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ABSTRACT

Model reference control (MRC) is a widely used approach in helicopter flight control to impose
desired dynamic behaviour — such as specified damping and natural frequencies — on the actual
nonlinear and complex helicopter system. In this work, the entire closed-loop system consists of
a trajectory planner, which defines simple and well-behaved reference dynamics, and the actual
flight control law, which ensures that the helicopter follows these reference trajectories. The
trajectory planner generates a trajectory from the target flight state specified by the pilot, e.g., the
vertical speed, delivering feasible reference states for the lower-level controller. For unconstrained
trajectories, the closed-loop stability can be verified using conventional linear control engineering
methods such as, e.g., the Hurwitz criterion. However, these methods are not applicable if the
trajectories are constrained by state limits such as the maximum and minimum vertical speed of
the helicopter. For constrained trajectories, nonlinearities such as saturations are often inserted
into the control loops to consider the helicopter’s state limits. These nonlinearities complicate the
proof of stability, and thus an alternative approach is required for the stability analysis. In this
work, an analytical approach is presented to generate a trajectory that respects input and state
constraints while applying a linear control law with the help of the invariant set theory and linear
control methods. The method is applied on a model of the Airbus H145 to analyse its control
performance.

Keywords: Constrained Rotorcraft Control; Input and State Constraints; Linear Constrained Control; Maximal
Control Invariant Set

Nomenclature

a = acceleration Cs = maximal control invariant set

gi level function J jerk

k linear gain vector K set of feasible linear control gains
K = control gain n = outwards pointing normal vector
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= plant P = approximated plant model
u = input U feedforward reference for robust controller
U = feedforward input (for stat. error) U set of input constraints
v = velocity X set of state constraints

state vector y output

Yo = reference (set by pilot) y. = reference for robust controller
0 = boundary-layer thickness of Cs € = tracking-error bound (component i)
T = time constant

1 Introduction

The automation of helicopter flight control has become increasingly important due to the system’s
underactuated and poorly damped nature. Pilots must coordinate multiple control inputs to manage
the complex rotorcraft dynamics, making automation via Automatic Flight Control Systems (AFCSs)
essential for reducing workload and ensuring safety. Here, model reference control (MRC) is an often
used approach to impose a well-damped and simple dynamical behaviour that improves the handling
qualities of the rotorcraft. However, feasible and safe flight trajectories, that is, reference inputs for
the underlying flight controller, must adhere to strict input and state constraints imposed by actuator
limitations, regulatory requirements, and passenger comfort considerations.

Appropriate controller design that considers these constraints is necessary to comply with actuator
limitations and regulatory requirements. However, conventional control techniques like PID-control,
while effective for unconstrained systems, often fail to guarantee safety and feasibility when input
and state constraints have to be met. Nonlinearities in input and state can render planned trajectories
inconsistent with the helicopter’s actual dynamics, potentially resulting in constraint violations and unsafe
flight behaviour.

To overcome this issue, advanced methods such as Model Predictive Control, Reference Governor,
and barrier Lyapunov functions, are commonly introduced to guarantee constraint satisfaction while
ensuring system stability [ 1-6]. However, their practical adoption in real-time, safety-critical helicopter
applications is hindered by issues such as computational complexity, memory requirements, or the lack
of guaranteed feasibility for a set of initial conditions.

This work addresses these challenges by developing a trajectory planning method, based on maximal
control invariant sets [7, 8] of the state, that enables a simple, real-time capable linear control design.
The trajectory planning is informed by the analytical calculation of the largest set of feasible initial states,
ensuring that generated trajectories remain consistent with the helicopter’s dynamics while satisfying all
prescribed constraints. Subsequently, a linear control law for the MRC framework can be derived. The
proposed framework enables well-established methods for flight control design, ease of certification, and
implementation in real-time AFCS environments of helicopters without comprising closed-loop stability.

The structure of the remaining paper is as follows: Section 2 defines the problem and outlines the
objectives. Section 3 describes the methodology used to calculate the feasible states and the control
law. Section 4 applies the proposed method to the double integrator which models the dynamics of the
Vertical Speed (VS) mode. In Section 5, the method is extended to the double integrator with low-pass
filter which models the dynamics used in the Altitude Hold (ALT) mode. Section 6 concludes the work
and discusses future research directions.
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Figure 1 MRC with saturation on the control input # and on the states x.

2 Problem Description

Since the development process of an helicopter AFCS is complex and time-consuming, it is common
to divide the upper mode control into a guidance part (trajectory planner) and a control part (robust
controller) using MRC [9, 10] as displayed in Fig. 1. With MRC, the advantage is that the plant P does
not need to be inverted, which is in some cases, e.g., non-minimum phase systems, not possible. Instead,
a low-order approximation model P of the plant P is used to generate a trajectory (., u.) that can be
followed by the plant P. Also, all states can be extracted from P, which is useful when constraining the
states.

Definition 2.1 (Trajectory) The trajectory generated by the trajectory planner of a MRC framework
consists of the pair (y., u.) (see Fig. 1). It consists of the desired system output y. and the feed-forward
control input u,. This pair defines a feasible reference path that the actual system P aims to follow,
ensuring consistency with the model dynamics y, = Pu, under the given input and state constraints.

The task of the control part (grey block in Fig. 1) is to reject perturbations, such as wind gusts, and to
stabilise the system around the trajectory (y., u.) generated by the guidance part (purple block in Fig. 1).
The guidance part is responsible for generating a feasible trajectory (y., u.) which is followed by the
controller. Separating the tasks of trajectory generation and control allows test flights to be performed
only to certify the control part. Afterwards, the design of the robust controller is frozen. The guidance
part can be developed without the need of further test flights, since the guidance part does not have any
feedback loop to the control part. Using such a separation reduces cost and time during the development
process of the AFCS.

For linear systems, the stability of MRC can be proven with known conventional methods. However,
when input- and state constraints are considered, the application of these methods is no longer sufficient
to guarantee stability since nonlinearities in the form of saturation elements are included to the system.
The influence of the constraints is shown in the following sections.

2.1 Input Constraints

Input constraints arise from the physical limitations of the helicopter’s actuators, which can only
drive at a limited rate and have limited amplitude authority. To consider the physical limits of the actuator,
the control input « is limited with a saturation block (grey background in Fig. 1) in front of the plant P.
The same input saturation from the robust controller is applied to the trajectory planner (blue background
in Fig. 1) in front of P when generating the trajectory. The introduced saturation of the control input u
has no influence on the consistency of the pair (y, u) since the relation y = Pu is still valid. This also
applies to the pair (y,, u,) since the relation y, = Pu, is still valid.
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2.2 State Constraints

One advantage of MRC described previously is that the states x. of the trajectory (y.,u.) can be
accessed from the model P. Due to the stability, handling quality, and ride quality requirements [11-13],
the states of the helicopter need to be constrained. These constraints are realised as saturation limits and
other nonlinearities on the states x of the helicopter. Specifically, the input constraints U follow from
actuator hardware limits, while the state constraints X combine physical airframe limits, safety regulations
(e.g., descent speed limits to prevent Vortex Ring State (VRS) [11]), and ride-quality standards [13].
This is highlighted in Fig. 1 by red-coloured dashed-bordered blocks, where the dashes signify that the
block is nonlinear. Since the relation u, = Py, is violated through the nonlinearities in the model P
and the saturation limits on the states of the helicopter, the consistency of the pair (y., u,) is not valid
anymore. Consequently, the generated trajectory (y., u.) fails to represent the real helicopter dynamics
and the robust controller may not be able to follow the trajectory (., u.) anymore.

2.3 Example: Double Integrator

To illustrate this inconsistency, consider the Vertical Speed Hold Mode (VS) mode (an autopilot/upper
mode), where the system dynamics can be described as a double integrating system

X = . = (1)

with vertical acceleration a,, vertical speed v,, and the control input . Now consider the scenario
illustrated in Fig. 2, where the helicopter is initialised with a vertical speed v at its lower bound v, = y_
and the vertical acceleration a; at its lower bound a; = a_. This corresponds to a descending helicopter,
which is accelerating its descent. When considering v, it is clear that since v, is the integral of the
vertical acceleration a,, the vertical acceleration a; needs to become positive so that the vertical velocity
v, does not become more negative and violate the state constraint y_. Because a; cannot jump to a
positive value, as it is defined as the integral of u, the vertical velocity v, will violate the state constraint
v, 2 v_, as depicted in Fig. 2. Further, due to the high input u, the vertical acceleration increases to a
value a, > a., since a, is the integral of u, violating the upper limit a@,. As shown in Fig. 2, the saturation
blocks ensure that the trajectory (green line) stays within the bounds and does not cross the limits (red
dashed lines). The saturation just "freezes" the trajectory at its limit, not considering that the system
dynamics are not capable of suddenly holding a state at a fixed value. As a result, the rotorcraft (blue
line) diverts from the trajectory (green line) and violates the limits of the state constraints. When the
trajectory diverts, dangerous oscillations on the constraint boundaries can occur if the trajectory does not
match the helicopter’s capabilities.

control input u [ %] vertical acceleration z; = a, [3] vertical velocity zy = v, [%]
] ey —————— 5.08 e ——
trajectory
\ 1.2 /\ ——plant output
u 0 T \
0

Bp--—----mm- - 1.2

0 2 4

time [s]

Figure 2 Detachment of the trajectory (green line) from the helicopter dynamics (blue line) when the
trajectory is saturated at the upper vertical speed constraint.
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2.4 Motivation and Objective

As shown previously, the conventional trajectory planner with state saturations cannot generate a
trajectory (., u,) that is consistent with the model P of the helicopter dynamics while respecting the
state constraints. Inconsistencies in the trajectory can lead to detachment from the helicopter dynamics,
resulting in dangerous oscillations and violations of safety and comfort requirements. This is due to
nonlinearities in the model P and the state saturation limits.

Common approaches to ensure constraint satisfaction while maintaining stability include barrier
Lyapunov backstepping [5, 6], Model Predictive Control [1, 2, 14], and Reference Governor [3, 4, 15].
However, due to the limited computational power and memory available on the helicopter, the need
for real-time execution, and certification requirements for safety-critical systems, these methods are not
suitable for the given problem. Therefore, the goal of this work is to present a method that defines
trajectory and controller in a feasible manner such that a real-time system implementation and a system
certification [11, 12] is possible.

3 Methodology

In the following, the method is presented to design the trajectory planner for the MRC framework.
To guarantee the existence of a control law u,. that complies with the state constraints X of the system, the
feasible set of initial states C., has to be found. This is obtained analytically through the calculation of
the maximal control invariant set C., (see Section 3.4). Afterward, a linear control law (with added input
constraints and possible switching nonlinearities) is used to stabilise the system by steering the scalar
input u.. From the shape of C, a set of feasible linear control gains K is calculated that contains all valid
linear control gain vectors k.. With this approach, the system can be controlled by manipulating only the
control input u., leaving the states x. unchanged, such that the trajectory (x., u.) remains a consistent
pair. To minimise the online computational effort, the maximal control invariant set Cs, and the K-space
are computed offline which can be loaded onto the helicopter as a look-up table. By providing the set of
feasible initial states C it can be decided whether an upper mode (i.e., autopilot) on the helicopter can be
engaged or not. The system is guaranteed to stay within the state constraints X and the input constraints
U by the definition of the feasible initial states through Cs, [16]. The following three components have
to be considered for the entire methodology.

1) Input Constraint u. = sat(u/)
Model the actuator limitations with a saturation function.
2) Maximal Control Invariant Set C., and Feasible Initial State x.
Define the largest set of feasible initial states Co, that guarantees the existence of a control input
u. which respects the state constraints X of the system. The initial state is chosen as x.¢ € Cw.
3) Control Law /. — oo = K.(Voo — V)
A linear control law (with added input constraints and possible switching nonlinearities) is used
to stabilise the system by steering the scalar input u so that the trajectory remains within Ce.

A comprehensive description of these components is given in the following subsections. For some
dynamics, the maximal control invariant set C, can be found analytically. Compared to numerical
approaches, the analytical calculation of C., at least for some dynamics, is more beneficial for the
certification of the rotorcraft, while considering the online computation limitations. In addition, since
the presented approach allows the implementation of a linear control law with constraint guarantees,
certification will be further facilitated.

The main disadvantage of the approach is that for system dimensions n > 3, the maximal control
invariant set C can no longer be computed analytically (but numerically [17]). The offline determination
of Cw allows the implementation of liner control laws in certified model-based environments, which is
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unavoidable considering the limited computational power and memory resources of the rotorcraft Flight
Control Computers (FCCs) and the safety requirements [18]. As mentioned previously, the AFCS
structure is assumed to be given in form of MRC, especially because the stabilising robust controller is
given and assumed to be frozen in design.

3.1 Assumptions

As mentioned in Section 2, the focus of this paper lies in the trajectory planner (purple block in
Fig. 1). The following assumptions define the scope of this work.

Assumption 3.1 (Perfect Model) The approximation model is assumed to match the plant exactly, P =
P. In the full MRC architecture (Fig. 1), model mismatch and external disturbances are rejected by the
robust controller [10, 19], whose design is frozen and outside the scope of this work, since this work
focuses on trajectory generation. Under this assumption, the constraint guarantees derived for the model
states x . apply equally to the plant states x.

Assumption 3.2 (Gain Matching) For presentation purposes, the trajectory-planner gain k. is chosen
to coincide with the robust-controller gain k, i.e., k. = k. This reduces the closed-loop structure to
the simplified form in Fig. 3, bypassing the robust controller for undisturbed flight cases and perfect
model knowledge, which allows to define u, = u as well as y,. = y. This assumption is made without
loss of generality for the constraint analysis: by Definition 3.2, any k. € K guarantees invariance of Cs
independently of the robust controller’s gain.

Remark 3.1 (Interaction with the full MRC architecture) In the full MRC architecture (Fig. 1), the
input to the plant is u = u, + k' (x, —x), subject to u € U, where u, is the feedforward from the trajectory
planner and k is the robust controller gain vector. The invariance guarantees of Cs apply to the model
states x . driven by u, alone. For the plant states x, two effects arise: (i) the robust controller correction
kT (x. — x) consumes part of the actuator authority U, reducing the effective input budget available to
the trajectory planner; and (ii) the tracking error x . — x causes the plant states to deviate from the model
states. If the robust controller bounds the tracking error per component, |x., — x;| < €;, then plant-state
constraint satisfaction can be approached by tightening the state bounds to [x; + €;, X; — €] and the input
bounds to [u+ ke, u — k€] with € = [ey, . .., €,] T when computing Ceo. This conservative tightening
is standard in robust invariant-set theory [16] but is not pursued in the present work, which focuses on
the nominal trajectory-planning problem.

Uy = U

|
Yoo o [ | e =Y

U

Figure 3 Simplified structure with controller and input saturation.

3.2 Considered Upper Mode Dynamics

To determine an analytical solution for the set of feasible initial states, the upper modes listed in
Table 1 are considered. The dynamics of these flight modes can be represented by P which are low-order
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approximations of the real linearised rotorcraft dynamics. For the vertical dynamics, the jerk j, = d; is
steered by pitching the rotor blades with the collective rod. Therefore, to maintain a vertical speed v,
a double integrating model P is introduced in the VS mode. To control the vertical position p, a triple
integrator is thus used as model in the Altitude Hold (ALT) mode. For the VS- and ALT mode a first-order
low-pass filter can be introduced to model actuator / helicopter inertia. ! Since the helicopter models are
based on systems of order n < 3, the analytical solution of C. is possible for the given problem which
will be discussed later.

Table 1 Overview of the considered upper modes.

Flight Controlled Regulated Dynamics
Mode Variable Variable P

VS J- (actuator directly steered) v, 7 OF STy
ALT J- (actuator directly steered) P 7 O i

3.3 Input Constraint

Since the amplitude and rate of helicopter actuators are limited, the control input u is subject to
constraints. Within this paper, the input constraint

U={ueR:u<u<u} 2)

with lower and upper bound u and u, respectively, of the actuator input is considered. A saturation block
in Fig. 3 is used to clip the control input u at the actuator boundaries.

3.4 Feasible Initial States

The trajectory is subject to state constraints imposed by governmental regulations and safety re-
quirements. These may, for example, take the form of a maximum vertical speed or a maximum vertical
acceleration. The state constraints are defined as

X={xeR":x;, <x1 <X1,...,X, <X, <X} (3)
with lower and upper bound x, and X;, respectively, of the state x;. The chosen approach is to find the
largest set of feasible initial states that guarantees the existence of a control input u that respects the
constraints of the system. With this approach, the system can be controlled by manipulating only the
control input u, leaving the states x unchanged, such that the trajectory (x, #) remains a consistent pair,
i.e., no non-linearities. The largest set of feasible initial states is named the maximal control invariant
set. The maximal control invariant set C, can be constructed with the help of the level functions g; that
enclose the set Co. A more general definition of C, can be found in Doeser et al [8]. The definition of a
level function, taken from [8], is given below.

Characterization 3.1 (Level Function g;) The level function g; characterises the shape of the maximal
control invariant set C for the i-th state component. The extremal time t* is the time at which the state
x;(t) has an extremum (minimum or maximum), which can lie in the future or in the past depending on
the initial state x;,. The level function g; can be described piecewise depending on the extremal time t*

The dynamics of the double integrator with first-order low-pass filter can also be used as a model for other flight
modes, e.g., Indicated Air Speed Hold Mode (IAS).
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as

_ x, —min, x;(¢) <0, ift >0
8. (X1gs .-y Xjp, ) = )
=i X; —xi0 <0, otherwise
B ' 4)
_ max, x; (1) —x; <0, ift >0
gi(X1g, o, Xig, u) = — .
xio —x; <0, otherwise

where 8, and g; are the lower and upper bounds of the g; level function, respectively, x; and X; are the
lower and upper bounds of the state x; from the constraint X, respectively, and x; is the i-th element
of the state vector x, determined by solving the differential equation of the system. The minimisation /
maximisation of x;(t) is performed under a constant maximal / minimal control input u / u. The overall
level function g; is then formulated as

g = max (g, g). (5)

where g, and g; denote the lower and upper bound functions, respectively. The boundary of the maximal
control invariant set Cw is characterised by g; = 0, and the interior by g; < O.

The role of the level function g; is to define the shape of the maximal control invariant set Cy, from the
system dynamics and the state constraints. Traditionally, the solution of the differential equation x is used
to describe the trajectory of the system departing from an initial state x( at a time . Taking the extremum
over non-negative time ¢+ > 0, the extreme value might be the initial value and min, x;(¢) = x;,. Since the
goal is to maximise the size of the set C, and the state constraints X shall not be violated, the extremum
of the state x;(7) is transformed with a translation onto the bounds x; and X;. This is done by requiring
that min, x;(#) > x, and max, x;(#) < X;, with min and max representing the extremum, respectively and
the relation can then be reformulated as g; < 0. The g; function can thus be seen as a transformation of
the system trajectory x(¢) onto the boundary of the set of state constraints X to maximise the size of the
set of feasible initial states Co,. As a reminder, C, is defined as the set of initial states x( for which there
exists a control input u that respects the state constraints X and the input constraints 2. Having defined
the level function g;, the maximal control invariant set Co, can now be constructed.

Definition 3.1 (Construction of C.., [8, 16]) The maximal control invariant set C is defined as the
intersection of the level functions g;:

Co = {x €R":Vi, g (x.7) <0 and F(x. u) < o} 6)

with 8, and g; being the lower and upper bounds of the g; level function, respectively. For each intersection
of the level functions g; in Ce, the following condition must additionally hold:

(L[é’j,Ek(x) = {M eU: gj(m, s X 1) <0, G (X1, ey Xgy 1) < O} £0 (7)

meaning that at each intersection of the level functions g; and gy, the intersection of the input constraints
(ngj’?k is not empty and the level functions g; and gy are thus not in conflict with each other.

Remark 3.2 (Physical Interpretation of C.,) Because X reflects the physical limitations of the rotor-
craft (see Section 2), Cs represents the largest set of flight states from which the autopilot can be safely
engaged. For higher-dimensional systems (n > 3), the shape of C, may be complex; in practice, tighter
per-state bounds can be chosen within Cw to obtain simple engagement criteria that are intuitive for pilots
and straightforward to display on the Multifunction Display. The tightening of these bounds is a design
choice that allows engineers to trade off between state dimensions depending on the required handling
qualities and safety margins.
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Remark 3.3 (Behaviour outside C.,) If the current state xg ¢ Ce, no admissible control input u € U
exists that can prevent a violation of the state constraints X. This does not reflect an algorithmic
limitation, but rather a physical one: the actuator authority is insufficient to counteract the current flight
state. For instance, if the helicopter descends at maximum velocity v, with maximum acceleration a., the
collective may lack sufficient authority to arrest the descent before exceeding the speed limit. Nonetheless,
the saturated linear control law u = sat(—k " x) remains well-defined outside Cs, and continues to steer
the system towards the origin as aggressively as U permits. The constraint guarantees are lost during the
transient, but no discontinuity or instability is introduced. Whether such a best-effort mode is acceptable
in practice is a certification decision and outside the scope of this work.

In contrast to the search for the extremum of the trajectory x(¢) using min/max as in Characteriza-
tion 3.1, the max operator in Definition 3.1 selects the most restrictive level function among all g;; the
outer boundary of the maximal control invariant set C, is then characterised by max; g; = 0, while the
interior satisfies max; g; < 0.

3.5 Linear Control Law

Cw guarantees the existence of a control input u that respects the constraints of the system, but it
does not guarantee the stability of the system. Further, the suitable control input u# needs to be determined
since only the existence of a control input u is guaranteed. To provide an easy implementation of the
flight control law, introduce the linear control law

u=-k'x ()

where k is the gain vector and x is the state vector.> In the case of the single integrating system, the
system is guaranteed to be stable for k > 0; for higher-order systems, the K-space is introduced, which
describes the set of stable k that respect the bounds of the set Cs. To select the valid inputs « that respect
the constraints of C, the outer normal vector n of the set C is constructed. When the angle between
the vector field X of the system dynamics and the outer normal vector n is greater than or equal to 90°,
the system will not leave the set Cs, which can be expressed as n"x < 0 where X is the vector field of
the system dynamics and = is the outer normal vector of the set C, pointing outwards. This expression
guarantees that the system trajectory does not cross the boundary of the set C and thus never leaves the
set Cw. The outer normal vector n can be found by calculating the gradient of the level function g; on the
boundary of C,, at g; = 0 (because the level function rises towards the boundary of the set, the gradient
points outwards) [16, 21]. This can be expressed as

nTi=Vg k<0 )

Having defined a condition at the boundary of the set C., that selects a suitable control input u, the linear
control law can be found by inserting the system dynamics X into the condition and solving for the linear
control gain vector k. This yields a set of matrix inequalities that describe the space of valid control
gains k, called from now on the K-space, that respect the constraints of the system.

2To reduce complexity of this work, only the regulator problem is considered, stabilising the system around the origin.
However, reference tracking is also possible when introducing Ax in the control law, [20].
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Definition 3.2 (K-space) The K-space is defined below and represents the set of all linear control gain
vectors k that respect the constraints of the system with the linear control law u = =k "x:

V&sz 0,Vx € 8CN{x € R" 3§1(x1,ﬁ) =0} A
AN

VgTi< 0,Vx € ACon{x € R" :g (x1,,, )= 0} A
K={keR' : =" ' (10)

Vg i< 0,Vx € dCon{x € R" :g,(x1,u) =0} A

A

Vg, %< 0,¥x € 0CoN{x € R" :g, (x 1., u)= 0}

where X is the vector field of the system dynamics.

The K -space guarantees the stability of the system and thus invariance of the set C, for u = —k'x.
Because any controller weights k € K-space prevents the system from leaving C. at the boundary 0Cs,
only the normal vectors on the boundary of the set Cy are considered.

Remark 3.4 (Absence of integrator windup) All control modes in the trajectory planner — the control
law u = —k'x, the saturation, and the boundary-holding mode u, = x; (Section 5.3) — are memoryless
functions of x and therefore free of integrator windup; consequently, no windup-induced performance
degradation arises. When P # P, tracking-error accumulation through the plant integrators is rejected
by the robust controller (Assumption 3.1 and Remark 3.1), whose own anti-windup design is frozen and
outside the scope of this work.

4 Vertical Speed Mode - Double Integrator System

The double integrator model can be used to describe various aspects of helicopter dynamics. For
example, it can describe the influence of a change in the time derivative of the vertical acceleration ¢, on
the vertical velocity v, in the VS mode.

4.1 General Formulation

In a more general form, the double integrator system can be described in state-space representation
as follows

x(t) = (1) gx(t)+ (1) u(t)

—_— —_——

=4 -B (11)
y(@) =10 1]{x(2)

I ]

=C

with y(7) being the output of the system (vertical speed v, in the VS mode). The states x (¢) and the input
u(t) are defined in the subspaces

x(HDeXCRL u(t) eUCR, Vi >0 (12)
The input constraint U is enforced with a saturation block as mentioned in Section 3.3.
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4.2 Feasible Initial States

The system is subject to state constraints in x; and x,, which can be formulated as

X = {xeR2 | Sx1 <X, X, Sx2 X0} (13)
where x_ represents the lower bound and x. the upper bound, respectively.

The shape of the set C, can be found by solving the differential equation of the system dynamics
X = f(x) with a constant u at the bounds of the input constraint U. The differential equation x(¢) =
Ax + Bu can be solved as

x(1) = eA'xg +/ [eA(’_T)Bu(T)] dr, ue€{u,u} (14)
0

where x is the initial state of the system and u(¢) is the control input. x( describes the starting point of
the trajectory x () that will be used to find the shape of the set C,. The maximal control invariant set Ce
is defined by the extremal trajectory with u = u for x; > 0 and u = u for x; < 0. To obtain the shape of
the extremal trajectory on the boundary of the set C, the differential equation in Eq. (11) is solved with
the input # = u for x; > 0 and u = u for x; < 0O, respectively. The solution of the differential equation
can be found by first evaluating the matrix exponential e4’ and ¢~47 and then evaluating the integral:

X1, + ut —
x(t)=| " ol weluwm (15)
X1l + X2, Uz 5

which is the solution for ¥ = f(x) for constant u or . To maximise the size of the control invariant C3
such that it becomes C, the trajectory needs to be at its extremum at x; = 0. With the definition of the
gi level function from Characterization 3.1, the level functions g; for the double integrator system can be
constructed as follows:

gl(xl()) :'El _'xl() S 0

81 (x1y) =x1,—x1 <0
x
) .
Xy =X+ 5 <0, ifx, <0

8, (x19, X2, ) = (16)

X, — X2, <0, ifx;,>0
_ X2, — X2 <0, ifx;, <0
gz(xlo’x%’ﬂ) = _ x% .
Xog—X2— 5, <0, ifx;,>0
with the lower bound level function 8, and the upper bound level function g;. The intersected level
functions g; are shown for g; = 0 in F1g '4. As described in Definition 3. 1, assembling all segments gives
a definition of the set C, as the intersection of the level functions g, which presents the set of feasible
initial states Cw (i.e., the maximal control invariant set):

Co = {xo € R? - max (gl (x1,) .8, (x10) » 82 (X105 X2 1) .8, (xlo,xzo,ﬁ)) < 0} (17)

The intersection of the level functions g; and g» is shown in Fig. 4, with the g;-functions marked in
blue and the g,-functions marked in purple and magenta.

3The control invariant set C is defined as the set that guarantees the existence of a control input u such that all trajecto-
ries that start in C stay in C while respecting input constraints U.
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Figure 4 Control invariant set C,, with intersected level functions g; at g; = 0.

4.3 K-Space - Control Law

Up to this point, the maximal control invariant set C has only defined the set of initial states that
guarantee the existence of a control input u € U which keeps the system within the set Cw. In this section,
a linear control law u = —k "x is chosen and is saturated to guarantee the invariance of the set Co. As
described in Section 3.5, the valid set of linear control gains k can be found by solving Vg;'¥ < 0. To
find a valid set of control gains k, the condition Vg;"x < 0 must be evaluated for all g;-functions. Based
on that a set K of control gains k can be constructed to ensure the the invariance of the set C.,. First, the
‘Ki-space is constructed for the g|-functions using Definition 3.2:

5 kl)_cl + koxp, <0,Vxp € [)_620,)_62] N
Ki =1k eR” : (18)
—k1X1 — koxp<0,Vxp € [)_62,)_620]

Then the K,-space is constructed considering the g>-functions of the double integrator system:

5 —kix1 — koxo< —11, Vx € 0CoN{x € R? :gz(xm,ﬁ): 0} N
K=k eR” : - (19)

kixy + koxy <u,Vx € 0CoN {x e R2 :§2(x1;2,g): 0}

The K; spaces represent linear inequality systems which are visualised as blue K and purple K, areas
in Fig. 5a.

To obtain the full K-space for the double integrator system, the /K;-space and the K;-space must be
intersected. The assembled K-space, consisting of the g-functions and the g,-functions, is defined as
K = K1 NK; and formulated in Eq. (A.40). The intersection of the K-space and the K;-space is shown
in Fig. 5a, and the final K-space is shown in Fig. 5b.

4.4 Simulation Results for the Vertical Speed Mode

In this section, a simulative study is shown in Fig. 6 which demonstrate that for a chosen k from
the K-space, the system drives always to the equilibrium if the initial states xo from the feasible set C
are taken. In the VS mode, the vertical velocity v, is tracked. The input constraint is defined by the
maximum actuator rate of i1, = 10 @ The factor h, which scales the actuator amplitude to the vertical
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Figure 5 K space (blue), K, space (purple), and the intersection of both spaces as K (yellow).

acceleration, is set to & = 0.1 ="—. Since the input of the VS mode is the time derivative of the vertical
acceleration, the input constraint is

W=a,=h la=0.1 Szzm-lomsmzl;% (20)

The state constraint for the first state, x; = a,, is defined by the maximum actuator amplitude of
Uy = 10 mm. Together with the factor 4, this results in a maximum vertical acceleration of

m

_ _ _ m
xlzazzhwtact:O.lS2mm~10mm:1s—2 . (21)

The second state, x, = v, is constrained by the maximum vertical speed of v, = 1000 % which is

the maximum descent speed to prevent vortex-ring state. For simplicity, the constraint is assumed to be
symmetric, thus
ft

EQ:VZ:10OO%z5

(22)

w |3

.
The linear control gain k is chosen from the K-space of the system as k = [1.28 0.32] . It can be

observed that the input- and state constraints are respected by the system and the trajectories converge
towards the origin.

S Altitude Hold Mode - Double Integrator and PT1

The helicopter dynamics are often subject to lag due to inertia effects of the rotor-structure coupling
or actuator lag. In the following, the lag considered for the ALT mode is described. This upper mode
can be modelled using a first-order low-pass filter with a double integrator (see Table 1).

5.1 General Formulation

A

The general formulation of the system dynamics, i.e., P =
representation:

1 . .
ey 1S given by the state-space
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Input vertical jerk j, [%]
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1] 5] t
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Figure 6 (a) Phase plane and (b) control input « of the double integrator system with the initial states C.,
and the linear control gains XK.

. 1 1
X1 =—X1+—-Uu
T T
B =X (23)
X3 =X
The states x(¢) and the input u(¢) are defined in the subspaces
x() e XCR, u(t) eUCR, Vi >0 (24)

The input constraint U is enforced with a saturation block as mentioned in Section 3.3.

5.2 Feasible Initial States

As in the previous sections, the differential equation of system dynamics are solved for a constant
input u(t) = {u,u}:

t ~
Mﬂzemﬁn+/.éA%HMLu€{%ﬁ} (25)
0
Evaluating the integral, the solution of the differential equation is obtained as
u(1 —e'é) +xjpe T
x()=| u(t—t+71eT) +x107(1 — e77) +X20 ,ue€{u,u}. (26)

2

2
u(S+12 =727 —17) 4x1T(=T+TeETT +1) +X20 +X30

To find the invariant set Cy for considered system, the trajectory from Eq. (26) is solved for x;(¢) = 0
to find the extremum in x3(¢), enabling calculation of the level functions g3(x) < 0 according to
Characterization 3.1. By assuming u # xj,, u — x1, # 0, and reformulating x,(#) = 0 to separate the
exponential term , yields

_ut _ . _ 0
u p= X1g

T = T 27)

u—Xi,

Rearranging and introducing the Lambert W function (see Section A.2) gives the time ¢* for the extremum
of x3(1)
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—X2, +TU (1 + W() ()?)) — TX1,

* = (28)
u
D,
. - u—x T "0 . . .
with# = —%e ™ u > 0. Inserting ¢* into x3(z) from Eq. (26) gives the extremum
1 X0 =T u+7 x10—7 u Wy (X)
x3(t%) = =5 2u? =2 x> + 2uxzg —x20° - 270 U e Tu
“ . (29)
2 2 2 2 xzof‘ru+‘rx107‘ruW0(x)
+1eu " Wo (X)" +21ux—271x10X0+ 27 UX10€ Tu

According to Characterization 3.1, the level functions g3(x) < 0 can be defined as listed in Eq. (A.44).
Since the extremal time 7 is constructed with the Lambert W function, it is not possible to determine
the feasible region of the level functions g3(x) < 0 in the x-space algebraically as done in the previous
sections and can thus only be formulated in terms of #*. Still, #* > 0 must hold, which can be used to
determine the feasible region of the level functions g3(x) < 0 by evaluating the g3 function individually
for each x.

According to Definition 3.1, the intersection of the g1, g2, and g3 functions should lead to a maximal
control invariant set C»,. However, beginning from dimensions of n > 3 the compatibility of the g;
function needs to be checked. When the g; functions intersect, the normal vector condition must be
satisfied to ensure the existence of a control input u that keeps the trajectory within the set C.. Here, a
conflict between the g function and the gz function, as well as a conflict between the g; function and
the g, function arises. Therefore, the g3, function is defined, which aims to prevent an intersection of
g, Wlth g3 and g; with 8, and to ensure that the extremal trajectory is at its extremum on g;. Setting
xl(t) = X, for 8, and xl(t) = x, for g5, and solving for 7 gives the time ¢* for the extremum in x, at

which g3, (x) reaches g;(x) as

x1 =u(l- e_%) +x1()e_%, (u,x1) € {(u,x1), (2,)11)} . (30)

Assuming u # xj0, the equation can be solved for ¢* as

= —rln(x1 _b;) (u,x1) € {(u,x1), (w,x))} - G

X1g —

Inserting #* into Eq. (26) gives the trajectory x(¢) at the extremal time ¢* as

x1 (%) =x
* _ u—xi
x2(t*) = xp, — X1 + X1, — Tuln (m)
(t*) _ + ) + 2 1 u—xi — —
B() =T T kT o) () € {@ ), (wx) ) (32)
2
~2x1, In (22 ) + 5 (In (2 ))
Uu—xi
—7x2,In .

This is the extremal trajectory x (¢#*) which has its extremum in x; at g;. Next, to maximise the set
Cw, the extremum in x3 shall intersect with the boundary of the state constraints X after attaining g;.
Within g; the state x; is held constant such that the condition of g, is satisfied, i.e., x;(#) = x; for 531
and x| (t) = x, for g5 . This can be done by setting u = x; in Eq. (23), which sets t; = 0, preventing any
change in x{. With X; = 0, Eq. (23) is reduced to a double integrator system:
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X2(1) = x1(1)

i) = x(n 0 W E e (33)

The solution of the reduced system is given for a constant state x; = {x,,x;} by

XQ(I) = X3, + X1t

2, x1€{x;,x}. (34)
X3(t) = X, + X3, +)C15

The extremal time £}, is calculated by setting x, = 0 and is then inserted into the solution of the
reduced system in Eq. (34) to obtain the extremum of x3():
2
)l ; (35)
x3(ty;) = “on +Xx3,, X1 € {x,X1}
x from Eq. (32) is inserted as initial states xg into the solution of the reduced system in Eq. (35) to

combine the extremal trajectory that has its extremum in x, at g; and commands the input u € {u,u}
with the extremal trajectory that has its extremum in x3 inside g; for u = x;. This yields

—xy
(xzo - TX1 + X1, — Tuln (m))

X3 (t;?,) =X3, —

2x1max
_Tln(u_x1 ) (xzo—‘ru(ln(u_x1 ) 4 —1))
U—Xxi, U — X, U—xi
+72u(ln(u_xl)+u_xlo—llnz(—u_xl)—l) (36)
u—xi, u-x; 2 u—xi,

2 Uu—x Uu—x
ox1 (U — x1,) (ln (_u—mlo) - _u—mlo + 1)
u—Xi

(u,x1) € {(@,%1), (u, x)}

Using Characterization 3.1, the level functions g3,(x) < O can be defined as stated in Eq. (A.44).
Intersecting the g; level functions gives the feasible initial states, or maximal control invariant set, Co, for
the Altitude Hold Mode:

1 (Xl(),ﬁ) 9?] (xl()a ﬂ) )
2 (‘XIO’XZO’E) ’gz (-xlo,-x20, ﬂ) 5
5 (X10: %20, X3, 1) , 83 (X1, X205 X3, 1) ,

(x107x207x3oaﬁ) 7§31 (xl()’x20’x3()’ Z)

Co = {x € R : max <0 37

[00 |09 [OQ |00

34

The full set of level functions for the considered system dynamics can be found in Section A.3. The
maximal control invariant set C, 1s visualised in Fig. 7.

5.3 K-Space - Control Law

The advantage of using the formulation of the Lambert W function instead of a numerical calculation
of C is that the Lambert W function is an analytical function and thus differentiable. This allows the
calculation of gradients, which can be used to find the K space and to determine a valid linear control

The reproduction and distribution with attribution of the entire paper or of individual

f}ggzl[ti\/\‘rl:eCrZ;Egz;:lxt?;’;zél);orlgrll;toetr:ll:;o‘iﬁeliilcselnlzznsm wnder 088 - 16 pages, in electronic or printed form, including any material under non-CC-BY 4.0
- : : licenses is hereby granted by the authors and respective copyright owners.


https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

g

-931

0

T2 X1

Ly T

Figure 7 Maximal control invariant set C,, for the current system dynamics with the level functions g,
82, 83, and g3,.

law u = k"x according to Definition 3.2. Because of the conflict between g; and g3 mentioned in
Section 5.2, a switching logic must be found for the control input u to satisfy the newly defined level
function g3,, which is defined to switch to x; = X for 8, and x; = x, for g g3, when the extremum at g

is reached (see Eq. (33)). This implies that x; = 0 when attalmng the extremum at g;. With Eq. (23) and

X1 = 0, the condition on g is:
1 1
)'Cl :——X1+—M=0
T T (38)
— U =X
This means that the control input # must be equal to the state x; when the extremum at g; is reached,
which can be formulated as a switching logic:

x;p ifxp=x, Ax2>0

x1 ifxi=x1 Ax2<0

u, =qu ifu, <u (39)
u ifu, >u
u, otherwise
with u, = —k "x being the unsaturated linear control law. When x| is at a constraint boundary and x, has

a sign that would drive x3 further toward its bound, the input is set to u, = x; (yielding x; = 0) until x,
crosses zero; otherwise the linear control law u.. = v/, is applied.

Remark 5.1 (Chattering avoidance) The first-order lag in Eq. (23) ensures that x|(t) approaches a
constraint boundary asymptotically, so the switch to u,. = x1 is triggered at most once per excursion and
no chattering occurs. For a digital implementation, the exact equality can be replaced by a boundary
layer |x; —x1| < 6 with 6 « Ts/t, analogous to the boundary-layer technique used in sliding-mode
control to suppress chattering [22].

The resulting trajectories and the control input u, are visualised in Fig. 8. Trajectories starting at the
boundary of C first move alongside the boundary of C while u, = x; until they attain the extremum
at g1, which is when x, = 0. At this point, the control input switches to u. = u/, and the trajectory
converges towards the origin.

The linear control gain k € K is defined inside the K space, which is defined as the intersection of
the K; spaces according to Definition 3.2 and formulated in Eq. (A.47). Since the switching logic covers
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Figure 8 Trajectories in (a) starting at the boundary of C.,, moving on the boundary while «. = x;. Con-
trol input «, in (b).

the regions in which it sets u = x; there exists no definition of K in these regions. The gradients used to
calculate the K space can be found in Section A.3. The resulting set of linear inequalities is visualised
in Fig. 9.

ks >0
ks

0.

By >0 -
’ \\ ////// ki >0
S~ —
0 0
k2 kl

Figure 9 Feasible K -space of the intersected K -space of g1, g2, g3, and g3, functions in blue with the so-
lution of the Continuous-time Algebraic Riccati Equation (CARE) in green and the optimal linear control
gain k in red.

5.4 Simulation Results for the Altitude Hold Mode

In this section, a simulative study is shown in Figs. 10 and 11 which demonstrates that for a chosen
k from the K-space, the system drives always to the equilibrium if the initial states from the feasible set
Cw are taken. In the ALT mode, the vertical position p, is tracked. The input constraint and the state
constraints are taken from Section 4.4. Additionally, the position p, = x3 is constrained with a value of
X3 = 7 m. Further, an actuator a time constant of 7 = 0.5 s is assumed. The linear control gain k is
chosen from the K-space of the system as k™ = [ 1.87 1.73 0.33 ] It can be observed that the input-
and state constraints are respected by the system and the trajectories converge towards the origin.
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Figure 10 Critical trajectories and control input « of of the Altitude Hold Mode obtained through a lin-
ear control law.
el

Vertical accel. a. [% Vertical velocity v, [

213

Vertical position p, [m]
1

Figure 11 System states of the Altitude Hold Mode obtained through a linear control law.

6 Conclusion

In this work, the problem of input and state-constrained trajectories for helicopter upper modes
is addressed. A method is developed to compute the maximal control invariant set analytically for a
second-order system (VS mode) and a third-order system (ALT mode). The calculation of the invariant
set provides the feasible set of initial states Cs that guarantees the existence of a control law u that
respects the input and state constraints. Subsequently, a saturated linear control law u is derived that
steers the system to the origin. To ensure that the level functions defining the boundary of the maximal
control invariant set Co do not conflict with each other, a switching logic was introduced for systems of
order n > 3.

Since the presented method is based on the analytical solution of the invariant set, it is mathemat-
ically comprehensible and facilitates the documentation and certification of the control law. The main
computational effort lies in the calculation of the maximal control invariant set Cw, and the linear control
gain vector k, both of which can be computed offline. Then, only the linear control gain vector k and the
feasible initial states C need to be retrieved online from a lookup table. This enables the implementation
of the control law on embedded flight control computers or other real-time systems.

In summary, this work demonstrates that the use of the maximal control invariant set Cs in combi-
nation with a saturated linear control input u (and possible switching in «) ensures trajectory stability and
guarantees that the input constraints U and state constraints X are respected. States outside Cs, corre-
spond to flight conditions for which no admissible input can prevent constraint violation — a physical, not
algorithmic, limitation of the vehicle — while the control law itself degrades gracefully (see Remark 3.3).

Outlook

Several promising directions for future research emerge from this work.
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Generalisation to other vehicle types

Due to the general analytical formulation of the method and the use of low-order models it is possible
to apply the method to other systems that exhibit similar dynamics, such as drones, rockets, satellites, or
other vehicles.

Extension to higher-order systems

For the helicopter, most models that directly control the actuators are of order n < 3, and the presented
method is therefore sufficient. However, it would be interesting to also consider higher-order modes with
more states using the method presented in this work. For integrator systems, the analytical computation
of the invariant set can be extended to higher orders, e.g., the quadruple integrator system. Nevertheless,
the intersection of the g; level functions becomes more complex for higher-order systems. As the
system becomes four-dimensional in the example of the quadruple integrator, it becomes more difficult
to visualise C. Additionally, if a low-pass filter is present in the model, an analytical solution of the
invariant set is no longer possible for orders n > 3, since the differential equation becomes transcendental
and can no longer be described with the Lambert W function. Therefore, for higher-order systems, it
may be more practical to compute the invariant set numerically. The numerical method could then be
validated with the analytical solution for orders n < 3, and the approach could subsequently be extended
to higher orders. The gradients on the numerically calculated set must also be computed numerically.
A disadvantage of the numerical approach is that the structure of the g-functions is no longer known.
Consequently, it is unclear where the numerical method has resolved conflicts between g-functions and
where a switching logic in u is therefore necessary. This could be addressed by developing a numerical
method similar to that used by Multi-Parametric Toolbox 3 (MPT3), but with the additional feature of
identifying conflicting g-functions.

Robustness under model mismatch

The constraint guarantees established in this work rely on the perfect-model assumption (P = P,
see Assumption 3.1). When the plant deviates from the model, the robust controller in the full MRC
architecture compensates for this mismatch. Quantifying the resulting tracking-error bound € from the
frozen robust controller and computing a correspondingly contracted invariant set Cy - as outlined in
Remark 3.1 - is an important direction for future work.

Industrial deployment

The offline nature of the invariant-set computation and the simplicity of the online control law make
the method well suited for integration into existing certified AFCS architectures, where it can serve as
the trajectory-planning layer within the MRC framework for helicopters as well as for emerging urban air
mobility platforms.

Online computation

Due to real-time computation constraints on the helicopter, the method calculates the Co, offline.
However, with higher computational power, for example on a new AFCS generation or a drone, it may
be possible to compute the invariant set online.
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Appendix

A.1 K-Space of the Double Integrator

kl)_cl + koxo <0, Vxp € [)_620,)_62] N

, ki — ko< —uVx € Co N {x € R? 1 g (x12,1) =0} N
K=k eR* : N (A.40)

—k1X1 — kox2< 0, Vxp € [)_62,)_620] N

kix; + koxo <u, Vx € 0Cs N {x e R? :§2(x1;2,g) = 0}

A.2 Lambert W Function

Assume a problem is formulated in the structure we" = z, where the goal is to find w. Such
transcendental equations can be solved by the Lambert W function, which is defined as w = W (z),
where k is the branch of the Lambert W function. Assuming that w and z are real numbers, the equation
can be reformulated as:

ye =x, (x,y)€ {(x,y) eR?>:x> —é} (A41)

For x > 0, the solution is given by the k = 0 branch of the Lambert W function:

y=Wy(x) if x>0 (A.42)
For —é < x < 0, the solution is given by both branches k£ = 0 and k = 1 of the Lambert W function:

y = (Wolo), Wi(x)} it — 1 <x <0 (A.43)

A.3 Double Integrator with PT1

For the sake of completeness, the g; functions and the gradients are given for the double integrator
with PT1.
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g, (x1,) =%, —x1, <0

81(x1y) =x1,-x1 <0

8, (X9, X29, 1) =

§2(x109x209 Z) =

8, (X195 X9, X3, U) =

23 (x19, X295 X35 1) = 3

85, (X19: %20, X3, 1) = 4

83, (X195 X29, X3, ) = 3

with the gradients

X, — X2, Tu(ln(l—)%)+x%—°) <0, ifx;,<0
Xy — X2, <0, ifx;, >0
X2, — X) <0, if X1y < 0
iy =Tt ru(n(1-22)+52) <0, ifx, >0
X3 — ﬁ [7’2ﬁ2 - szloz + 2 U x30 —X202
_2 T2 ﬁz ex20—TE+T);lg—TﬁW0()'c)
+‘l'2 ﬁ2 Wo (f)z +2TUX20 — 27T X10X20
+2 T2ﬁx10exz"_’“”’i‘gﬂw"m] , if 1 >
X3 — X3, if " <0
—X3 + ﬁ [ngz - 7’2)C1()2 + 2%]630 —)Cz()2
- X0 —T u+7 x10— T u Wy (%)
212u2e TH
+72 f Wo ()E)2 +2Tuxy —27TXx10X20
+272ux10 emTW?ST"WM] , if 7 >0 (A.44)
X3, — X3, if 1 <0
Xy —x3, <0, ift* <0

— — u-xy :
X2, —TX1+TX1(—TU In =
0
)_C3 B x30 + 2X 1 max
X u-X U—x1,
+7In (= X2, —Tu (In = +=—2-1
U=Xxy u—xi U—Xx1
_ i U—x1 T
—Tzu(ln = x1)+ -0 —%lnz(_” xl)—l)
u—x|07 B u_fl, U=xi
25 ) I AL |- 1)
: *
+ - <0, if >0
X3, —X3 <0, if * <0
In| 25 2
Xo(=TX+TX1,—Tuln g
XSO a 2X 1 max
_ u—x _ u—x, L
7ln (Z_x1 ) (x20 T> (ln (Z—xlo) + 1
u—x u—xj u—x
+r2u (In (E20) + 20 L2 (222)
u—xi, u-x; 2 u—xi,
T2)_C1(u—x10)(ln(u:x£11 __uﬂ:—fllo 1)
u — . «
= x3 <0, ift*>0
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V§1 (x1,) =10
| 0
1
Vg (x1,) = [0
0
- T,
i,
-1 1, if x1, <0
Vg, (X9, X20, 1) = § ¢ 0
- 0
-1, if x1, > 0
| 0
[0
1], if x1, <0
_ 0
V) = BEn (A.45)
1 ’ , if x;, >0
| 0
E(Wo(i)+11)(ﬁ—x10) [Tzﬁxlo - szfo - szfOWO (%)
+7'2xf0 exp (xzo _T“”"T lg‘TMWo(i))

_ 9 /

+TUXy, — TX1,X2, + T Ux1,Wo (X)
27— X —TUHTX 1 —TU W (X)

—T°Ux1, exp L

_ N 2 . B e

+722x1,Wo (%) + 110, Wo (8) — 71,00, Wo (B)]|» 17720

E(Wo(li)+1) [x20 — 7H + X1, + X0, W () — TuW, (%)
—Tﬁ+7x10—TﬁW0()E))

V§3(x10,x20,x30,ﬁ) = .
0

+7x1,Wo (¥) + Tuexp (x

TUu
Xpn —TUHTX ], —TUW((X) _ )
0 0
X1, exp( — TuWy (%)
T %
01, ifr* <0
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—Tx Wo(x)

2 ~
UG, [x20 TU + X1, + X2, Wo (X) — TuW)p (X)
Tu+tx1,—TuWo (i))

Vg3 (X1, X29, X30, U) =

Vg (x14, X2, X3y, 1)

Vg3, (X195 X295 X3, U) =

1 2 2.2
- - T uUux X
u(Wo(®+1) (u=x1,) [ =0 ™ 5,
X —TuU+TX1, —TuWo (%) )

+T2x2 exp( —
TX1yX2, + TZZXIOWO (%)

X —TU+TX1—TuWo (%)

+TUXD, —
—72uxy, exp ( —

+72ux1, Wo (%)% + Tuxg, Wo (£) — 71,2, Wo (£) ]

.x20—

if >0

b

ift* <0

if <0

it >0

b

+7x1,Wo (%) + Tuexp —
X2, —TU+TX1, —TUWo (X) B -
—TX1, €Xp ( 0 — - TuW (%)*
1
0
0],
1
0
0],
-1
[ L X1, X —x?c+7’x2—rxx-
x1(u x1) 102 2011 111
a —Tuxy, In ( ) + Tx1,X1 In ( Sy )]
L lxy — mx; + txy, — i In [ 2=X
% 2 1 1o =% xlo
+Tx11n( —1
u-xi
| -1
X 1) [XIOXZO —X20X; t+ TX], — TX1X1,
—xy
—Tuxi, ln( ) + Tx1,X; In (u — )
= Q
- [x — TX] + X1, — Tuln [ =
ol R 1 1o =i,
In (==
+7x; In (7 X10
| 1
0
0],

ift* >0

if r* <0
(A.46)

The K-space of the double integrator system with PT1 is defined as
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Vg i <0,Vx € ICuN{x e R’ ig (x1,w) =0}N
Vg ¥ <0,Vx € ICN{x € R g, (X1:2,U) = 0} N
Vg % <0,Vx € dCon{x € R* 1g (x13,%) =0} N

Vg;Jés 0,Vx € 6Cooﬂ{x eR3 :531(x1;3,ﬁ): O} N

K=_2keR? : (A.47)

Vg < 0,Vx € 0CoN{x € R? g (x1,u) =0}n
Vg% <0,Vx € 0Cn{x € R? :g,(x1:2,u) =0} N
Vg3% < 0,Vx € 9Con{x € R? :Z3(x13,4) = 0} N

Vgglxs 0,Vx € 0CN{x € R? 23, (X1:3, 1)= 0}
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