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ABSTRACT

Reliable navigation in urban environments remains challenging due to non-Gaussian noise and time-varying
error characteristics that degrade the performance of integrated Global Navigation Satellite System/Inertial
Navigation System (GNSS/INS) solutions. This paper proposes a novel adaptive filtering method based on a
Shallow Neural Network (SNN) incorporated into a Maximum Correntropy Unscented Kalman Filter
(MCUKEF) framework. The proposed SNN-MCUKF dynamically adjusts the robustness factor, known as
the kernel bandwidth, by learning from the statistical history of measurement residuals. This adaptive
mechanism enables the filter to maintain both robustness and statistical consistency even under rapidly
changing environmental conditions. To achieve this, the SNN estimates the kernel bandwidth online using a
self-supervised learning approach driven by the exponential moving average of the residual energy. This
allows the filter to respond in real time to variations in measurement errors such as multipath and non-line-
of-sight effects, which are common in dense urban areas. Experiments were conducted using a GNSS/INS
platform operating in mixed urban environments with varying levels of signal obstruction. The results
demonstrate that the proposed method achieves significantly improved estimation stability compared with
conventional Extended Kalman Filter (EKF), Unscented Kalman Filter (UKF), and fixed-bandwidth MCC-
based filters. Notably, the SNN-MCUKF effectively suppresses long-term drift in attitude estimation and
maintains consistent position and velocity accuracy even under severe multipath interference. These findings
confirm that the SNN-MCUKF provides a practical and computationally efficient solution for integrated
navigation in non-Gaussian and dynamic conditions, enhancing both the reliability and robustness of
GNSS/INS fusion systems.
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Nomenclature
Xk, Zx = state and measurement vector at time step k
Wg > Wry = Process and measurement noise
Py =  State covariance matrix
K = Kalman gain
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f (), h(:) = Nonlinear state and measurement functions

ek, Tk = Measurement error and residual norm

o = Kernel bandwidth

o = Adaptive kernel bandwidth predicted by SNN

at = Target kernel bandwidth

Wy, W, = Weight matrices of the SNN

bi, b, = Bias vectors of the SNN

cr,C ,f = Diagonal correntropy weighting matrices

Sy, Sy = Cholesky decompositions of covariance matrices

1 Introduction

Various unmanned systems such as autonomous vehicles and drones require global Position,
Navigation, and Timing (PNT) performance, and the representative navigation system to provide this is
the Global Navigation Satellite System (GNSS). Specifically, GNSS offers advantages in its wide
operational range and long-term accuracy, providing absolute position information for moving objects
[1]. However, GNSS cannot maintain a fast update rate necessary for the control of dynamic systems, and
its navigation solution is highly sensitive to the distribution of visible satellites or the signal propagation
environment in satellite signal-obstructed areas such as urban canyons [2]. Conversely, the Inertial
Navigation System (INS) can perform fast and accurate position measurements within a short time, but it
has a tendency for errors to accumulate over time. From a complementary perspective, the INS/GNSS
integrated navigation system can overcome these mutual drawbacks by providing more accurate position
and attitude information [3]. However, in environments densely populated with obstacles like tall
buildings, the GNSS signal is blocked or reflected, inducing Multipath (MP) and Non-Line-of-Sight
(NLOS) errors. This acts as a primary factor that severely degrades the position estimation performance
of the integrated system [4, 5].

To address the state estimation problem, the Kalman Filter (KF) and its extended techniques (EKF,
UKF) are widely used, but they assume Gaussian noise. When the system is exposed to a non-Gaussian
environment, particularly heavy-tailed noise, the estimation performance is likely to degrade.
Consequently, the Maximum Correntropy Criterion (MCC)-based Kalman filter has been proposed as a
valid alternative. MCC-based filters effectively suppress the influence of outliers through Gaussian and
various kernels applied to the residual [6-9].

However, conventional MCC-based filters face a structural limitation in that the kernel bandwidth is
operated at a fixed value. Consequently, in dynamic environments where GNSS error characteristics are
time-varying, the filter may not be able to actively adapt to the errors. Research efforts have thus been
made to adaptively vary the kernel bandwidth [10, 11]. However, these techniques have the disadvantage
of high computational burden.

This study proposes an adaptive kernel bandwidth prediction method based on a Shallow Neural
Network (SNN) to overcome the limitations of this fixed robustness factor [12]. Distinct from
conventional adaptive strategies that typically rely on simple residual-driven rules or heuristic thresholds,
the proposed technique utilizes the residual statistical history to learn the optimal non-linear mapping for
the kernel bandwidth online. This capability enables the filter to actively suppress outliers and minimize
estimation drift by capturing complex error characteristics that pre-defined linear models fail to address.
Consequently, the primary contributions of this work include the development of an effective SNN-based
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adaptive mechanism and the empirical validation of its enhanced stability through rigorous comparisons
with various conventional and robust filters—including EKF, UKF, and fixed-bandwidth MCUKF
variants—particularly in suppressing long-term attitude drift under severe multipath conditions.

2 Preliminary

2.1 Maximum Correntropy Criterion

Correntropy represents the local similarity between two random variables. Given two random
variables, X € Rand Y € R, Correntropy is defined as in equation (1) [6].

V(X,Y) = E[(X, V)] = f Kk Cx, y)dExy (x, ) )

where E denotes the expected value, k(:,-) is a shift-invariant Mercer kernel, and Fyy (x, y) is the joint
distribution function of the two random variables. The kernel typically refers to the Gaussian kernel,
which is expressed as in equation (2).

K(Y) = Go(e) = exp (— %) @

where e = x — y and ¢ > 0 is kernel bandwidth.

Estimation based on maximum correntropy criterion (MCC) involves solving an optimization
problem as shown in equation (3).

N

. 1

W = arg mwz;lxﬁz G,(e;) (3)
i=0

where W is the optimal solution and W is the parameter vector of the model to be estimated.

2.2 Traditional Unscented Kalman Filter

Let us consider the nonlinear system described below.

Xk = fxp-1) + Wq,_y 4)

Zx = h(xk) + er (5)

where x;, € R" is the state vector at the kth step, and z;, € R™ is the measurement vector. The term f is
the nonlinear system function and h is the nonlinear measurement function. Both functions are assumed
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to be continuously differentiable. g, _; is the process noise and 1y, is the measurement noise. Both noise
terms are assumed to be Gaussian white noise and independent.

Generally, UKF(Unscented Kalman Filter) contains the following two steps: time update and
measurement update.

Time Update:

2n + 1 samples, referred to as sigma points, are generated from the estimated state vector Xy _qx—1

and the covariance matrix Py_qx—1 at the previous time step k — 1.

0 &
Xk-1]k-1 = Xk-1]k-1

X1 = Rk—1jk—1 + (J(n + D P_1jk-1 ) for i =0, -2 (6)

Xlic—llk—1 = Xp—1jk-1 — (J(n + D P_1jk-1 ) fori=0, ---,2n

l

where \/ (n + A)Py_qk—1 is i-th column of the matrix square root of (n + A)Py_qx—1 n denotes the
dimension of the state and A = a?(n + k) — n.

The transformed points are calculated according to equation (7). Subsequently, the a priori state is
estimated via equation (8) and the a priori covariance matrix is estimated via equation (9).

X1 = f(k = L xk_1jx—y) for i =0, -,2n (7)
2n
2k|k—1 = Z Wrin)(ik|k_1 (8)
i=0
2n
i T ~ % . T
Prjk—1 = Q=1+ ) w¢ [)(lk“c_l - xk|k—1] [)(lk|k_1 — xk|k—1] 9
i=0

where the weights correspond to the state and the covariance matrix are given by the following:

I
m o (n+1)
0 — A 2
wp = + (1 —-a*+pB), (10)
(n+ 1)
wi =wi=——fori=1, - 2n
m ¢ 2n+d) T
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Measurement Update:

The measurements, Z,., for the previously calculated sigma points are computed as shown in equation
(11). Furthermore, the measurement covariance and the cross-covariance are calculated as shown in
equation (12) and (13).

2n
2y = Z A h()(lic*|k—1) (11)
i=0
2n
. , . T
Py =R+ z we [h()(llqk—l) - ZAk][h(XIldk—l) — 2] (12)
i=0
2n
N . T
Pyor = Z we [Xlldk—l - £k|k—1][h()(llc|k—1) — 2] (13)
i=0

Based on the calculated covariances, the Kalman gain is computed as in equation (14) and the a
posteriori covariance, and the state are finally calculated.

-1

Ky = sz,k (Pzz,k) (14)
Puje = Pjk—1 — KicPoz i Ky (15)
Xijk = Xipie-1 + Ki(z — 2) (16)

3 Learning-Based Adaptive Kernel Bandwidth

Previous studies on the Maximum Correntropy Kalman Filter (MCKF) have relied on a fixed kernel
bandwidth [8, 9], which limits the filter's ability to adapt to dynamic environmental changes.
Conventional rule-based adaptive strategies, while offering some flexibility, often suffer from high
sensitivity to tuning parameters and fail to track rapid, non-Gaussian error fluctuations in complex urban
canyons. To overcome these limitations, this paper proposes an adaptive kernel bandwidth prediction
method based on a Shallow Neural Network (SNN). Unlike rigid heuristic rules, the SNN-based approach
learns the non-linear relationship between residual statistics and the optimal bandwidth, enabling robust
tracking and reduced sensitivity to manual parameter tuning.

In the k-th measurement update, the measurement error vector e, € R™ is defined as the difference
between the actual measurement z, and estimated measurement Z;, as shown in equation (17). The
residual, expressed by equation (18), is obtained.

N

ey = Zy — Zyg, (17)

e = llekll. (18)
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The input vector of the SNN, denoted as u, € R¥*1, is constructed as shown in equation (19).

g = [Ex, qxl (19)

where Ey = [ry_n+1, ***»T%], Which represents a buffer for the [, norm of the error and g =

1N .2
1/ﬁzi=17”k—1v+i-

Furthermore, online regularization for learning is performed as shown in equation (20).

o U — Ui
= ——
Xk

(20)

where p and Z represents mean and standard deviation.

The regularization input undergoes forward propagation through the SNN containing a single hidden
layer to obtain the output O. The hidden layer of the neural network employs the hyperbolic tangent
activation function. The output of the hidden layer and the final linear output are as follows in equation
(21)-(23).

Zr = Wlﬂk + bl (21)
h; = tanh(z) (22)
Ok = thk + bz (23)

The obtained output is mapped via sigmoid function to ensure it remains within the physically
meaningful boundaries [Opin, Omax]-

1

O-I: = Opmin T (Gmax - Gmin) m (24)

The kernel bandwidth predicted by neural network is used to weight the covariance during the
measurement update process using a Gaussian kernel, similar to previous MCKF studies [6, 7]. This
process is described below in equations (25)-(26).

~ A 74 ~

Xk = Xkje-1 + Ki(z, — Hkxk|k—1) (25)
where
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Ky, = Pk|k—1HIZ(HkPk|k—1HIZ + Rk)_l;

Prjk—1 = S,[CE171Sy,

Ry =S,[c)] ST,

with S, and S, being the Cholesky decomposition of the covariance matrix, and Cj =
diag(Gy-(ed), -, Gy (i), €Y = diag(Gy(ef*h), -, Gy (ef*™)

The a posteriori covariance is updated as follows.
Peje = (I = K Hi) Pyjie-1(I — K i)™ + K Ry Ky, (26)

The estimation of ¢* is learned online at every step, which is implemented using a self-supervised
approach that defines the target value through the exponential moving average (EMA) of the root mean
square (RMS).

of = aol_y + (1 —a)qy @7)

where 0 < a < 1.

The learning is optimized by minimizing a log-domain loss function.

1
Ly = 5 (log(oi) —log(a1))? (28)

Backpropagation is performed based on equation (28) to update the weights of the SNN.
The specific parameters used in this study are listed in Table 1.

Table 1 Parameters of SNN-MCUKF

Parameter Value Description

SNN Architecture

Input Dimension 6 Buffer size

Hidden Neurons 8 Number of nodes in hidden layer
Activation Function Tanh / Sigmoid Hidden / Output mapping

Learning Settings

Learning Rate le-4 SGD Learning rate
Optimizer SGD Stochastic Gradient Descent
Buffer Length 5 Sliding window size
Target Smoothing 0.9 EMA coefficient
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4 Experiment configuration and Results

To validate the proposed SNN-MCUFK algorithm, experiments were conducted in an environment
containing both appropriately tall and short buildings. The experimental path was divided into four
distinct segments based on the environment. Segment 1 represents a typical urban environment, featuring
low-rise buildings and a tall building at the end of the segment. Segment 2 is characterized by buildings
on both sides, leading to a slightly more pronounced multipath error. Segment 3 is the environment with
the most severe multipath error, where buildings are arranged along both sides of a narrow street. Finally,
Segment 4 is the recovery segment, returning to the starting point from the severely multipath-affected
environment.

Data acquisition was entirely performed on an MCU based on Cortex-M4, utilizing the ADIS16448
for the IMU and a single Ublox FOP as the GNSS receiver. The IMU data was collected at a frequency of
100 Hz and the GNSS data at 5 Hz, with both being logged to an SD card. To verify the navigation
performance, a Novatel SPAN was used as the reference system. This system employed a DGPS receiver
and a tactical grade IMU, the KVH1750, with data processing performed using Inertial Explorer. The
data collection was performed using an Unmanned Ground Vehicle (UGV). The GNSS antennas were
mounted on a pole attached to the UGV at a height of approximately 1.8 meters from the ground. For the
antenna configuration, the reference system (Novatel SPAN) utilized a Harxon HX-CSX627A antenna,
while the Ublox FI9P receiver used for the proposed algorithm was connected to a Taoglas
AA.200.151111 antenna.

The state model used in this study is given by equation (29).

U, o~
AN

T
=

|
=
)

Xg-1 = (29)

Q
|
[ay

oo o9
©

T‘ =

i

where P,_; denotes the position expressed in the navigation frame (n-frame), Vj,_; is the velocity in the
navigation frame, and ®,_, represents the attitude expressed in terms of Euler angles. b%,_, and b9, _,
denote the accelerometer and gyroscope biases, respectively.

The experimental trajectory is shown in Figure 1, and a comparison was conducted with MCKF-
based filters, specifically against the MCUKF utilizing a Gaussian kernel, a Cauchy kernel, and a
Gaussian-Cauchy mixed kernel, all with a fixed kernel bandwidth. The weight assigned to the Gaussian
kernel in the mixed kernel was set to 0.7. The error results for the 3D position, velocity, and attitude can
be confirmed in Figures 2-4.
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Figures 2 through 4 present the estimation errors for position, velocity, and attitude. In the benign
environments of Seg. 1 and Seg. 2 (0-700 s), all filters showed comparable performance, validating the
nominal accuracy of the SNN-MCUKF. However, in the severe multipath environment of Seg. 3 (700—
900 s), the EKF and UKF exhibited significant degradation, with the EKF suffering a catastrophic yaw
divergence of 13.58 degrees (RMSE). While fixed-bandwidth MCUKFs reduced this drift to
approximately 3.09 degrees, the SNN-MCUKF demonstrated superior robustness, limiting yaw drift to
2.46 degrees. This improvement is attributed to the SNN’s ability to dynamically adapt the kernel
bandwidth to time-varying error characteristics, effectively suppressing outliers.

The Root Mean Square Error (RMSE) for the position, velocity, and attitude in each segment is
tabulated in Table 2 below.

Table 2 RMSE for each segment

Method Position RMSE [m] Velocity RMSE [m/s] Attitude RMSE [deg]

North  East Down North  East Down Roll Pitch Yaw

EKF 2.75 0.88 2.03 0.10 0.09 0.06 0.69 0.66 4.32

UKF 2.75 0.88 2.02 0.08 0.07 0.06 0.61 0.50 4.42

Segl G-MCUKF 2.75 0.88 2.02 0.08 0.07 0.06 0.61 0.50 4.43
C-MCUKF 2.75 0.88 2.02 0.09 0.09 0.09 0.62 0.51 8.28
GC-MCUKF  2.75 0.88 2.02 0.08 0.09 0.09 0.62 0.51 8.28
SNN-MCUKF 2.74 0.86 2.02 0.09 0.07 0.05 0.61 0.49 3.81

EKF 2.50 1.45 2.40 0.09 0.10 0.06 0.53 1.34 6.08

UKF 2.50 1.40 2.36 0.08 0.08 0.06 0.48 0.63 2.30

Seg? G-MCUKF 2.50 1.40 2.36 0.08 0.08 0.06 0.48 0.63 2.27
C-MCUKF 2.50 1.40 2.36 0.09 0.09 0.07 0.48 0.66 2.25
GC-MCUKF  2.50 1.40 2.36 0.09 0.09 0.07 0.48 0.66 2.25
SNN-MCUKF 2.42 1.40 2.36 0.07 0.08 0.06 0.48 0.63 2.23

EKF 2.27 1.43 2.49 0.13 0.10 0.06 0.50 0.59 13.58

UKF 2.27 1.43 2.43 0.10 0.09 0.06 0.40 0.47 2.76

Seg3 G-MCUKF 2.27 1.43 2.43 0.10 0.09 0.06 0.40 0.47 2.76
C-MCUKF 2.27 1.43 2.43 0.10 0.10 0.10 0.40 0.53 3.09
GC-MCUKF  2.27 1.43 2.43 0.10 0.10 0.10 0.40 0.53 3.09
SNN-MCUKF 2.16 1.43 2.43 0.09 0.08 0.06 0.39 0.44 2.46

EKF 2.31 0.91 2.10 0.10 0.10 0.04 0.63 0.66 14.19

UKF 2.31 0.91 2.04 0.07 0.09 0.04 0.54 0.47 2.97

Segd G-MCUKF 2.31 0.91 2.04 0.07 0.09 0.04 0.54 0.47 2.97

C-MCUKF 231 0.91 2.04 0.09 0.09 0.07 0.54 0.47 3.52
GC-MCUKF 231 0.91 2.04 0.09 0.09 0.07 0.53 0.46 3.52
SNN-MCUKF 2.29 0.90 2.04 0.07 0.08 0.03 0.53 0.46 2.50

Table 3 Comparison of peak and 95% errors
Method Pos Peak [m] Pos 95% [m] Vel Peak [m/s] Vel 95% [m/s] Att Peak [deg] Att 95% [deg]

EKF 429 4.06 0.47 0.24 0.14 0.13
UKF 428 4.06 0.47 0.24 0.15 0.13
G-MCUKF 429 4.06 0.47 0.24 0.15 0.13
C-MCUKF 429 4.06 0.48 027 029 0.24
GC-MCUKF 429 4.06 0.47 0.24 0.15 0.13
SNN-MCUKF 3.93 3.78 0.47 0.24 0.14 0.11
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Table 2 provides a detailed quantitative comparison of the RMSE for position, velocity, and attitude
across the four distinct segments. In the relatively benign environments of Segments 1 and 2, all filters
exhibited comparable performance, indicating that the proposed SNN-MCUKF maintains nominal
accuracy without degradation in standard conditions. However, a marked disparity is observed in
Segment 3, where severe multipath signals were induced. The conventional EKF showed catastrophic
divergence with a Yaw RMSE of 13.58 degrees. Meanwhile, the robust filters with fixed kernel
bandwidths (C-MCUKF and GC-MCUKF) exhibited moderate performance degradation with a Yaw
RMSE of3.09 degrees. In contrast, the proposed SNN-MCUKF maintained a Yaw RMSE of 2.46 degrees.
While this does not imply a complete elimination of errors, it demonstrates a reasonable improvement
over the fixed-bandwidth approaches and confirms that the SNN-based adaptive mechanism effectively
contributes to maintaining estimation stability within a manageable range compared to the standard EKF.

The stability of the proposed method is further evidenced by the peak and 95th percentile errors for
the entire trajectory, as presented in Table 3. The proposed SNN-MCUKEF achieved a peak position error
of 3.93 m and a 95th percentile error of 3.78 m. This 95th percentile metric indicates that the position
error remained below 3.78 m for 95% of the total operation time, demonstrating consistency compared
to conventional robust filters, which exhibited peak errors exceeding 4.28 m. Furthermore, in attitude
estimation, the SNN-MCUKF minimized the peak error to 0.14 degrees and the 95th percentile error to
0.11 degrees, effectively minimizing long-term yaw drift. In terms of computational efficiency
(MATLAB 2023b, Intel i5-10600KF), the processing time was approximately 1.7 seconds, nearly
identical to the conventional MCUKEF. This indicates that the SNN-based adaptive kernel adjustment
improves robustness without increasing the computational burden.

(a) Training Loss (b) Evolution of Adaptive Bandwidth (o)
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Fig. 5 Online learning performance: (a) training loss and (b) adaptive kernel bandwidth.

Figure 5 illustrates the online learning stability and the adaptive capability of the proposed method.
As shown in Fig. 5(a), the training loss decreases monotonically and converges near zero, confirming that
the SNN parameters are stably updated without divergence throughout the operation. Consequently, the
learned kernel bandwidth in Fig. 5(b) exhibits dynamic fluctuations. This indicates that the algorithm
adjusts the kernel bandwidth in real-time to mitigate the effects of non-Gaussian noise and outliers,
thereby maintaining estimation robustness.
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5 Conclusion

This paper proposed a robust MCUKF framework integrated with a Shallow Neural Network (SNN)
for online adaptive kernel bandwidth estimation, addressing the limitations of fixed-bandwidth
approaches in non-Gaussian urban navigation. Unlike conventional adaptive methods that rely on
heuristic rules or simple residual-based thresholds, the proposed SNN-based approach learns the non-
linear mapping between the innovation sequence and the optimal kernel bandwidth. This data-driven
mechanism allows the filter to autonomously adjust the bandwidth without heavy reliance on manual
parameter tuning, thereby significantly reducing sensitivity to empirical thresholds and enabling rapid
response to sudden environmental changes. Experimental results in real-world urban environments
demonstrated that the SNN-MCUKF outperforms standard EKF, UKF, and conventional MCUKF-series
filters in terms of tracking stability and outlier suppression, particularly effectively reducing long-term
drift in Yaw estimation. The computational load was confirmed to be comparable to that of the
conventional MCUKEF, verifying its feasibility for real-time applications. Future work will extend this
framework to Deep Neural Networks (DNN) or time-series models to capture temporal dependencies in
error characteristics for enhanced adaptability.
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