the optimization problem has multiple solutions.
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Additionally, for a hybrid mode defined by an active safe half-space 𝑞 and an active setpoint p̂, we define
an auxiliary safe half-space 𝑞, which “forecasts” the safe half-space that will be activated at an upcoming
jump event. This auxiliary half-space is defined through

𝑞 = arg max
𝑞′∈Q̂𝑞

ℎ𝑞′ (p̂), (25)

where Q̂𝑞 is a subset of half-space indices defined as

Q̂𝑞 =
{
𝑞′ ∈ {1, . . . , 𝑄} : w⊤n𝑞′ > w⊤n𝑞

}
∪ {𝑞}. (26)

This construction guarantees that the safe half-space 𝑞 is chosen from the safe half-spaces whose normal
vectors are more aligned with the reference normal w = n𝑞 than the active one, and the union with {𝑞}
ensures that the set Q̂𝑞 remains nonempty when the active safe half-space is already 𝑞.

Building on the previous auxiliary variables, the switching logic follows a hysteretic behavior inspired
by synergistic Lyapunov functions [35], [36]. More specifically, for an active safe half-space 𝑞 that does
not contain p̄, we will enforce the active setpoint to be placed on the active boundary hyperplane, i.e.,

ℎ𝑞 (p̂) = 0. (27)

Moreover, we consider a minimum synergy gap 𝜇 ∈ R>0, used as a reference for placing the intermediate
setpoint relative to the safe half-space 𝑞. Specifically, in addition to (27), we will also enforce that

ℎ𝑞 (p̂) ≥ 𝜇. (28)

This ensures that the intermediate setpoint lies within the interior of the safe half-space 𝑞, with 𝜇 defining
the minimum allowed distance to the boundary hyperplane 𝑞.

Given this setup and a desired hysteresis width 𝜎 ∈ (0, 𝜇), we define the flow and jump sets as

F =
{
(p, 𝝃) ∈ R𝑝 × Ξ : ℎ𝑞 (p) − ℎ𝑞 (p) < 𝜎 ∨ ℎ𝑞 (p) < 0

}
,

J =
{
(p, 𝝃) ∈ R𝑝 × Ξ : ℎ𝑞 (p) − ℎ𝑞 (p) ≥ 𝜎 ∧ ℎ𝑞 (p) ≥ 0

}
,

(29)

and the active safe half-space is updated according to

𝑞+ = 𝑞, if (p, 𝝃) ∈ J . (30)

This formulation guarantees that safety is maintained when a jump occurs, as from the jump set definition
we have ℎ𝑞+ (p) ≥ ℎ𝑞 (p) + 𝜎 > 0. It also ensures that w⊤n𝑞+ > w⊤n𝑞, meaning that the alignment of
the active normal with the reference one increases with each jump. It now remains to explain how the
intermediate target points are computed to enforce the conditions in (27) and (28).

To compute the intermediate setpoints, we assign a tangent direction to each boundary hyperplane
other than the reference one (𝑞). Each tangent direction is defined by an auxiliary vector t𝑞, obtained by
projecting w onto the respective hyperplane. Specifically, for each 𝑞 ∈ {1, . . . , 𝑄} \ {𝑞}, t𝑞 is given by

t𝑞 =
(
I − n𝑞n⊤𝑞

)
w + 𝝐 𝜒

(


(I − n𝑞n⊤𝑞
)

w



) , (31)

where 𝜒 : R → {0, 1} is an indicator function with 𝜒(0) = 1 and 𝜒(𝑠) = 0 when 𝑠 ≠ 0, and the vector
𝝐 ≠ 0 is such that w⊤𝝐 = 0. The first term in (31) is the projection of w onto the hyperplane defined by
the normal vector n𝑞, and the second term guarantees decisiveness when n𝑞 = −w.
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Consider now a hybrid mode defined by 𝝃 = (p̂, 𝑞), where the conditions in (27) and (28) are satisfied.
At the next jump, we assess whether the safe half-space 𝑞 contains p̄. If it does, the next setpoint is simply
set to p̄. When the safe half-space 𝑞 does not contain p̄, we proceed as follows. First, we determine the
point p̃ where the boundary hyperplane 𝑞 intersects the line segment between the current position p and
p̄. We then adjust p̃ by adding t𝑞 scaled by a factor 𝜏 ∈ R≥0, resulting in the new setpoint. The factor 𝜏
is the smallest nonnegative value that ensures the new setpoint satisfies the synergy gap condition.

More specifically, the active target point is updated according to

p̂+ =

{
p̃ + t𝑞𝜏, if ℎ𝑞 (p̄) < 0 and (p, 𝝃) ∈ J ,
p̄, if ℎ𝑞 (p̄) ≥ 0 and (p, 𝝃) ∈ J ,

(32)

where p̃ is the intersection point between the line segment pp̄ and the boundary hyperplane 𝑞, given by

p̃ = p +
ℎ𝑞 (p)

ℎ𝑞 (p) − ℎ𝑞 (p̄)
(p̄ − p), (33)

and the scaling factor 𝜏 ∈ R≥0 is determined as follows:

𝜏 = min
(𝜏′,𝑞′)∈R≥0×Q̂𝑞̂

𝜏′

subject to ℎ𝑞′
(
p̃ + t𝑞𝜏′

)
≥ 𝜇.

(34)

The optimization problem in (34) can be compactly written as

𝜏 = min
𝑞′∈Q̂𝑞̂

𝜏𝑞′ , (35)

where, for each 𝑞′ ∈ Q̂𝑞, 𝜏𝑞′ is given by

𝜏𝑞′ =


(
n⊤
𝑞′t𝑞

)−1 (
𝜇 − ℎ𝑞′ (p̃)

)
, if ℎ𝑞′ (p̃) < 𝜇 and n⊤

𝑞′t𝑞 > 0,
0, if ℎ𝑞′ (p̃) ≥ 𝜇,
∞ (infeasible), otherwise.

(36)

Note that when the safe half-space 𝑞 does not contain p̄, the next setpoint is placed on the boundary
hyperplane 𝑞, and 𝜏 ensures that the next setpoint satisfies the synergy gap condition. Thus, if the current
hybrid mode satisfies the conditions in (27) and (28), the update from (30) and (32) ensures that the next
mode also satisfies these conditions when ℎ𝑞 (p̄) < 0. The proposed switching logic is depicted in Fig. 2.

It now only remains to ensure that the initial hybrid mode satisfies the conditions in (27) and (28) when
the initial active safe half-space does not contain p̄. To address this, the initial auxiliary state 𝝃0 = (p̂0, 𝑞0)
is computed through a pre-initial update. Specifically, the active safe half-space is initialized through

𝑞0 = arg max
𝑞′∈{1,...,𝑄}

ℎ𝑞′ (p0), (37)

and the initial target point is determined according to

p̂0 =

{
p̃0 + t𝑞0𝜏0, if ℎ𝑞0 (p̄) < 0,
p̄, if ℎ𝑞0 (p̄) ≥ 0,

(38)

where p̃0 is the intersection point of p0p̄ with the hyperplane 𝑞0, and 𝜏0 is given by (35) (𝑞 = 𝑞0, p̃ = p̃0).
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Fig. 2 Illustration of the switching mechanism triggered by a jump event when the forecast safe half-
space 𝑞 does not contain the desired rendezvous point p̄.

Finally, once the chaser spacecraft enters a neighborhood of the rendezvous point p̄, the algorithm
transitions into the docking mode. In this phase, the active controller becomes kd,1, which guides the
spacecraft toward the target docking location p̄d while ensuring it remains within the set D. With the
proposed switching mechanism now fully outlined, Algorithm 1 summarizes the hybrid control strategy,
highlighting its computational implementation. We are now ready to present the main result of this paper.

Theorem 3 Consider the dynamics (11)-(12). If there exists a controller k𝝃,1 : R𝑝×R𝑝 → R𝑚 that solves
the safe stabilization subproblem defined by 𝝃 = (p̂, 𝑞) ∈ Ξ, and there exists a controller kd,1 : R𝑝×R𝑝 →
R𝑚 that solves the docking subproblem, then, for every initial condition (p0, v0) ∈ int(C) ×R𝑝, the hybrid
control strategy described in this section guarantees that the resulting chaser trajectory 𝝋 : R≥0 → R𝑝

satisfies lim𝑡→∞ ∥𝝋(𝑡) − pd∥ = 0 and 𝝋(𝑡) ∈ C for all 𝑡 ∈ R≥0.

Proof According to [37], 𝝋 will first converge to p̄. Since, by design, the ball defined by ∥p− p̄∥ ≤ 𝑟 lies
entirely within int(D), there exists an instant at which the algorithm transitions to the docking mode. In
this phase, the controller kd,1 safely drives the spacecraft to pd, completing the proof.

Algorithm 1 Hybrid Control Algorithm
Require: p0, v0, p̄, ℎ1, . . . , ℎ𝑄 , 𝜇, 𝜎, 𝑟, k𝝃,1, kd,1

1: Compute w using (23)-(24) ⊲ Setup
2: Initialize 𝝃 = (p̂, 𝑞) using (37)-(38)
3: Initialize 𝑞 using (25)-(26)
4: while ∥p − p̄∥ > 𝑟 do ⊲ Rendezvous Phase
5: Get current state (p, v) and time 𝑡
6: if ℎ𝑞 (p) − ℎ𝑞 (p) ≥ 𝜎 and ℎ𝑞 (p) ≥ 0 then ⊲ Jump Event
7: if ℎ𝑞 (p̄) < 0 then
8: Compute p̃, t𝑞, 𝜏 via (33), (31), (35)-(36)
9: (p̂, 𝑞) ←

(
p̃ + t𝑞𝜏, 𝑞

)
10: else
11: (p̂, 𝑞) ← (p̄, 𝑞)
12: end if
13: Update 𝑞 using (25)-(26)
14: end if
15: Apply input k𝝃,1(p, v, 𝑡) to the spacecraft
16: end while
17: while true do ⊲ Docking Phase
18: Get current state (p, v) and time 𝑡
19: Apply input kd,1(p, v, 𝑡) to the spacecraft
20: end while
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4.2 Controller Design - Rendezvous
To complete the description of the hybrid control strategy for the rendezvous phase, it now remains

to address the design of the controller k𝝃,1, which must solve the safe stabilization subproblem associated
with the auxiliary state 𝝃 = (p̂, 𝑞) ∈ Ξ. Following [37], the design of k𝝃,1 proceeds in two stages. First,
we design a smooth CLF-CBF controller k𝝃 : R𝑝 → R𝑝 for the top-level dynamics (11) under compatible
CLF and CBF constraints. Next, we follow a joint CLF-CBF backstepping approach to obtain compatible
CLF and CBF constraints for the full dynamics (11)-(12), which are used to design k𝝃,1 through a QP.

Regarding the first design step, we consider a quadratic CLF 𝑉p̂ : R𝑝 → R≥0 for (11), defined as

𝑉p̂(p) =
1
2
∥p − p̂∥2 (39)

for all p ∈ R𝑝, along with the CBF ℎ𝑞 defined by (15). As the top-level dynamics (11) are fully actuated,
these functions are a valid CLF and CBF for (11), and the associated constraints take the form

∇𝑉p̂(p)⊤v ≤ −𝛾
(
𝑉p̂(p)

)
,

∇ℎ𝑞 (p)⊤v ≥ −𝛼
(
ℎ𝑞 (p)

)
,

(40)

where the class-K function 𝛾 (for the CLF) and the extended class-K∞ function 𝛼 (for the CBF) can be
chosen arbitrarily. For simplicity, we select 𝛾(𝑠) = 2𝛾̄𝑠 for all 𝑠 ∈ R≥0 and 𝛼(𝑠) = 𝛼̄𝑠 for all 𝑠 ∈ R, with
𝛾̄, 𝛼̄ ∈ R>0. As shown in [37], choosing 𝛼̄ ≥ 𝛾̄ ensures that the CLF and CBF constraints are compatible
(mutually satisfiable for all p ∈ R𝑝), allowing synthesis of a top-level controller k𝝃 without relaxing the
stabilization objective. However, since the top-level controller must be smooth, QP-based synthesis is not
suitable, as QP controllers are typically only locally Lipschitz. To achieve smoothness while satisfying
both constraints, we employ the Gaussian-weighted centroid method introduced in [44]. For brevity, the
details of the method are omitted here, but the reader is referred to [44] and [37] for a full description.

Having obtained the top-level controller k𝝃 , we can now construct a CLF 𝑉p̂,1 : R𝑝 ×R𝑝 → R≥0 and
a CBF ℎ𝑞,1 : R𝑝 × R𝑝 → R for the overall spacecraft dynamics (11)-(12) as

𝑉p̂,1(p, v) = 𝑉p̂(p) +
1

2𝛽𝑣



v − k𝝃 (p)


2
,

ℎ𝑞,1(p, v) = ℎ𝑞 (p) −
1

2𝛽ℎ



v − k𝝃 (p)


2
,

(41)

for all (p, v) ∈ R𝑝 × R𝑝, with 𝛽𝑣, 𝛽ℎ ∈ R>0. As the overall dynamics (11)-(12) are fully actuated, these
functions are a valid CLF and CBF for (11)-(12), and the associated constraints take the form(

𝐿 f̄1
𝑉p̂,1

)
(p, v, 𝑡) +

(
𝐿Ḡ1

𝑉p̂,1
)
(p, v, 𝑡)u ≤ −𝛾1

(
𝑉p̂,1(p, v)

)
,(

𝐿 f̄1
ℎ𝑞,1

)
(p, v, 𝑡) +

(
𝐿Ḡ1

ℎ𝑞,1
)
(p, v, 𝑡)u ≥ −𝛼1

(
ℎ𝑞,1(p, v)

)
,

(42)

where the fields f̄1 and Ḡ1 are defined as f̄1(p, v, 𝑡) = (v, f1(p, v, 𝑡)) and Ḡ1(p, v, 𝑡) = [0⊤G1(p, v, 𝑡)⊤]⊤,
𝛾1 is a class-K function with 𝛾1(𝑠) < 𝛾(𝑠) for all 𝑠 ∈ R>0, and 𝛼1 is an extended class-K∞ function such
that 𝛼1(𝑠) ≥ 𝛼(𝑠) for all 𝑠 ∈ R. By virtue of the joint CLF-CBF backstepping design, these constraints
are compatible, as established in [45] and [37].

Remark 2 (Maintaining Safety across Jumps) To maintain safety when an update occurs, the state
(p, v) at the moment of the jump must satisfy ℎ𝑞+,1(p, v) ≥ 0. As shown in Section 4, the position p will
be within the interior of the next active safe half-space, so that ℎ𝑞+ (p) > 0 at the time of the jump. Hence,
we can select the gain 𝛽ℎ such that ℎ𝑞+,1(p, v) ≥ 0 to preserve safety across transitions. This means that
in practice, the value of 𝛽ℎ may have to change when a jump occurs. However, for simplicity of notation,
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this parameter dependence has been omitted. Given a nominal value 𝛽ℎ, we can then update 𝛽ℎ as

𝛽+ℎ = max
{
𝛽ℎ,

1
2ℎ𝑞+ (p)



v − k𝝃+ (p)


2

}
. (43)

Given the compatible CLF and CBF constraints in (42) and assuming an unbounded control input,
we can then construct an optimization-based controller k𝝃,1 as follows:

k𝝃,1(p, v, 𝑡) = arg min
u∈R𝑚

1
2
∥u − kn(p, v, 𝑡)∥2

subject to
(
𝐿 f̄1
𝑉p̂,1

)
(p, v, 𝑡) +

(
𝐿Ḡ1

𝑉p̂,1
)
(p, v, 𝑡)u ≤ −𝛾1

(
𝑉p̂,1(p, v)

)
,(

𝐿 f̄1
ℎ𝑞,1

)
(p, v, 𝑡) +

(
𝐿Ḡ1

ℎ𝑞,1
)
(p, v, 𝑡)u ≥ −𝛼1

(
ℎ𝑞,1(p, v)

)
,

(44)

which solves the subproblem corresponding to 𝝃 = (p̂, 𝑞) ∈ Ξ. To account for input bounds of the form
∥u∥ ≤ 𝑢max, with 𝑢max ∈ R>0, the CLF constraint must be relaxed, which can be done by introducing a
relaxation function 𝛿𝝃 : R𝑝 ×R𝑝 ×R≥0 → R≥0. In this setting, the “best effort” we can do to achieve the
stabilization goal is to relax the CLF constraint only as much as necessary to ensure that the respective
control half-space intersects the admissible input set. This corresponds to defining 𝛿𝝃 as

𝛿𝝃 (p, v, 𝑡) = max
{
0,

(
𝐿 f̄1
𝑉p̂,1

)
(p, v, 𝑡) + 𝛾1

(
𝑉p̂,1(p, v)

)
−



(𝐿Ḡ1
𝑉p̂,1

)
(p, v, 𝑡)



 𝑢max
}
. (45)

Then, to incorporate the safety objective, we can adopt the optimal-decay QP formulation introduced in
[42], which leads to the following subproblem controller design:(

k𝝃,1(p, v, 𝑡), ·
)
= arg min
(u,𝜔)∈R𝑚+1

1
2
∥u − kn(p, v, 𝑡)∥2 +

1
2
𝑝𝜔 (𝜔 − 1)2

subject to
(
𝐿 f̄1
𝑉p̂,1

)
(p, v, 𝑡) +

(
𝐿Ḡ1

𝑉p̂,1
)
(p, v, 𝑡)u ≤ −𝛾1

(
𝑉p̂,1(p, v)

)
+ 𝛿𝝃 (p, v, 𝑡),(

𝐿 f̄1
ℎ𝑞,1

)
(p, v, 𝑡) +

(
𝐿Ḡ1

ℎ𝑞,1
)
(p, v, 𝑡)u ≥ −𝜔𝛼1

(
ℎ𝑞,1(p, v)

)
,

∥u∥ ≤ 𝑢max,
(46)

with 𝑝𝜔 ∈ R>0. This QP is feasible when ℎ𝑞,1(p, v) > 0, as the CLF constraint has been relaxed to respect
the input bound and 𝜔𝛼1

(
ℎ𝑞,1(p, v)

)
can take any value when ℎ𝑞,1(p, v) > 0. When ℎ𝑞,1(p, v) = 0, the

CLF and CBF constraints remain compatible, and the CLF constraint respects the input bound; however,
the three constraints may not always be jointly satisfiable because 𝜔 is ineffective when ℎ𝑞,1(p, v) = 0.
Nonetheless, this potential infeasibility arises only due to the input bound, and if 𝑢max is sufficiently large,
the QP remains feasible when ℎ𝑞,1(p, v) = 0.

4.3 Controller Design - Docking
To complete the description of the hybrid control strategy, we now address the design of the controller

kd,1, which must solve the safe stabilization subproblem concerning the docking phase. The design process
of kd,1 parallels that of k𝝃,1, i.e., we first construct a smooth CLF-CBF controller kd : R𝑝 → R𝑝 for the
top-level dynamics (11) under compatible CLF and CBF constraints (made feasible by the convexity of
D), and we then extend this design using a joint CLF-CBF backstepping procedure to derive compatible
CLF and CBF constraints for the complete system dynamics (11)-(12).

Regarding the first design step, we consider a quadratic CLF 𝑉d : R𝑝 → R≥0 for (11), defined as

𝑉d(p) =
1
2
∥p − pd∥2 (47)

for all p ∈ R𝑝. However, since D is the intersection of multiple half-spaces, we cannot directly obtain a
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top-level CBF. To overcome this, we consider a smooth approximation of the minimum function, adopting
the LogSumExp approach from [43]. More specifically, we define a CBF ℎd : R𝑝 → R for (11) as

ℎd(p) = −
1
𝜅

ln

(
𝑀∑︁
𝑖=1

exp(−𝜅𝜓𝑖 (p))
)

(48)

for all p ∈ R𝑝, with tuning parameter 𝜅 ∈ R>0, which defines a safe set D̃ ⊆ D for the chaser position,
such that lim𝜅→∞ D̃ = D. As the top-level dynamics (11) are fully actuated, these functions are a valid
CLF and CBF for (11), and the associated constraints take the form

∇𝑉d(p)⊤v ≤ −𝛾(𝑉d(p)),
∇ℎd(p)⊤v ≥ −𝛼(ℎd(p)),

(49)

where the class-K function 𝛾 and the extended class-K∞ function 𝛼 can be chosen arbitrarily.

As demonstrated in [37], the above constraints are compatible if it holds that

𝛼(ℎd(p)) ≥
∥∇ℎd(p)∥
∥∇𝑉d(p)∥

𝛾 (𝑉d(p)) (50)

for all p belonging to the critical set

Sc
d =

{
p ∈ R𝑝 :

∇𝑉d(p)
∥∇𝑉d(p)∥

=
∇ℎd(p)
∥∇ℎd(p)∥

,∇𝑉d(p) ≠ 0,∇ℎd(p) ≠ 0
}
. (51)

For simplicity, we now consider that, due to the symmetry of the docking port and the location of the
docking point, the critical set Sc

d reduces to an open ray given by

Sc
d = {pd + dc𝜆 : 𝜆 ∈ R>0} , (52)

with dc ∈ S𝑝−1, and 𝜓𝑖 (pd) = 𝜓̄d ∈ R>0 for all 𝑖 ∈ {1, . . . , 𝑀}. Also, we again select 𝛾(𝑠) = 2𝛾̄𝑠 for all
𝑠 ∈ R≥0 and 𝛼(𝑠) = 𝛼̄𝑠 for all 𝑠 ∈ R, with 𝛾̄, 𝛼̄ ∈ R>0. With these design choices, and using the bounds

ℎd(p) ≥ min
𝑖∈{1,...,𝑀}

𝜓𝑖 (p) −
ln(𝑀)
𝜅

,

∥∇ℎd(p)∥ ≤ 1,
(53)

(see [43]), the compatibility of the top-level constraints can be achieved by ensuring that, for all 𝜆 ∈ R>0,

𝛼̄

(
min

𝑖∈{1,...,𝑀}
𝜓𝑖 (pd + dc𝜆) −

ln(𝑀)
𝜅

)
≥ 2𝛾̄𝑉d(pd + dc𝜆)
∥∇𝑉d(pd + dc𝜆)∥

⇐⇒

𝛼̄

(
𝜓̄d −

ln(𝑀)
𝜅

)
+ min
𝑖∈{1,...,𝑀}

(
𝛼̄a⊤𝑖 dc − 𝛾̄

)
𝜆 ≥ 0.

(54)

This condition is satisfied by selecting the design parameters as

𝜅 ≥ ln(𝑀)
𝜓̄d

,

𝛼̄ ≥ max
𝑖∈{1,...,𝑀}

𝛾̄

a⊤
𝑖

dc
.

(55)

Having obtained compatible CLF and CBF constraints for (11), we can then design a smooth top-level
controller kd using the Gaussian-weighted centroid method introduced in [44].
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Having obtained the top-level controller kd, we can now construct a CLF 𝑉d,1 : R𝑝 ×R𝑝 → R≥0 and
a CBF ℎd,1 : R𝑝 × R𝑝 → R for the overall spacecraft dynamics (11)-(12) as

𝑉d,1(p, v) = 𝑉d(p) +
1

2𝛽𝑣
∥v − kd(p)∥2,

ℎd,1(p, v) = ℎd(p) −
1

2𝛽ℎ
∥v − kd(p)∥2,

(56)

for all (p, v) ∈ R𝑝 × R𝑝, with 𝛽𝑣, 𝛽ℎ ∈ R>0. As the spacecraft dynamics (11)-(12) are fully actuated,
these functions are a valid CLF and CBF for (11)-(12), and the associated constraints are compatible.

Remark 3 (Maintaining Safety across the Transition to Docking Mode) To guarantee safety during
the switch to docking mode, the system state (p, v) at the transition moment must satisfy ℎd,1(p, v) ≥ 0.
By design, we have 𝜓𝑖 (p) > 0 for all 𝑖 ∈ {1, . . . , 𝑀}, which allows us to choose 𝜅 such that ℎd(p) > 0 at
the transition moment. Consequently, 𝛽ℎ can then be selected using the same process from (43).

Assuming an unbounded input, we can then design an optimization-based controller kd,1 as follows:

kd,1(p, v, 𝑡) = arg min
u∈R𝑚

1
2
∥u − kn(p, v, 𝑡)∥2

subject to
(
𝐿 f̄1
𝑉d,1

)
(p, v, 𝑡) +

(
𝐿Ḡ1

𝑉d,1
)
(p, v, 𝑡)u ≤ −𝛾1

(
𝑉d,1(p, v)

)
,(

𝐿 f̄1
ℎd,1

)
(p, v, 𝑡) +

(
𝐿Ḡ1

ℎd,1
)
(p, v, 𝑡)u ≥ −𝛼1

(
ℎd,1(p, v)

)
,

(57)

which solves the docking subproblem. To account for bounded inputs, we follow the same approach from
the previous subsection, which leads to the following subproblem controller design:

(kd,1(p, v, 𝑡), ·) = arg min
(u,𝜔)∈R𝑚+1

1
2
∥u − kn(p, v, 𝑡)∥2 +

1
2
𝑝𝜔 (𝜔 − 1)2

subject to
(
𝐿 f̄1
𝑉d,1

)
(p, v, 𝑡) +

(
𝐿Ḡ1

𝑉d,1
)
(p, v, 𝑡)u ≤ −𝛾1

(
𝑉d,1(p, v)

)
+ 𝛿d(p, v, 𝑡),(

𝐿 f̄1
ℎd,1

)
(p, v, 𝑡) +

(
𝐿Ḡ1

ℎd,1
)
(p, v, 𝑡)u ≥ −𝛼1

(
ℎd,1(p, v)

)
,

∥u∥ ≤ 𝑢max.
(58)

5 Simulation Results
This section demonstrates the effectiveness of the proposed hybrid CLF-CBF control strategy in a

realistic spacecraft rendezvous and docking setting. The target spacecraft is considered to be in a circular
orbit around the Earth, and the gravitational pull caused by the spacecraft is assumed to be negligible. For
simplicity, the motion of the spacecraft is restricted to the orbital plane, and the dynamics are expressed
using the Earth-Centered Inertial (ECI) and Local Vertical Local Horizontal (LVLH) frames. The ECI
frame has its origin at the center of the Earth and is nonrotating. Conversely, the LVLH frame (target-fixed
frame) is fixed to the body of the target spacecraft, with its origin at the center of the target, and its axes
are defined as follows: the 𝑧-axis points from the target to the center of the Earth, and the 𝑥-axis has the
direction of the velocity of the target, similar to the scenario from Fig. 1. Under this configuration, the
chaser dynamics in the LVLH frame are described by

¤p = v,

¤v = −S(𝜔)2p − 2S(𝜔)v − 𝜔2𝑅Te2 −
𝐺𝑚E

∥R(𝑡)p + 𝝋T(𝑡)∥3
(
p + R(𝑡)⊤𝝋T(𝑡)

)
+ 1
𝑚C

u,
(59)

where p, v ∈ R2 denote the position and velocity of the chaser in the LVLH frame, respectively, 𝐺 is the
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Fig. 3 Resulting trajectories and time profiles of the chaser spacecraft under the proposed hybrid control
strategy for three initial positions and a given geometry of the target. The plots on the right display the re-
spective time evolution of the position, the input, and the index of the active half-space for each trajectory.
In the position and input plots, solid lines represent the first component and dotted lines the second.

Table 1 Main simulation parameters

Parameter Value Description

𝐺 6.674 × 10−11 m3 kg−1 s−2 Gravitational constant
𝑚E 5.972 × 1024 kg Mass of the Earth
𝑚C 100 kg Mass of the chaser
𝑅T 7.171 × 106 m Orbital radius of the target
𝑢max 1500 N Input bound of the chaser
p0 (−1 Mm, 2 Mm); (−1 Mm, 0); (−1 Mm, −2 Mm) Initial position of the chaser (LVLH)
v0 (0, 0); (0, 0); (0, 0) Initial velocity of the chaser (LVLH)
𝜇 0.5 Minimum synergy gap
𝜎 0.1 Hysteresis width

gravitational constant, 𝑚E is the mass of the Earth, 𝑚C is the mass of the chaser, 𝑅T ∈ R>0 is the orbital
radius of the target, 𝜔 =

√︁
𝐺𝑚E𝑅−3 is the angular velocity of the LVLH frame relative to the ECI frame,

S(𝜔) =
[
0 −𝜔
𝜔 0

]
, (60)

and u ∈ R2 denotes the control input (actuation force) acting on the chaser, expressed in the LVLH frame.
Moreover, 𝝋T : R≥0 → R2 is the trajectory of the target (center) in the ECI frame, and R : R≥0 → SO(2)
outputs the rotation matrix from the LVLH to the ECI frame. These two functions are given by

𝝋T(𝑡) = 𝑅T(cos(𝜔𝑡), sin(𝜔𝑡)),

R(𝑡) =
[
− sin(𝜔𝑡) − cos(𝜔𝑡)
cos(𝜔𝑡) − sin(𝜔𝑡)

]
.

(61)

Fig. 3 presents the resulting trajectories and corresponding time profiles of the chaser spacecraft
under the proposed hybrid control strategy for three distinct initial positions and a fixed geometry of the
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target. The main simulation parameters are based on those in [13] and are summarized in Table 1. The
nominal controller used in the simulations is defined as

kn(p, v, 𝑡) = 𝑚CS(𝜔)2p + 2𝑚CS(𝜔)v + 𝑚C𝜔
2𝑅Te2 +

𝐺𝑚E𝑚C

∥R(𝑡)p + 𝝋T(𝑡)∥3
(
p + R(𝑡)⊤𝝋T(𝑡)

)
, (62)

which means that the acceleration of the chaser in the LVLH frame is being minimized. As shown in
Fig. 3, the chaser successfully avoids colliding with the target and converges to the desired docking point
in all cases. For the initial condition p0 = (−1 Mm, 0), two valid choices exist for the initial active safe
half-space, and the resulting trajectory depends on the initialization (here, it led the chaser to approach
the docking point by passing above the target (depicted in yellow)).

6 Conclusion
This paper presented a hybrid CLF-CBF control strategy for safe spacecraft rendezvous and docking

with a target spacecraft, whose geometry is modeled as a bounded nonconvex polytope. By integrating
hybrid feedback logic with CLF-CBF-based design, the proposed approach guarantees safe global conver-
gence to the docking point, effectively avoiding deadlocks that typically arise in standard CLF-CBF-QP
formulations. The approach extends previous hybrid CLF-CBF frameworks to handle nonconvex obsta-
cles and time-varying dynamics. Simulation results in a high-fidelity rendezvous and docking scenario
confirmed the effectiveness of the proposed control strategy under practical mission conditions.
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