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ABSTRACT

Reusable launchers and landers usually rely on throttling and thrust vector control (TVC) during
the terminal phase of their descent. Since throttling is the only direct way of controlling the
descent speed, it might seem indispensable for a soft precision landing. This would preclude the
use of solid rocket propulsion in both classes of spacecraft and render a throttling malfunction
virtually unrecoverable due to lack of controllability, unless sophisticated trajectory generation
techniques were employed. In contrast, this paper demonstrates that an unthrottled lander remains
fully locally controllable from both a theoretical and practical point of view. First, nonlinear
controllability is shown parametrically using Lie bracket analysis. Next, a practical way to achieve
this full controllability is proposed, using oscillatory TVC to modulate mean thrust while retaining
independent control of the attitude and lateral axis, as demonstrated by analyzing the average
dynamics. A linear state feedback controller is proposed to stabilize the resulting system, with
closed-loop stability demonstrated numerically for both the average dynamics (using linearization
and eigenvalues) and for the full time-dependent system (using Floquet theory). The practical
performance of the control architecture is demonstrated in an example spacecraft performing a
landing maneuver. The practical limitations of the oscillatory control scheme are then discussed,
especially with regard to the bounds on mean thrust control authority and the practical limitations
of the oscillation frequency.

Keywords: reusable launchers, oscillatory control, averaging theory, underactuated systems, thrust vector control

Nomenclature

★ = expression which is nonzero at xeq
† = nonzero expression equal to 0 at xeq
·̄ = function or value averaged over 𝑡 or relating to average dynamics
·̃ = dynamical value relating to thema system in control-affine form
¤(·) = derivative with respect to 𝑡
(·)′ = derivative with respect to 𝜏
(·)cl = signal relating to system in closed-loop
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(·)eq = value at equilibrium
(·)max = maximum value
(·)min = minimum value
(·)osc = signal relating to system under oscillatory control
(·)sf = signal relating to state feedback
(·)sp = setpoint of a controlled variable
[·, ·] = Lie bracket of two vector fields
Δ = amplitude of 𝛿 oscillations
Δ𝑇 = thrust increment due to oscillatory control
Δx = state increment with respect to periodic orbit
Δx(𝑖)

Π
= near-periodic trajectory with 𝑖-th coordinate perturbed

Π = period of 𝛿 oscillations
𝛾 = gravitational acceleration
𝛿 = thrust vector angle
𝜈 = frequency of 𝛿 oscillations (analogous to 𝜔)
𝜖 = small positive number
𝜁a = damping factor of the TVC actuator
𝜃 = pitch angle
𝜏 = time normalized with respect to 𝜔
𝝓 = state evolution function
𝜔 = angular frequency of 𝛿 oscillations (analogous to 𝜈)
𝜔a = natural frequency of the TVC actuator
A = state transition matrix
B = input matrix
C = Kalman controllability matrix
𝐽 = moment of inertia along pitch axis
K = feedback gain matrix
L = matrix of nested Lie brackets
M = monodromy matrix
Q = state error LQR cost matrix
R = input LQR cost matrix
𝑎 = Δ-dependent constant
𝑏 = Δ-dependent constant
𝑐 = Δ-dependent constant
e𝑖 = unit vector with 𝑖-th non-zero component
f = drift term of system dynamics
g = input term of system dynamics
𝑘 = number of inputs
𝑙 = lever arm of thrust with respect to CG
𝑚 = mass
𝑛 = number of states
𝑝𝑥 = position along 𝑥 axis
𝑝𝑧 = position along 𝑧 axis
𝑞 = angular rate
r = time-independent part of f
s = time-dependent part of f
𝑡 = time
𝑢 = input signal
𝑣𝑥 = velocity along 𝑥 axis
𝑣𝑧 = velocity along 𝑧 axis
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x = state vector
xΠ = periodic orbit

1 Introduction

1.1 Control of landing rockets
Over the last decade, reusable landing rockets have progressed from initial proof-of-concept demon-

strations to an extensively flight-proven and economically viable solution. As with any innovative
technology, once the main objective (controlled soft landing, in this case) has been proven to be feasible
and mastered sufficiently for commercial operations, the next steps in the maturation process of the
technology include increasing reliability (e.g. the progress in aviation safety from the early Jet Age
up to this day) and advances in hardware affordability enabling more mass-scale, low-cost applications
(e.g. the development of cheap recreational drones over the last decade). This paper discusses a con-
trol mechanism for reusable launchers and landers with possible impact in both categories: retention
of full controllability in case of engine throttling failure, and, by extension, precision landing using a
non-throttleable solid rocket motor.

A typical landing rocket platform uses up to 4 different sources of actuation in order to achieve
controlled landing:

1) Aerodynamic surfaces – generate significant control forces, but only during atmospheric descent,
when both airspeed and air density are sufficiently high (since aerodynamic forces are proportional
to dynamic pressure).

2) Cold gas thrusters – useful for attitude adjustments during both exoatmospheric flight and the
terminal landing phase; however, they generate very modest forces and rely on limited propellant
to operate.

3) Engine throttling – by far the most significant mechanism of vertical control.
4) Thrust vector control (TVC) – the key source of lateral control in the final landing approach.

The landing rocket is therefore a fully actuated, often even overactuated system. This means that at least
some actuator failures should be possible to compensate using alternative control inputs. Attitude and
lateral movement can be controlled by many combinations of inputs from of cold gas thrusters, TVC and
aerodynamic surfaces; moreover, in the case of rockets with a cluster of multiple engines, antisymmetric
differential throttling can also produce a pitching moment. However, for vertical control, options are far
more limited. Aside from throttling, which is clearly the principal mechanism, the only alternatives are
the drag from the aerodynamic surfaces (which can only provide upwards acceleration, but not nearly
enough to compensate for gravity, especially during the terminal phase when airspeed is low) and, only in
clustered engine configurations, a net thrust reduction which can be obtained by a symmetric deflection
of TVC systems of engines placed symmetrically with respect to the rocket axis (however, it results in
structural loads on the rocket and requires care if thrust levels in the engines concerned are not equal). The
question arises: for systems without strong aerodynamic control and without multiple clustered engines,
is unthrottled precision landing possible at all? This question is relevant for single-engine landing rockets
and extraterrestrial landers which either:

1) undergo a throttling malfunction – this is a serious concern, since precision landing usually
requires deep throttling (i.e. below 25% of nominal thrust [1, 2]), even down to 10% for lunar
landing [3], which is technically challenging if done on a single engine (for clustered engines,
de-throttling can be achieved by shutting off multiple engines without necessarily intensively
throttling down the rest, as discussed in [2]).
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2) are equipped with a solid rocket motor – since they are much cheaper and less sophisticated than
hybrid and liquid propellant rocket engines, this could lead to interesting low-cost applications,
e.g. for cargo delivery. However, since solid motors have no control over their predetermined
thrust curve, which is subject to some uncertainties due to manufacturing and ambient conditions,
their precision landing control architecture must be able to accommodate deviations from nominal
thrust.

Multiple studies have already demonstrated control design for reusable launchers and landers, often
numerical optimization techniques to generate a landing trajectory which could be then followed using
feedback control [4–6]. [7] analyzed the particular case of a model rocket landing without throttle
control, using only a single-engine TVC system. An open-loop soft landing trajectory was sought
using nonlinear model predictive control (NMPC). The conclusion was that while a soft landing without
throttling is possible, the tradeoff is the loss of control over the exact landing spot. [8] used reinforcement
learning to achieve precision landing for a constant-thrust rocket using TVC as the only input. The
problem with nonlinear optimization methods is, however, their large computational cost, making real-
time implementation difficult, and the open-loop nature of the proposed trajectories, making a feedback
controller necessary to follow them in a robust manner. [9] showed an interesting hardware solution for
using solid rocket propulsion for precision landing: a solid rocket equipped with a dedicated landing
engine with 4 concentric downwards-facing nozzles, with the propellant flow through each one being
controlled separately (respecting constraints on total flow to prevent pressure buildup in the combustion
chamber). This is somewhat equivalent to having 4 clustered throttleable engines.

1.2 Contributions & structure
This paper provides three main contributions to the state of the art:

1) An analytical proof that an unthrottled landing rocket is fully nonlinearly controllable (as long as
its thrust-to-weight ratio is within certain bounds), using concepts from geometric control theory.

2) A framework for attaining this full control authority by means of oscillatory TVC, coupled with
a proportional state feedback controller for stabilization, with an analytical expression of the
average open- and closed-loop dynamics.

3) A numerical case study of this control scheme along with a demonstration of stability using
Floquet analysis.

The paper is structured as follows: the remainder of section 1 introduces the theoretical concepts utilized
throughout the paper. Section 2 provides the main analytical contributions of the work, introducing the
analyzed system in subsection 2.1 and demonstrating its full nonlinear controllability in subsection 2.2;
subsection 2.3 introduces oscillatory control as a means of controlling the linearly uncontrollable vertical
axis, beginning with physical intuition and following with averaged open-loop dynamics; subsection 2.4
follows with a proportional state feedback controller that stabilizes the resulting system, with the closed-
loop average dynamics being derived in subsection 2.5. Section 3 is a numerical case study of a
landing model rocket, introduced in subsection 3.1, with an example landing maneuver demonstrated in
subsection 3.2, and closed-loop stability being proved via Floquet analysis in subsection 3.3 along with a
discussion of the effects of the oscillation frequency. Section 4 follows with conclusions and propositions
of further research.

1.3 Controllability of linear and nonlinear systems
As discussed in subsubsection 2.2.1, an unthrottleable landing rocket is not linearly controllable.

However, this does not preclude nonlinear controllability, as will be briefly outlined in this subsection
with minimal theoretical background; for a rigorous treatment of the topic, refer to [10]. Consider a
linear time-invariant dynamical system of order 𝑛:
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¤x = Ax + Bu (1)

The Kalman controllability matrix of this system is given by:

C =

[
B AB A2B · · · A𝑛−1B

]
(2)

A classical result in linear control theory is that the system given by (1) is controllable if and only if
C is full rank. There exists a nonlinear generalization of this approach: consider a sufficiently smooth
time-independent nonlinear dynamical system of order 𝑛 in control-affine form (with 𝑘 inputs):

¤x = f (x) +
𝑘∑︁
𝑖=1

g𝑖 (x)𝑢𝑖 (3)

The system can be linearized around a point of interest x0; if the linearized system is controllable, the
nonlinear system is also controllable in a neighborhood of x0 [11]. This is a sufficient condition for
local controllability, but it is not necessary. To show a more general framework, first it is necessary to
introduce the Lie bracket operator between two vector fields:

[f, g] = 𝜕g
𝜕x

f − 𝜕f
𝜕x

g (4)

Intuitively, the Lie bracket can be interpreted as the direction of net motion resulting from repeatedly
moving by a small amount along one field, and then the other; due to their nonlinearity, this direction
can in general be linearly independent from either of them (see [10] for more details). Next, a matrix is
constructed by horizontally appending the g𝑖 terms and iterated Lie brackets of the g𝑖 terms with each
other and with f, omitting terms which are zero or linearly dependent of previous columns:

L = [[g1, ..., g𝑘 , [g1, g2], [f, g1], [f, [f, g2]], ...] (5)

If L is full rank at a point x0, the system in (3) is reachable in a neighborhood of x0. When the method is
applied to a linear system (i.e. with f = Ax and g𝑖 = B𝑖), L = C is obtained (up to some sign differences),
highlighting that this method generalizes the linear analysis. It is important to note that the Lie bracket
analysis can yield qualitatively stronger results at a point than the Kalman analysis of the linearized
system, since it can incorporate nonlinear effects which linearization omits.

Lie bracket controllability analysis has been used in multiple aerospace applications, notably to
find nonlinear dynamic near-stall lift augmentation in unsteady airfoils [12], a related near-stall roll
authority augmentation by oscillating aileron and rudder inputs [11] and a general controllability analysis
for aircraft [13]. Movement along Lie brackets is usually generated by oscillatory input [10, 14]. The
problem is more complicated for systems with drift, although some recent advancements have been made
[15].

1.4 Dynamics of periodically forced systems
Since nonlinear controllability is often implemented using oscillatory input [11, 13], the resulting

systems become time-dependent, and, more specifically, time-periodic. This is not necessarily detrimen-
tal; under some circumstances, periodic open-loop input can stabilize a previously unstable system, as
seen in the classical Kapitsa pendulum [16], or, as recently discovered, in insect flight [17]; moreover,
[18] has shown that a sinusoidal oscillation of thrust magnitude can, under some conditions, improve
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the performance of a rocket. Time-dependency causes the analysis of those systems to become more
challenging; however, two mature frameworks exist for rigorous analysis of such systems: averaging
and Floquet theory; both are very briefly introduced below, since both have been found useful for the
purposes of this paper. Although independently developed and very different in their techniques, both
approaches have recently been shown to be profoundly related [19]. The remainder of this subsection is
a brief outline of both methods with references to sources with a more rigorous presentation.

1.4.1 Averaging theory
The analysis of a time-periodic system can be made easier by computing the average dynamics

(averaged over one full period). Naive applications of this concept can lead to erroneous results, but
there exists a rigorous theory of averaging; [20] provides an in-depth presentation of the topic. A key
result used in this paper is the following: take a Π-periodic smooth dynamical system in the averaging
canonical form:

¤x = 𝜖𝝓(x, 𝑡, 𝜖) (6)

with 𝝓 Π-periodic and 0 < 𝜖 << 1 constant. The average dynamics are given by:

𝝓(x) = 𝜖

Π

∫ Π

0
𝝓(x, 𝑡)𝑑𝑡 (7)

There are some theoretical bounds on the error of approximating 𝝓 with 𝝓; however, a key limitation of
the theory is that they only hold for a sufficiently small 𝜖 , without providing an explicit value thereof.

1.4.2 Floquet approach
Floquet theory allows for a rigorous analysis of the stability of time-periodic systems. While origi-

nally developed for linear systems, the approach can be generalized to nonlinear systems by linearizing
them around a periodic orbit; the following brief outline of stability analysis provides an intuition for this
particular case (for a rigorous introduction, see [19, 21]). Take a general periodic nonlinear system:

¤x = 𝝓(x, 𝑡) (8)

Where𝝓(𝑥, 𝑡) is smooth andΠ-periodic. Let xΠ (𝑡) be a periodic solution of (8) such that xΠ (𝑡) = xΠ (𝑡+Π)
for all 𝑡. To discuss trajectories close to the periodic orbit, it is useful to introduce the time-dependent
coordinate change:

Δx(𝑡) = x(𝑡) − xΠ (𝑡) (9)

In the new coordinates, Δx(𝑡) ≡ 0 indicates a trajectory strictly following xΠ. Intuitively, the periodic
orbit can be considered stable if for any sufficiently small initial condition Δx(0) ≠ 0, the solution
converges to 0 as 𝑡 → ∞ (i.e. when the trajectory converges to the periodic orbit). This notion is a key
element of the Floquet analysis presented below.

Let Δx(𝑖) (𝑡) be the response of system (8) to an initial condition Δx(𝑖) (0) = 𝜖e𝑖. This corresponds
effectively to a small deviation from the periodic orbit in one of the state coordinates. The solution after
one period Π is some value Δx(𝑖) (Π), which can be obtained by integrating (8) directly. Note that if 𝜖
is considered to be sufficiently small, the dynamics of Δx(𝑡) can be considered to be linear (even if the
periodic orbit as such is a result of nonlinear dynamics), meaning that Δx(𝑖) (Π) should be proportional
to 𝜖 . Under this assumption, the dynamics of Δx over one period can be treated as a discrete linear
time-invariant system given as follows:
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Fig. 1 Conceptual drawing of the system with key geometrical parameters.

Δx(Π) = MΔx(0) (10)

Where M is called the monodromy matrix of the system, and can be expressed as:

M =
1
𝜖

[
Δx(1) (Π) . . . Δx(𝑛) (Π)

]
(11)

When all of the eigenvalues of M have a magnitude less than one, the periodic orbit xΠ (𝑡) is stable.
Note that this result is analogous to the stability analysis of a discrete linear time-invariant system, but
under some mild assumptions it holds rigorously for the full continuous nonlinear system.

2 Analytical system analysis & control architecture

2.1 System
The rocket is modeled as a 2D rigid body under uniform gravitational acceleration 𝛾 and a thrust

force𝑇 acting at angle 𝛿with a lever arm 𝑙 with respect to the center of gravity (see Figure 1 for reference):

¤x =
𝑑

𝑑𝑡



𝑝𝑥

𝑝𝑧

𝑣𝑥

𝑣𝑧

𝜃

𝑞


=



𝑣𝑥

𝑣𝑧
𝑇
𝑚

sin (𝛿 − 𝜃)
𝑇
𝑚

cos (𝛿 − 𝜃) − 𝛾
𝑞

𝑇𝑙
𝐽

sin 𝛿


=



𝑣𝑥

𝑣𝑧
𝑇
𝑚
(sin 𝛿 cos 𝜃 − cos 𝛿 sin 𝜃)

𝑇
𝑚
(cos 𝛿 cos 𝜃 + sin 𝛿 sin 𝜃) − 𝛾

𝑞
𝑇𝑙
𝐽

sin 𝛿


= 𝝓(x, 𝛿) (12)

It is assumed that the angle 𝛿 is controlled directly, therefore ignoring the internal dynamics of the TVC
system (however, the case study in section 3 presents a scenario where second order actuator dynamics
are present). The thrust is assumed to be set at a constant value slightly greater than the weight 𝑚𝛾 (i.e.
a thrust-to-weight ratio higher than 1), since it is trivial that a deficit of thrust cannot be compensated by
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any control mechanism using 𝛿 alone, although in the more general reusable launcher case it could be
partially compensated by drag-increasing devices such as airbrakes.

2.2 Controllability
For practical reasons, the controllability analysis is performed on a slightly different formulation of

the system. First, since the positions 𝑝𝑥 and 𝑝𝑧 are the integrals of the respective velocities 𝑣𝑥 and 𝑣𝑧,
their controllability follows from the controllability of the velocities and they can be removed from the
state vector without influencing the results (thus making the system smaller and easier to analyze). Then,
since Lie bracket analysis requires a system in control-affine form (3), which (12) does not respect, 𝛿 is
appended to the state, with its derivative ¤𝛿 becoming the new input. The new state vector is therefore:

x̃ =

[
𝑣𝑥 , 𝑣𝑧, 𝜃, 𝑞, 𝛿

]𝑇
(13)

The system dynamics can be now rewritten in terms of x̃ and ¤𝛿:

¤̃x =

[
𝝓(3:6) (x, 𝛿)

0

]
+
[
0
1

]
¤𝛿 = f̃ (x̃) + g̃ ¤𝛿 (x̃) ¤𝛿 = 𝝓(x̃, ¤𝛿) (14)

where x = [0, 0, 𝑣𝑥 , 𝑣𝑧, 𝜃, 𝑞] and 𝝓(3:6) (x, 𝛿) is 𝝓(x, 𝛿) with the first two rows, corresponding to ¤𝑝𝑥 and
¤𝑝𝑧, omitted; the system is now in control-affine form and ready for Lie bracket analysis.

2.2.1 Linear
For the classical linear controllability analysis, the system must be first linearized:

𝜕 f̃
𝜕x̃

(x̃, 0) = Ã(x̃) =



0 0 − 𝑇
𝑚

cos (𝛿 − 𝜃) 0 𝑇
𝑚

cos (𝛿 − 𝜃)
0 0 𝑇

𝑚
sin (𝛿 − 𝜃) 0 − 𝑇

𝑚
sin (𝛿 − 𝜃)

0 0 0 1 0
0 0 0 0 𝑇𝑙

𝐽
cos 𝛿

0 0 0 0 0


(15)

𝜕g̃ ¤𝛿
𝜕x̃

(x̃, 0) = B̃ ¤𝛿 (x̃) =
[
0 0 0 0 1

]𝑇
(16)

The Kalman controllability matrix is then computed to be:

C
(
Ã(x̃), B̃ ¤𝛿 (x̃)

)
=



0 𝑇
𝑚

cos(𝜃 − 𝛿) 0 −𝑇2𝑙
𝐽𝑚

cos(𝜃 − 𝛿) cos 𝛿 0
0 𝑇

𝑚
sin(𝜃 − 𝛿) 0 −𝑇2𝑙

𝐽𝑚
sin(𝜃 − 𝛿) cos 𝛿 0

0 0 𝑇𝑙
𝐽

cos 𝛿 0 0
0 𝑇𝑙

𝐽
cos 𝛿 0 0 0

1 0 0 0 0


(17)

The system is clearly uncontrollable; not only is the row corresponding to 𝑣𝑧 equal to 0 at x̃ = 0, but it is
also linearly dependent on the first row at any x̃ ≠ 0, seemingly confirming the conclusions from [7] that
while the vertical movement can be controlled by exploiting the nonlinearities, there is a direct tradeoff
in the horizontal controllability:
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C (Ã
(
x̃), B̃ ¤𝛿 (x̃)

)
=



0 ★ 0 ★ 0
0 † 0 † 0
0 0 ★ 0 0
0 ★ 0 0 0
★ 0 0 0 0



©­­­­­­­«

𝑣𝑥

𝑣𝑧

𝜃

𝑞

𝛿

ª®®®®®®®¬
(18)

2.2.2 Nonlinear
The computation of nested brackets of f̃ and g̃ ¤𝛿 results in the following linearly independent terms

(note that this solution is not unique, but it was chosen to be as simple as possible in terms of the
maximum order of the brackets used):

L
(
f̃, g̃ ¤𝛿

)
=

[
g̃ ¤𝛿 [f̃, g̃ ¤𝛿] [f̃, [f̃, g̃ ¤𝛿]] [f̃, [f̃, [f̃, g̃ ¤𝛿]]] [[f̃, g̃ ¤𝛿], g̃ ¤𝛿]

]
=

=



0 − 𝑇
𝑚

cos(𝜃 − 𝛿) 𝑇
𝑚
𝑞 sin(𝜃 − 𝛿) 𝑇

𝐽𝑚

(
𝐽𝑞2 cos(𝜃 − 𝛿) + 𝑇𝑙 cos(𝜃 − 2𝛿)

)
𝑇
𝑚

sin(𝜃 − 𝛿)
0 − 𝑇

𝑚
sin(𝜃 − 𝛿) − 𝑇

𝑚
𝑞 cos(𝜃 − 𝛿) 𝑇

𝐽𝑚
(𝐽𝑞2 sin(𝜃 − 𝛿) + 𝑇𝑙 sin(𝜃 − 2𝛿)) − 𝑇

𝑚
cos(𝜃 − 𝛿)

0 0 𝑇𝑙
𝐽

cos 𝛿 0 0
0 −𝑇𝑙

𝐽
cos 𝛿 0 0 −𝑇𝑙

𝐽
sin 𝛿

1 0 0 0 0


(19)

The resulting matrix is full rank even at x̃ = 0, which is a result strictly stronger than the local 𝑥-𝑧
controllability tradeoff observed in (18). Note that the matrices in (18) and (20) have similar structure,
the only significant difference being the last column, corresponding to the Lie bracket [[f̃, g̃ ¤𝛿], g̃ ¤𝛿], which
turns out to enable movement along the 𝑣𝑧 direction (with smaller components in 𝑣𝑥 and 𝑞, which can be
compensated for, since the system is fully controllable).

L
(
f̃, g̃ ¤𝛿

)
=



0 ★ † ★ †
0 † † † ★

0 0 ★ 0 0
0 ★ 0 0 †
★ 0 0 0 0



©­­­­­­­«

𝑣𝑥

𝑣𝑧

𝜃

𝑞

𝛿

ª®®®®®®®¬
(20)

2.3 Oscillatory thrust control

2.3.1 Intuition
The implementation of 𝑧 axis control stems from a simple intuition: if the 𝛿 were to be periodically

oscillated, the mean thrust experienced by the rocket would be reduced, with the lateral component
canceling out over one full period. Assume that this oscillatory movement is sinusoidal:

𝛿osc(𝑡) = Δ sin(𝜔𝑡) (21)
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Fig. 2 Trigonometric approximations found in (23) and (24) compared with exact values for Δ = 𝛿max =

30°.

First, a simplified analysis is performed by neglecting any induced pitching movement; the mean axial
component of thrust resulting from such oscillations can be computed as:

𝑇 =
1
Π

∫ Π

0
𝑇 cos (Δ sin(𝜔𝑡)) d𝑡 (22)

Where Π = 2𝜋/𝜔 is the period of oscillation. The integral in (22) is not trivial, but for moderate Δ it can
be simplified using the following approximation:

cos(Δ sin(𝜔𝑡)) ≈ 1 + cosΔ
2

+ 1 − cosΔ
2

cos(2𝜔𝑡) = 𝑎(Δ) + 𝑏(Δ) cos(2𝜔𝑡) (23)

where the Δ-dependency of constants 𝑎 and 𝑏 will be omitted in the rest of the paper to simplify notation.
The right part of Figure 2 presents the high accuracy of this approximation for Δ = 30°, which is the
maximal Δ considered in this paper (since 𝛿max = 30° is assumed in section 3).

While the average thrust in the perpendicular direction is trivially zero, a trigonometric approximation
analogous to (23), which could allow to compute it, will be useful for later computations:

sin (Δ sin(𝜔𝑡)) ≈ sinΔ sin(𝜔𝑡) = 𝑐(Δ) sin(𝜔𝑡) (24)

The accuracy of this approximation can be seen in the left part of Figure 2. The Δ-dependency of 𝑐 will
also be omitted in notation from now on. Substituting (23) back into (22), the mean 𝑧-axis thrust can be
computed:

𝑇 ≈ 𝑇

Π

∫ Π

0
(𝑎 + 𝑏 cos(2𝜔𝑡)) d𝑡 =

𝑇

Π

(∫ Π

0
𝑎d𝑡 + 𝑏

𝜔

∫ 2𝜋

0
cos 𝜏d𝜏

)
= 𝑇𝑎 = 𝑇

1 + cosΔ
2

(25)

This mean value behaves as expected, with 𝑇 = 𝑇 for Δ = 0 and gradually decreasing for higher Δ, and
remains consistent with the exact values of 𝑇 given by (22) (see Figure 3), with a relative error under 1%
for all feasible TVC angles (see Figure 4).

To obtain a certain difference Δ𝑇 in effective thrust, the necessary Δ is:
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Fig. 3 Minimum obtainable values of average
thrust 𝑇 as a function of the TVC oscillation
amplitude Δ. The approximated value is com-
puted using (25), while the numerical value is
the result of applying first order numerical inte-
gration to solve (22).
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Fig. 4 Relative error of 𝑇 due to using the
approximate analytical expression (25) instead
of the full integral (22) (as shown in Figure 3).

𝑇 = 𝑇 + Δ𝑇 = 𝑇
1 + cosΔ

2
⇒ Δ = arccos

(
2
Δ𝑇

𝑇
+ 1

)
(26)

Note that Δ exists only for non-positive Δ𝑇 , confirming our intuition that the oscillation mechanism can
only reduce thrust, not increase it. The upper bound for Δ𝑇 is therefore Δ𝑇max = 0, while the lower bound
depends on the maximal value of Δ attainable by the system:

Δ𝑇min = 𝑇
cosΔmax − 1

2
(27)

Since a simple controlled landing requires the rocket to be able to descend in a controlled manner, the
average thrust must be possible to be made lower than the weight 𝑚𝛾 (note that for a well planned
landing trajectory this is not necessary, since the rocket can be decelerating for the entirety of its landing
sequence; the result in (27) is more fundamental than the following bounds):

𝑇 = 𝑇 + Δ𝑇 < 𝑚𝛾 ⇒ Δ𝑇 ≤ 𝑚𝛾 − 𝑇 (28)

Combining with (27), this gives the following upper bound on the thrust-to-weight ratio that can be
compensated by the oscillatory mechanism:(

𝑇

𝑚𝛾

)
max

=
2

1 + cosΔmax
=

1
𝑎min

(29)

For the value of Δmax = 30° considered in this paper, this gives a maximum compensable thrust-to-weight
ratio of around 1.072. The inverse of this value, 0.933, is the minimum attainable value of the thrust
reduction factor 𝑎.

(26) implies that oscillatory control, as given by (21), can indirectly control the mean thrust 𝑇 ;
furthermore, since 𝛿osc = 0, it still seems to be possible to actuate the system using mean 𝛿 independently
of the thrust control, with the limitation that the bandwidth of such additional actuation should be inferior
to 𝜔. The following sections will rigorously show that this is indeed possible.
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2.3.2 Average dynamics
The calculations in the previous subsection made the assumption that the rocket performs no signif-

icant movement during the oscillation cycle. To verify whether the expected thrust reduction actually
occurs in the full dynamical system, averaging theory can be used. The system will be assumed to be
actuated by the input:

𝛿(𝑡) = Δ sin(𝜔𝑡) + 𝛿(𝑡) = 𝛿osc(𝑡) + 𝛿(𝑡) (30)

where 𝛿(𝑡) is an arbitrary control signal acting on top of the oscillatory control, without explicit time
dependency; it is denoted as a mean since the oscillatory part has zero mean, meaning that the mean of
𝛿 is just the mean of 𝛿. The time dependence of the components of 𝛿(𝑡) will be omitted to shorten the
notation. The system dynamics, as shown in (12), actuated by (30) are:

𝑑

𝑑𝑡



𝑝𝑥

𝑝𝑧

𝑣𝑥

𝑣𝑧

𝜃

𝑞


=



𝑣𝑥

𝑣𝑧
𝑇
𝑚

(
sin(𝛿osc + 𝛿) cos 𝜃 − cos(𝛿osc + 𝛿) sin 𝜃

)
𝑇
𝑚

(
cos(𝛿osc + 𝛿) cos 𝜃 + sin(𝛿osc + 𝛿) sin 𝜃

)
− 𝛾

𝑞
𝑇𝑙
𝐽

sin(𝛿osc + 𝛿)


=

=



𝑣𝑥

𝑣𝑧
𝑇
𝑚

(
cos 𝛿osc sin(𝛿 − 𝜃) + sin 𝛿osc cos(𝛿 − 𝜃)

)
𝑇
𝑚

(
cos 𝛿osc cos(𝛿 − 𝜃) − sin 𝛿osc sin(𝛿 − 𝜃)

)
− 𝛾

𝑞
𝑇𝑙
𝐽

(
cos 𝛿osc sin 𝛿 + sin 𝛿osc cos 𝛿

)


=

=



𝑣𝑥

𝑣𝑧
𝑇
𝑚

(
(𝑎 + 𝑏 cos(2𝜔𝑡)) sin(𝛿 − 𝜃) + 𝑐 sin(𝜔𝑡) cos(𝛿 − 𝜃)

)
𝑇
𝑚

(
(𝑎 + 𝑏 cos(2𝜔𝑡)) cos(𝛿 − 𝜃) − 𝑐 sin(𝜔𝑡) sin(𝛿 − 𝜃)

)
− 𝛾

𝑞
𝑇𝑙
𝐽

(
(𝑎 + 𝑏 cos(2𝜔𝑡)) sin 𝛿 + 𝑐 sin(𝜔𝑡) cos 𝛿

)



(31)

To apply averaging, the system needs to be in the standard form (6). While the system in (31) is not
in this form, it can be easily transformed by introducing a new time variable in the time scale of the 𝛿
oscillation:

𝜏 = 𝜔𝑡 (32)

Substituting (32) to (31), and splitting the resulting expression into a time-dependent and time-independent
part results in:
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x′(𝜏) = 𝑑

𝑑𝜏



𝑝𝑥

𝑝𝑧

𝑣𝑥

𝑣𝑧

𝜃

𝑞


=

1
𝜔



𝑣𝑥

𝑣𝑧
𝑇
𝑚
𝑎 sin(𝛿 − 𝜃)

𝑇
𝑚
𝑎 cos(𝛿 − 𝜃) − 𝛾

𝑞
𝑇𝑎𝑙
𝐽

sin 𝛿


+ 1
𝜔



0
0

𝑇
𝑚

(
𝑏 sin(𝛿 − 𝜃) cos(2𝜏) + 𝑐 cos(𝛿 − 𝜃) sin 𝜏

)
𝑇
𝑚

(
𝑏 cos(𝛿 − 𝜃) cos(2𝜏) − 𝑐 sin(𝛿 − 𝜃) sin 𝜏

)
0

𝑇𝑙
𝐽

(
𝑏 sin 𝛿 cos(2𝜏) + 𝑐 cos 𝛿 sin 𝜏

)


=

=
1
𝜔

(rosc(x) + sosc(x, 𝜏)) =
1
𝜔
𝝓osc(x, 𝜏)

(33)

In the expression above, 1/𝜔 satisfies the role of 𝜖 in (6). This is all the more justified because 1/𝜔 can
indeed be made arbitrarily small by increasing the oscillation frequency correspondingly. The average is
easily computed since 𝑠osc has 0 mean over one time period:

x̄′ =
1
𝜔

(𝑟osc(x̄) + s̄osc(x̄, 𝜏)) =
1
𝑤Π

∫ Π

0
rosc(x)d𝜏 =

1
𝜔
𝑓 (x̄) (34)

Converting back to standard time, the average dynamics are:

¤̄x =
𝑑

𝑑𝑡



𝑝𝑥

𝑝𝑧

𝑣̄𝑥

𝑣̄𝑧

𝜃

𝑞


=



𝑣̄𝑥

𝑣̄𝑧
𝑇
𝑚
𝑎 sin(𝛿 − 𝜃)

𝑇
𝑚
𝑎 cos(𝛿 − 𝜃) − 𝛾

𝑞
𝑇𝑎𝑙
𝐽

sin 𝛿


=



𝑣̄𝑥

𝑣̄𝑧

(𝑇 + Δ𝑇) 1
𝑚

sin(𝛿 − 𝜃)
(𝑇 + Δ𝑇) 1

𝑚
cos(𝛿 − 𝜃) − 𝛾
𝑞

(𝑇 + Δ𝑇) 𝑙
𝐽

sin 𝛿


= 𝝓(x̄, 𝑢̄) (35)

with 𝑢̄ = [𝛿,Δ𝑇]𝑇 . The average dynamics under oscillatory control are therefore exactly the original
dynamics (12) with 𝛿 replaced by 𝛿 (which can still be arbitrary, as long as no explicit time dependence is
involved) and with the original thrust multiplied by the factor 𝑎, just as predicted in (25); for convenience,
the mean thrust 𝑇𝑎 will be written as the sum of the raw value and mean increment, 𝑇 + Δ𝑇 . Δ𝑇 can
be indirectly controlled by modulating Δ, while retaining independent control of 𝛿. This means that the
averaged system has two independent inputs: 𝛿 and the thrust increment Δ𝑇 , in practice modulated by Δ.

2.3.3 Controllability
It can be shown that the average system (35) is fully controllable even in the linear sense. To save

space and maintain consistency with the previous results in (18) and (20), the input will be defined as:

𝑢̄ =

[ ¤̄𝛿
Δ𝑇

]
(36)

while the state will be:
¯̃x =

[
𝑣̄𝑥 𝑣̄𝑧 𝜃 𝑞 𝛿

]𝑇
(37)

The linearized state transition matrix is:
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Fig. 5 Block diagram of proposed control architecture.

¯̃A( ¯̃x) = 𝜕𝝓

𝜕 ¯̃x
=



0 0 − 𝑇
𝑚

cos(𝛿 − 𝜃) 0 𝑇
𝑚

cos(𝛿 − 𝜃)
0 0 𝑇

𝑚
sin(𝛿 − 𝜃) 0 = 𝑇

𝑚
sin(𝛿 − 𝜃)

0 0 0 1 0
0 0 0 0 𝑇𝑙

𝐽
cos 𝛿

0 0 0 0 0


(38)

The input matrix corresponding to 𝑢̄ is:

¯̃B( ¯̃x) = 𝜕𝝓

𝜕𝑢̄
=



0 1
𝑚

sin(𝛿 − 𝜃)
0 1

𝑚
cos(𝛿 − 𝜃)

0 0
0 𝑙

𝐽
sin 𝛿

1 0


(39)

The Kalman controllability matrix, evaluated at the equilibrium point corresponding to hover, defined
by ¯̃xeq = [0, 0, 0, 0, 0]𝑇 and 𝑢̄eq = [0, 𝑚𝛾 − 𝑇]𝑇 , is (only the shorthand notation is shown, since the full
symbolic expression is too long to fit on a page):

C

(
¯̃A( ¯̃xeq), ¯̃B( ¯̃xeq)

)
=



0 † ★ 0 0 † ★ 0 · · · 0
0 ★ † 0 0 † † 0 0

0 0 0 † ★ 0 0 0 . . . 0
0 † ★ 0 0 0 0 0 0
★ 0 0 0 0 0 0 0 · · · 0



©­­­­­­­«

𝑣̄𝑥

𝑣̄𝑧

𝜃

𝑞

𝛿

ª®®®®®®®¬
(40)

The Kalman matrix is full rank even exactly at the equilibrium point, meaning that the system is indeed
full controllable (at least locally).

2.4 Stabilizing controller
The average system, as given by (35), is not fully stable (see subsubsection 3.1.2 for more details), but
since it is controllable, it can be stabilized using feedback control; the same is expected from the full
system (12). To achieve stability in the vertical axis, it is necessary to control the virtual input Δ𝑇 . The
proposed control law is a simple proportional state feedback:
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Δ𝑇sf = KΔ𝑇 (xsp − x) =
[
𝐾Δ𝑇
𝑝𝑥

𝐾Δ𝑇
𝑝𝑧

𝐾Δ𝑇
𝑣𝑥

𝐾Δ𝑇
𝑣𝑧

𝐾Δ𝑇
𝜃

𝐾Δ𝑇
𝑞

]
(xsp − x) (41)

where xsp is the state setpoint. Moreover, since stationary hover is the flight condition used for analysis,
it is useful to add a feedforward term that will keep the rocket stationary in hover by reducing the mean
thrust to exactly compensate for the weight 𝑚𝛾:

Δ𝑇eq = 𝑚𝛾 − 𝑇 (42)

The resulting control law on Δ𝑇 is:

Δ𝑇cl = Δ𝑇eq + Δ𝑇sf = 𝑚𝛾 − 𝑇 + KΔ𝑇 (xsp − x) (43)

Δ𝑇 is not, however, controlled directly; it is modulated using Δ as given by (26). Combining the two
equations results in the following control law:

Δ(x) = arccos
(
1 + 2

𝑇
(𝑚𝛾 − 𝑇 + KΔ𝑇 (xsp − x))

)
= arccos

(
−1 + 2

𝑇
(𝑚𝛾 + KΔ𝑇 (xsp − x))

) (44)

For 𝛿, a simple linear state feedback law is proposed:

𝛿sf (x, 𝑡) = K𝛿 (xsp − x) =
[
𝐾𝛿𝑝𝑥 𝐾𝛿𝑝𝑧 𝐾𝛿𝑣𝑥 𝐾𝛿𝑣𝑧 𝐾𝛿

𝜃
𝐾𝛿𝑞

]
(xsp − x) (45)

This control law is combined with the oscillatory control given by (21), resulting in the following control
law on 𝛿:

𝛿cl(x, 𝑡) = 𝛿osc(𝑡) + 𝛿sf (𝑡) = Δ(x) sin(𝜔𝑡) + K𝛿 (xsp − x) (46)

The resulting control architecture is shown in Figure 5.

2.5 Averaged closed-loop dynamics
To obtain the averaged closed-loop dynamics, an analysis such as the one in subsubsection 2.3.2 should
be performed. However, in this specific case, the result is equivalent to performing two rather intuitive
substitutions in the original result in (35). Assuming that the value of Δ𝑇cl remains in the interval
[Δ𝑇min, 1], as defined by (27), (43) can be substituted directly into the mean dynamics in (35), which
simplifies the analysis. Therefore, since the effect of 𝛿osc is already taken into account, the only component
of 𝛿cl left is 𝛿sf , which can be directly substituted in of 𝛿 in (35), since it is not explicitly time-dependent.
This results in the following closed-loop dynamics:

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Except where otherwise noted, content of this paper is licensed under
a Creative Commons Attribution 4.0 International License.

The reproduction and distribution with attribution of the entire paper or of individual
pages, in electronic or printed form, including any material under non-CC-BY 4.0
licenses is hereby granted by the authors and respective copyright owners.

081 - 16

¤̄x =
𝑑

𝑑𝑡



𝑝𝑥

𝑝𝑧

𝑣̄𝑥

𝑣̄𝑧

𝜃

𝑞


=



𝑣̄𝑥

𝑣̄𝑧

(𝛾 + 1
𝑚
𝐾Δ𝑇 (xsp − x̄)) sin(𝐾𝛿 (xsp − x̄) − 𝜃)

(𝛾 + 1
𝑚
𝐾Δ𝑇 (xsp − x̄)) cos(𝐾𝛿 (xsp − x̄) − 𝜃) − 𝛾

𝑞

(𝑚𝛾 + 𝐾Δ𝑇 (xsp − x̄)) 𝑙
𝐽

sin(𝐾𝛿 (xsp − x̄))


= 𝝓cl(x̄, xsp) (47)

Assuming that the setpoint is xsp = [0, 0, 0, 0, 0, 0]𝑇 , the equation above simplifies to:

¤̄x =
𝑑

𝑑𝑡



𝑝𝑥

𝑝𝑧

𝑣̄𝑥

𝑣̄𝑧

𝜃

𝑞


=



𝑣̄𝑥

𝑣̄𝑧

( 1
𝑚

KΔ𝑇 x̄ − 𝛾) sin(K𝛿x̄ + 𝜃)
(𝛾 − 1

𝑚
KΔ𝑇 x̄) cos(K𝛿x̄ + 𝜃) − 𝛾

𝑞

(KΔ𝑇 x̄ − 𝑚𝛾) 𝑙
𝐽

sin(K𝛿x̄)


= 𝝓cl(x̄, xsp) (48)

3 Numerical study

3.1 Setup

3.1.1 Open loop system
The values chosen for the physical parameters of the rocket are listed in Table 1; the CG position and

inertial values were taken from [7] in order to enable a direct comparison of results with the article in
question; note that it considers a model rocket, in hope of being able to experimentally test the proposed
control scheme in the future.

Table 1 Physical parameters of the rocket (mass & geometry taken from [7]).

Symbol Meaning Value Unit
𝛿max maximum TVC angle ±30 °
𝛾 gravitational acceleration 9.81 m · s−2

𝐽 moment of inertia w.r.t. CG 0.12 kg · m2

𝑙 lever arm of thrust w.r.t. CG 0.52 m
𝑇
𝑚𝛾

thrust-to-weight ratio 1.03 −
𝑚 mass 3 kg

3.1.2 Feedback control
Since the feedback laws in (41) and (45) are effectively linear state feedback (with Δ𝑇sf being a

virtual input to the system, as discussed in subsubsection 2.3.2), a simple pragmatic idea to tune the gains
KΔ𝑇 and K𝛿 is to use LQR synthesis on the linearized mean system (35). The point of analysis is chosen
to be stationary hover at xeq = [0, 0, 0, 0, 0, 0]𝑇 . The linearized system matrices are:
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Āol =
𝜕𝝓

𝜕x̄
(x̄eq, 0) =



0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 −𝛾 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0


(49)

B̄ol =

[
𝜕𝝓
𝜕𝛿
(x̄eq, 0)

𝜕𝝓
𝜕Δ𝑇

(x̄eq, 0)

]
=



0 0
0 0
𝛾 0
0 1

𝑚

0 0
𝛾𝑙𝑚

𝐽
0


(50)

Note that since Āol is an upper-triangular matrix with a zero diagonal, its eigenvalues must be 0, meaning
that the linearized system is marginally stable. After some empirical tuning, the cost matrices were
chosen to be as follows:

Q = diag( [1, 1, 1, 100, 1, 0.1]) (51)

R =

[
10 0
0 1

]
(52)

This results in the LQR feedback gains:

K =

[
K𝛿

KΔ𝑇

]
≈

[
−0.32 0 −0.43 0 1.3 0.21

0 1 0 10 0 0

]
(53)

The gain matrix has a very intuitive structure: K𝛿 stabilizes the attitude and horizontal dynamics, while
KΔ𝑇 stabilizes the vertical dynamics. The linearized state transition matrix of the closed-loop system is:

Ācl =
𝜕𝝓

𝜕x̄
(x̄eq) =



0 0 1 0 0 0
0 0 0 1 0 0

−𝐾𝛿𝑝𝑥 0 −𝐾𝛿𝑣𝑥 0 −𝛾(𝐾𝛿
𝜃
+ 1) −𝛾𝐾𝛿𝑞

0 −𝐾Δ𝑇
𝑝𝑧

0 −𝐾Δ𝑇
𝑝𝑧

0 0
0 0 0 0 0 1

−𝐾𝛿𝑝𝑥J 0 −𝐾𝛿𝑣𝑥J 0 −𝐾𝛿
𝜃
J −𝐾𝛿𝑞J


(54)

Where J =
𝛾2𝑙𝑚2

𝐽𝑇
. After substituting in the numerical values of parameters from Table 1 and (53), the

eigenvalues of Ācl can be computed; the results are summarized in Table 2. Since all of the eigenvalues
have a negative real part (with the smallest damping ratio being 0.81), the averaged dynamics are stable
in hover in the analyzed case. Given the limitations of averaging theory, this result is only assured
for sufficiently high values of 𝜔. Naturally, the physical TVC system has a bandwidth imposed by the
actuators used; rather than being arbitrarily high, 𝜔 is in practice limited to a few Hz at most. However,
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the oscillatory control can be practically implemented with a small value of 𝜔; a value of 3 Hz is used in
the following sections as an example. First, the accuracy of averaged dynamics under low frequency is
shown in subsection 3.2; then, the stability of the full nonlinear time-dependent system under feedback
control is demonstrated using Floquet theory in subsection 3.3.

Table 2 Numerical values of eigenvalues of Ācl (equation (54)).

Eigenvalue Damping ratio [-] Frequency [rad/s] Key states
-1.00 1.00 1.00 𝑝𝑥 , 𝑣𝑥

-4.55 ± 𝒊3.35 0.81 5.65 𝜔, 𝑣𝑧, 𝜃
-12.3 1.00 12.3 𝜔

-0.0981 1.00 0.0981 𝑝𝑧

-10.2 1.00 10.2 𝑣𝑧

3.2 Maneuver simulation

3.2.1 Scenario
The behavior of the proposed control architecture is demonstrated on a simple landing maneuver,

with an initial state x(0) = [−2, 2, 0, 0, 0, 0]𝑇 slightly above the ground and to the left of the desired
landing spot xsp = [0, 0, 0,−0.3, 0, 0]𝑇 (where (𝑣𝑧)sp is set to −0.3 since the landing speed does not
need to be arbitrarily low) to demonstrate simultaneous lateral and vertical control. The 𝜔 value is
chosen to be small (the current scenario corresponding to a frequency of 𝜈 = 3 [Hz]), to emphasize
that the oscillatory control is viable even though it was synthesized with the implicit assumption of high
frequency. The equations of motion are integrated using a 4th order Runge-Kutta scheme with a timestep
of Π/200 = 1.7 · 10−3 [s]. As for the equations of motion, 3 scenarios are considered (each with the same
control gains presented before):

1) full dynamics – closed-loop given by (12) with the control law defined in (46)
2) averaged dynamics – given by (47)
3) full dynamics with actuator model – the full dynamics augmented by a second order actuator

model on the TVC angle 𝛿 with natural frequency 𝜔a = 50 [rad/s] and damping 𝜁a = 0.7 – to
demonstrate that the control law still works for an imperfect plant model.

3.2.2 Results
Figure 6 shows the evolution of x and x̄ in the landing maneuver scenario. Despite the low value of𝜔

(equivalent to 3 Hz), the average states follow the full dynamics for the entire duration of the simulation.
The oscillatory action has a very visible effect on 𝑞, with an amplitude in the order of 100-200 rad/s;
however, this leads to pitch and velocity oscillations of only around 5 °/s and less than 0.1 m

s , respectively;
in the position curves, the oscillations are virtually invisible.

The control inputs of this scenario are displayed in Figure 7. In the first plot, you can see that after
the initial transient, 𝛿(𝑡) is dominated by oscillatory behavior related to 𝛿osc; however, there is a slight
phase shift due to 𝛿sf reacting to the vehicle oscillations induced by 𝛿osc. In the third plot, it can be seen
that this reaction is chiefly due to oscillations in 𝜔, with smaller components from 𝜃 and 𝑣𝑥 . The thrust
increment Δ𝑇 (𝑡) and its components is shown in the middle plot; the three components of the Δ𝑇 (𝑡) are
the constant Δ𝑇eq, the 𝑝𝑧 term gradually increasing as the rocket gets closer to the ground, and the 𝑣𝑧
term which first causes a downward overshoot and gradually recovers to land with a velocity very close
to the specified value.
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Fig. 6 State evolution in the landing maneuver simulation scenarios.
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As for the actuator scenario, in Figure 6 it can be seen that there is a rather good match with
the nominal scenario, with the biggest difference being a larger dip in vertical velocity in the first 2
seconds of the maneuver. Overall, this demonstrates that the control scheme has a certain capacity for
accommodating unmodeled dynamics. It is worth noting, however, that while in the nominal case the
system was successfully stabilized using almost any oscillation frequency in the 𝜈 ∈ [0.4, 5] [Hz] range
(as discussed later in subsection 3.3), with the actuator model in place finding suitable values of 𝜈 proved
harder, with some values resulting in unstable or quasi-periodic behavior. This would suggest that in a
practical application 𝜈might need to be chosen using either experimental tests or high-fidelity simulation.

3.3 Floquet analysis
The stability of the rocket in hover can be shown using the Floquet approach, as outlined in subsubsec-

tion 1.4.2. A periodic orbit xΠ (𝑡) can be found by simply setting xsp to e2 (i.e. 0 in all components except
for the altitude 𝑝𝑧) and running the simulation for a long time so that the initial transient disappears and
all that is left is a periodic oscillation with period Π (see the highlighted curve in Figure 8). An arbitrary
point of the periodic orbit, xΠ (0), is then used as a base initial condition; a set of 𝑛 simulations on the
time interval 𝑡 ∈ [0,Π] was then run with initial conditions x(𝑖)

Π
(0) = xΠ (0) + 𝜖 |𝑥𝑖 |e𝑖, (with |𝑥𝑖 | being the

amplitude range of 𝑥𝑖 over one period of the periodic orbit, i.e. |𝑥𝑖 | =
��max𝑡∈[0,Π]𝑥𝑖 (𝑡) − min𝑡∈[0,Π]𝑥𝑖 (𝑡)

��),
with a numerical value of 𝜖 = 0.1. The results of those simulations can be seen in Figure 8. The state
after one period, x(𝑖)

Π
(0), was then used to compute the monodromy matrix M as indicated in (11) (taking

into account the |𝑥𝑖 | factor). The magnitudes of the eigenvalues of M were all below 1, as shown in
Figure 9, therefore proving the stability of the rocket in hover.

Another added value of the Floquet framework is the possibility of evaluating the influence of 𝜈 on
system performance, since the mean dynamics give little insight into this matter due to their underlying
assumption that 𝜈 is sufficiently high, while in practice actuator bandwidths provide restrictive ceilings
on its values. In contrast, Floquet analysis remains accurate for any periodic motion, whether slow or
fast. Since a magnitude of 1 is the limit of stability for Floquet eigenvalues, the highest magnitude among
the eigenvalues can be used as a measure of the closed-loop robustness of the system. Repeating the
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Floquet analysis for different values of , one obtains Figure 11. It is worth noting that the system does
not seem to have periodic orbits for 𝜈 < 0.37 [Hz]; this is not due to an onset of instability in the Floquet
sense, since the magnitudes of the eigenvalues at 𝜈 ≈ 0.37 [Hz] are nowhere near 1. For a clearer picture,
Figure 10 shows a plot of the maximum eigenvalue magnitude for different frequencies, showing that in
the range of interest anything above 𝜈 = 0.37 makes the system stable with some robustness margin.

4 Conclusions
Reusable rockets and landers have been shown to be fully locally controllable using TVC only

(assuming that the thrust-to-weight ratio 𝑇
𝑚𝛾

is in the interval (1, 2/(1 + cosΔmax)) using Lie bracket
analysis. It was shown that this controllability can be realized by modulating the mean thrust 𝑇 using
open-loop sinusoidal oscillatory TVC actuation, with no side effects appearing in the average dynamics.
A linear state feedback controller exploiting the mean thrust modulation to stabilize the system was
proposed, along with a derivation of the average closed-loop dynamics. A numerical case study of a
landing rocket based on [7] was performed, with the linear state feedback tuned using LQR synthesis.
The resulting system was shown to be stable in two ways: by computing the linearized state transition
matrix of the average closed-loop dynamics and the monodromy matrix of the full nonlinear time-
dependent system in hover; both methods yielded stable eigenvalues. Simultaneous controllability of
the horizontal and vertical axes along with good practical performance was demonstrated in an example
landing maneuver. The case study also emphasized that despite the control synthesis being performed
on the averaged system, which is guaranteed to be accurate only for high TVC oscillation frequencies,
the proposed control law displayed good performance and some level of robustness for values of 𝜈 of
the order of a few Hz. By introducing an actuator model, it was shown that the control architecture can
handle at least some forms of unmodeled dynamics, with a possible need to adjust 𝜈 to the real system.

While it is definitely preferable for reusable rockets to have throttling control, since the oscillatory
TVC approach leaves absolutely no redundancy and might face practical problems due to TVC actuator
bandwidths (especially for large spacecraft) and structural vibrations, it is nevertheless useful as a
redundancy measure in the event of throttling malfunction, and together with trajectory generation
methods such as [7, 8] it might enable the application of solid rocket propulsion for light low-cost landers
used e.g. for cargo delivery. Multiple areas for future research were identified during the writing of this
paper:

• It should be possible to find some analytical sufficient or necessary conditions on the stability of the
average closed-loop dynamics, either using the Lyapunov theorem with the full nonlinear dynamics
(48) or applying the Routh-Hurwitz criterion on the linearized system (54); initial attempts by the
authors were inconclusive at the time of writing of this paper.

• It could be of interest to check if the sinusoidal TVC oscillation proposed in this paper is a rigorous
implementation of movement along the [[f̃, g̃ ¤𝛿], g̃ ¤𝛿] Lie bracket identified in (19) to be the source
of 𝑧-axis controllability (see [11, 12] for examples of generating motion in the direction of Lie
brackets based on theory rather than physical intuition, as was the case in this paper) – and, if this
is not the case, to propose an alternative open-loop control law which implements it.

• An analysis of the linearized dynamics of the system could provide some new insights into the
choice of 𝜔, since from the linear point of view some frequencies should result in higher x
oscillations (which are an undesirable side effect and should be minimized) than others.

• Since the current control law suffered from a slight static error in 𝑝𝑧 when maintaining hover (not
highlighted in the paper), an integral term might be added if the application demands it, with the
typical drawbacks of integral control (degraded robustness, windup issues etc).

• To further evaluate the feasibility of oscillatory TVC in practical applications, it could be useful
to analyze the effect of structural flexibility [22], sloshing [22, 23], or even unsteady aerodynamic
effects on the closed-loop performance, along with case studies using numerical data coming from
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large reusable launchers rather than scaled models, like the one used in this paper. The findings in
subsection 3.2 suggest that the system is capable of handling some degree of unmodeled dynamics,
but the TVC oscillation frequency needs to be tailored to them.

• A study of the robustness of the control scheme to parametric uncertainty could provide more
practical insights into its limitations.

• To further explore the practical implementability of the control scheme, an experimental study on
a scaled platform, such as the one in [7] (which was the source of data for the numerical study in
section 3) would be beneficial.

Declaration of Use of Artificial Intelligence
Artificial intelligence was not used in the work presented.
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