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ABSTRACT

The reduction of carbon emissions drives future aviation towards more environmentally friendly
aircraft design, leading to the demand for new technologies. One crucial technology is the in-
vestigation to increase aerodynamic efficiency by reducing induced aerodynamic drag, resulting
in lower fuel consumption. This is achieved by increasing the aspect ratio of the wings and using
lighter materials, leading to a more flexible structure and a challenging problem due to the coupling
between aeroelasticity and flight dynamics. For this reason, active load control is essential to enable
high-aspect ratio wings. In this paper, we analyze the load alleviation problem for a very flexible
aircraft with high aspect-ratio wings. For longitudinal load control, an autopilot including a base
controller for flight dynamics and an optimal load alleviation control function are developed by
modifying the performance index to directly penalize the wing root bending moment. The proposed
methodology is adaptable to different feedback control laws and suitable for parametric analysis by
varying the wing root bending moment weighting. Furthermore, a first order linear time-invariant
actuator model with a cut-off frequency of 6 Hz and a time delay of 60 ms by means of a second
order Padé approximation in the GLA feedback loop are considered. The control laws are tested
in a non linear simulation environment, achieving reductions in wing root bending moment of up
to 11.88 %, which is proportional to potential structural mass savings. This framework provides
significant improvements for the early design phases of the next generation of more environmentally
friendly aircraft.
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Nomenclature

𝐴, 𝐵, 𝐶, 𝐷 = state matrix, input matrix, output matrix and feedthrough matrix of a state-space system
𝑎 = acceleration
CAS = control augmentation system
𝐹
(𝐶)
𝐴
, 𝐹

(𝑁𝐶)
𝐴

= vectors of circulatory and non circulatory aerodynamic forces
𝐹𝑒𝑥𝑡 = vector of external forces
GLA = gust load alleviation
𝐻 = altitude
HARW = high-aspect ratio wing
IMU = inertial measurement unit
𝐽 = inertia tensor
LQR = linear quadratic regulator
𝑀𝑒𝑥𝑡 = vector of external moment
𝑀

(𝐶)
𝐴
, 𝑀

(𝑁𝐶)
𝐴

= vectors of circulatory and non circulatory aerodynamic moments
MLA = maneuver load alleviation
MTOW = maximum take-off weight configuration
𝑚 = mass
𝑝, 𝑞, 𝑟 = inertial angular rates of the body reference frame, in the body coordinate system
𝑄𝜂 = vector of generalized loads
QS = quasi-steady
US = unsteady
WRBM = wing root bending moment
WRTF = wing root transversal force
𝑤 = wind velocity
𝑉 = velocity
SAS = stability augmentation system
𝑇𝐵 (𝐺) 𝐼 = transformation matrix from inertial reference frame to global body reference frame
𝑢 = vector of control/input variables
𝑋 = vector of states
𝑌 = vector of outputs
𝛼 = angle of attack of the body reference frame
𝛽 = angle of sideslip of the body reference frame
𝛿 = control surface inputs/deflections
𝜂, ¤𝜂 = vector of modal amplitudes
𝛾𝐸𝐴
𝑘

= equivalent 𝑘th modal torsion at elastic axis positive pitch down
𝜆 = aerodynamic lag state
𝜇 = diagonal matrix of modal masses
𝜔𝑛 = diagonal matrix of undamped natural frequencies
Θ, Φ, Ψ = pitch, roll and heading angles
𝜑𝐸𝐴
𝑘

= equivalent 𝑘th modal displacement at elastic axis
𝜉 = structural/modal damping
Subscripts
BCS = body coordinate system
CG = center of gravity
CP = cockpit
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CS = control surface
HE = horizontal empennage
LON = longitudinal
LPAX = last PAX position
W = wing
VE = vertical empennage

1 Introduction
The next generation of commercial aircraft will include new technologies to reduce the environmen-

tal impact by reducing fuel consumption and hence carbon emissions. One of these crucial technologies
aims to increase aerodynamic efficiency by reducing induced aerodynamic drag, which leads to less fuel
consumption [1]. This improvement of aerodynamic efficiency is achieved by increasing the aspect ratio
of the wings and by using lighter materials, resulting in an overall more flexible structure. However, such
designs inherently increase structural flexibility, increasing the coupling between rigid body dynamics
and aeroelastic modes. This coupling can potentially destabilize flight dynamics and flexible modes.
In particular, high-aspect ratio configurations can trigger Short Period coupling with the first bending
mode under certain flight conditions, a phenomenon with critical implications for safety and certification.
Past incidents, such as the NASA Helios mishap [2], highlight the risks of overlooking this interaction,
while studies on very flexible aircraft like the X-HALE [3] and the non linear investigations of Patil
and Hodges [4] demonstrate how elastic modes can couple with rigid body dynamics. This behavior is
critical to be considered within the design of load alleviation control functions for high-aspect ratio wing
flexible aircraft. This concept is investigated in the research project Ultra Performance Wing (UP Wing),
targeting fuel burn reductions of up to 30 % compared to a state of the-art aircraft [5]. To achieve this
target, novel active load control technologies are essential to mitigate the critical load increase acting on
the structure of the flexible high-aspect ratio wing.

The field of active load alleviation has evolved over decades. Early approaches in the 1970s and 1980s
focused on active load alleviation concepts, culminating in the first onboard GLA system in the Airbus
A320, capable of up to 15% wing root load reduction through static control surface deflections [6]. Re-
search in the 1980s also established the theoretical framework for aeroservoelastic modeling techniques,
most notably Waszak and Schmidt (1988), who formalized the coupling of rigid and flexible dynamics
into the formulation of unified state-space models [7]. In the 1990s and 2000s, studies such as conducted
by McLean et al. [8] expanded optimal control theory methods to large transport aircraft and Patil &
Hodges highlighted the non linear behavior of rigid flexible interactions. With advances in modeling
and computation, the 2010s brought more sophisticated control concepts. Cesnik and co-authors devel-
oped and flight tested the very flexible demonstrator X-HALE, showing the necessity of aeroservoelastic
control for stability in high-aspect ratio wings [3]. In the last decade, new control synthesis methods
for GLA emerged: Xu (2011) [9] showed first effects of GLA and MLA systems, while Silvestre et al.
(2017) [10] investigated control synthesis considering the observation of the flexible states of the aircraft
for active load control. Fezans et al. (2019) [11] and Wallace et al. (2024) [12] investigated feedforward
load control laws based on LIDAR gust measurement. Recent works further advanced optimal and model
predictive approaches: Fournier et al. (2022) [13] on robust GLA, and Wüstenhagen (2023) [14] on
model predictive control for flexible aircraft with different mass distributions. Collectively, these efforts
underline the importance of embedding load alleviation control early in the design of future transport
aircraft, but few explicitly consider its simultaneous effect on aeroelastic and flight dynamic stability, and
even fewer provide a framework readily for integration into higher complexity simulation environments.

The objective of this paper is to address this gap by developing a straightforward active longitudinal
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load control methodology for a high-aspect ratio flexible aircraft and analyzing its effect on aeroelastic
and flight dynamic stability. The reference study case is the DLR-F25, developed within the federal
research program VirEnfREI, with an aspect ratio of 15.6 [15]. For this purpose the control laws are
divided into 2 separated tasks. The autopilot considering a base controller is developed as in [16] to
control the flight dynamics and provide tracking capabilities for altitude and velocity. The SAS and CAS
(base controller) are derived with Eigenstructure Assignment as in [16] and [17]. The task of active load
control for GLA is addressed by the wing control surfaces, in addition to the autopilot, by means of LQR
output feedback as in [18]. Within this synthesis procedure the performance index is modified to target
the WRBM and WRTF. This methodology is additionally developed as a tool to assess parametrically
the variation of WRBM penalization in dependency of required control effort and load reduction. This
framework provides the baseline of the active load control law synthesis procedure to derive the control
laws prepared for embedment into the higher complexity CFD simulation environment UltraFLoads, to
simulate gust encounters [19].

Optimal control law synthesis methods for GLA with output feedback have been proposed and stud-
ied in [8] applied to the Lockheed C-5a aircaft of an aspect ratio of 8, differing considerably in structural
properties and aspect ratio to the current research aircraft DLR-F25. This work essentially proved proper
functionality of the proposed optimal control laws. However, the current investigation is extended by
the flexible high-aspect ratio study case, as well as by the augmented and modified performance index
of the optimal control law by a weighting variation of the penalization parameter. In addition, the men-
tioned assessment capability enhances the control law synthesis procedure by providing several different
controllers for a given feedback structure. Furthermore, a control law robustness evaluation is included
within the proposed methodology. Due to its simplicity, different feedback structures, for using different
sensor signals towards different control surfaces can be evaluated in a straightforward manner. The
proposed methodology is able to provide active load control laws, achieving significant load alleviation
in non linear simulations. This framework for deriving the control laws with available measurements
from IMU’s is therefore suitable for embedment into real aircraft applications.

The structure of this paper is as follows. Section 2 and 3 introduce the formulations and the employed
control techniques for flexible aircraft. Section 4 presents the reference aircraft DLR-F25. Section 5
presents the applied control methodology and its effectiveness, followed by the conclusions in Section 6.

2 Flight Dynamics Model of a HARW Aircraft

2.1 Aeroservoelastic Modeling
The modeling process involves the ModSiG-FMRA toolbox of the TU Berlin (TUB) [20] and the

theoretical foundations from [7], [21] and [22]. The free flying flexible aircraft flight dynamics, are
formulated in the mean axes reference frame. This formulation is able to describe the aircraft due to
constant deformation, capturing the dynamics in relative motion as a floating body [23]. The mean axes
reference frame simplifies the kinetic energy expressions, under the assumption of small displacements,
avoiding inertial coupling between rigid and elastic degrees of freedom (DOF) [7]. Figure 1 shows the
mean axes reference frame [24]. The aeroservoelastic model is represented by the non linear equations
of motion (EOM) based on mean axes [7] and the unsteady (US) aerodynamic modeling technique from
[23]. The EOM of the flexible flight dynamics are described by:

¤𝑉𝐵 (𝐺) (𝑡) = −𝜔𝐵𝐺 (𝑡) ×𝑉𝐵 (𝐺) (𝑡) + 𝑇𝐵 (𝐺) 𝐼 (𝑡)𝐺 𝐼 +
1
𝑚
𝐹𝑒𝑥𝑡
𝐵𝐺

(𝑡) (1)

¤𝜔𝐵 (𝐺) (𝑡) = −𝐽−1 (𝜔𝐵 (𝐺) (𝑡) × (𝐽𝜔𝐵𝐺 (𝑡))
)
+ 𝐽−1𝑀𝑒𝑥𝑡

𝐵 (𝐺) (𝑡) (2)
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𝒙𝐢 𝒚𝐢

𝒛𝐢

𝒚𝐛

𝒙𝐛

𝒛𝐛

𝒅𝒎𝐦𝑹𝐦

𝑹𝟎

Inertial reference frame

Deformed structure

Undeformed structure

Instantaneous aircraft CG

Fig. 1 Flying flexible aircraft, as well as the inertial and mean-axes’ reference frames [21]

The equations of the structural dynamics are represented by:

¥𝜂 (𝑡) = −2𝜉𝜔𝑛 ¤𝜂 − 𝜔2
𝑛𝜂 + 𝜇−1𝑄𝜂 (3)

Equations 1 and 2 express the rigid body motion described by the six equations considering the linear
velocity 𝑉𝐵 (𝐺) (𝑡) and the rotational velocity 𝜔𝐵 (𝐺) (𝑡). The EOM for the incremental aerodynamics due
to flexible deformation are denoted in the modal domain and can be expressed as in Eq. 3. The structural
properties are described by the mass of the aircraft 𝑚, its inertia tensor 𝐽, generalized/modal mass 𝜇
and structural/modal damping 𝜉. Earth gravity is represented by 𝐺 𝐼 . The excitation of rigid and flexible
dynamics of the aircraft are induced by the external forces 𝐹𝑒𝑥𝑡

𝐵𝐺
(𝑡) and moments 𝑀𝑒𝑥𝑡

𝐵 (𝐺) in Eq. 1 and 2,
on the right-hand side. In other words, the external forces and moments have components from the rigid
body and flexible contribution, where the latter are expressed through incremental generalized loads 𝑄𝜂.
The incremental loads 𝑄𝜂 couple the EOM with the structural dynamics in Eq. 3. For load alleviation
control purposes and quantification of the latter, sensors are required to recover accelerations and angular
rates for example. For this purpose, distributed inertial measurement units (IMU’s) are placed spanwise
on the wing. These virtual measurements can be recovered by means of the modal approach as in [25]:

𝑑 (𝑥, 𝑦, 𝑧, 𝑡) =
𝑛∑︁
𝑖=1

Φ𝑖 (𝑥, 𝑦, 𝑧) 𝜂𝑖 (𝑡) (4)

The applied modeling technique in this work with the theoretical foundations from [7], [21] and [22]
does not consider geometrically non linear effects and is therefore valid for deflections within the linear
regime.

2.2 Non Linear Aircraft Dynamics Model and ModSiG Computational Frame-
work

The previous modeling theory applied to the reference aircraft leads to the aeroservoelastic model
of the free flying flexible aircaft DLR-F25 UP Wing configuration. Therefore, two types of models are
developed within the ModSiG-FMRA framework [20]:

• A fully non linear model for time domain simulation and for controller validation.
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• A linearized state-space model for controller synthesis numerically derived at the corresponding
trim point from the non linear model.

The non linear simulation model is developed in MATLAB/Simulink, based on the aeroservoelastic
formulation described previously. The input vector of the model is described as:

𝑈 = [𝑚 𝑥𝐶𝐺 𝛿𝑒 𝛿𝑎𝑖𝑙1𝑟 𝛿𝑎𝑖𝑙1𝑙 𝛿𝑎𝑖𝑙2𝑟 𝛿𝑎𝑖𝑙2𝑙 𝛿𝑜 𝑓 𝑙𝑎𝑝𝑟 𝛿𝑜 𝑓 𝑙𝑎𝑝𝑙 𝛿 𝑓 𝑙𝑎𝑝𝑒𝑟𝑜𝑛𝑟 𝛿 𝑓 𝑙𝑎𝑝𝑒𝑟𝑜𝑛𝑙 𝛿𝑖 𝑓 𝑙𝑎𝑝𝑟 𝛿𝑖 𝑓 𝑙𝑎𝑝𝑙 𝛿𝑟 𝛿𝑇 𝑤𝑥 𝑤𝑦 𝑤𝑧]𝑇 ,
(5)

where 𝑚 corresponds to the mass of the aircraft and 𝑥𝐶𝐺 to the respective CG position in x direction.
All control surfaces of the aircraft are considered as right and left pairs of the wing as 𝛿𝐶𝑆, where the
corresponding control surface is denoted as a subscript. The thrust input is denoted as 𝛿𝑇 and the wind
components in each direction are considered as 𝑤. The state vector of the model is defined as:

𝑋 = [𝑉 Θ 𝐻 𝛼 𝑞 𝛽 𝑟 𝜙 𝑝 Ψ 𝑥𝑒 𝑦𝑒 𝜂𝑖 ¤𝜂𝑖 𝜆1𝑊 𝜆2𝑊 𝜆1𝐻𝐸
𝜆2𝐻𝐸

𝜆1𝑉𝐸
𝜆2𝑉𝐸

]𝑇 (6)

and the available outputs of the model are:

𝑌 = [𝑉 Θ 𝐻 𝛼 𝑞 𝛽 𝑟 𝜙 𝑝 Ψ 𝑥𝑒 𝑦𝑒 𝜂𝑖 ¤𝜂𝑖 𝜆1𝑊 𝜆2𝑊 𝜆1𝐻𝐸
𝜆2𝐻𝐸

𝜆1𝑉𝐸
𝜆2𝑉𝐸

𝜑𝑊 𝛾𝑊 𝜑𝐻𝐸 𝛾𝐻𝐸 𝜑𝑉𝐸 𝛾𝑉𝐸

𝑝𝑊 𝑞𝑊 𝑟𝑊 𝑝𝐻𝐸 𝑞𝐻𝐸 𝑟𝐻𝐸 ¤𝑝 ¤𝑞 ¤𝑟 ¤𝑝𝑊 ¤𝑞𝑊 ¤𝑟𝑊 ¤𝑝𝐻𝐸 ¤𝑞𝐻𝐸 ¤𝑟𝐻𝐸 𝑎𝑥𝑊 𝑎𝑦𝑊 𝑎𝑧𝑊 𝑎𝑥𝐻𝐸
𝑎𝑦𝐻𝐸

𝑎𝑧𝐻𝐸

𝑎𝑥𝐶𝑃
𝑎𝑦𝐶𝑃

𝑎𝑧𝐶𝑃
𝑎𝑥𝐿𝑃𝐴𝑋

𝑎𝑦𝐿𝑃𝐴𝑋
𝑎𝑧𝐿𝑃𝐴𝑋

𝑊𝑅𝑀𝑥 𝑊𝑅𝐹𝑧 𝑎𝑥𝐶𝐺
𝑎𝑦𝐶𝐺

𝑎𝑧𝐶𝐺
]𝑇 , (7)

where in 𝑋 , the rigid body states of the aircraft, as well as the flexible states 𝜂, their derivatives ¤𝜂 and
the unsteady aerodynamic lag states 𝜆 per each lifting surface are represented. In 𝑌 , additionally to the
states in 𝑋 , further outputs as angular velocities and accelerations 𝑝, 𝑞, 𝑟 and ¤𝑝, ¤𝑞, ¤𝑟 and translational
accelerations 𝑎 in all 3 axes are provided. These quantities are measured at different positions on the
structure of the aircraft as detailed in each subscript. The quantities 𝜑 and 𝛾 correspond to the bending
and torsional components as according to [23] and additionally the moment around x and the force in z
direction at the wing root are computed in the output vector 𝑌 . Figure 2 shows the simplified workflow
for the non linear flexible aircraft simulator with unsteady aerodynamics developed in [20], applied to
the UP Wing configuration in [26] and optimized for real-time simulation in [27] by pre-calculating all
time invariant flexible influence coefficients from the quasi-steady (QS) and unsteady (US) modeling
formulations. The ModSiG-FMRA framework shown in Fig. 2 models the flexible aircraft dynamics
using modal superposition. It requires modal data from MSC Nastran [28] (SOL103) and structural
node positions for discretization and aerodynamic interpolation. This is simplified by condensing all
modal properties to the load reference axis of the aircraft. Aerodynamics for the incremental loads
due to deformation is modeled via strip theory, while engine thrust and geometry are predefined. Trim
conditions are solved in MATLAB with the routine fsolve and the system is numerically linearized to
derive state-space matrices (A, B, C, D). Simulations are executed in Simulink using S-functions.

2.3 Linear Model for Controller Design
The linear state-space model for controller synthesis is derived from the non linear model and has

the following mathematical representation:

¤𝑥 = 𝐴 𝑥 + 𝐵 𝑢
𝑦 = 𝐶 𝑥 + 𝐷 𝑢 (8)

For this procedure, the non linear model is trimmed at an altitude of 𝐻 = 6000 𝑚 and at a Mach number
of 0.78, which is equivalent to an indicated airspeed of𝑉 = 246.81 𝑚/𝑠. The aircraft is then numerically
linearized around this condition. The inputs, states and outputs are equal for the non linear, as well as for
the linear model. Both systems have a total of 240 states.
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35 3.1. Aeroelastic Flight Dynamics Model Calculations

Start
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".f06" solution file

optlin.m

main.m
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S-function.m

Terminate

Xp

f

No

Yes

Figure 3.5: Simplified Flow Chart of the Flexible Simulator for Unsteady Aerodynamics
Fig. 2 Simplified flow chart of the flexible simulator with US aerodynamics [26]

2.4 Comparison to Higher Complexity Methods
To derive meaningful control laws a numerical validation in time and frequency domain is performed

against the higher complexity simulation environment UltraFLoads [19], as detailed in [29]. UltraFLoads
incorporates DLR’s CFD code Tau with linear structural dynamics and non linear flight dynamics. This
enables the representation of all aerodynamic non linearities like shock-motion and flow separation in
time domain. Figure 3 shows a time domain simulation of the longitudinal flight dynamics for the
cruise case as a comparison between the low order ModSiG framework and the higher complexity CFD
environment for a doublet input on the elevator. A numerical validation in time and frequency domain is
conducted in [29] leading to a reasonable representation of the flexible aircraft dynamics at the expense
of a fraction of the computational cost compared to the higher complexity environment UltraFLoads.
Table 2 shows an example of the computational effort required for open loop simulations.

Table 2 Computational cost between low-order modeling technique and CFD simulation (run on 512
cores on DLR’s HPC cluster CARO)[29]

ModSiG Non Linear Model CFD
Simulation time 5.5 s 5.5 s
Wall clock time 8.3 s ≈ 44 h

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Except where otherwise noted, content of this paper is licensed under
a Creative Commons Attribution 4.0 International License.

The reproduction and distribution with attribution of the entire paper or of individual
pages, in electronic or printed form, including any material under non-CC-BY 4.0
licenses is hereby granted by the authors and respective copyright owners.

099 - 8

Fig. 3 Comparison between higher complexity CFD simulation and non linear ModSiG framework for a
0.5 Hz elevator doublet input at cruise conditions

3 Longitudinal Load Alleviation Control
The control law design for the free flying flexible aircraft must consider flight dynamics and structural

flexibility in order to ensure proper flying qualities for a real transport aircraft. First, an autopilot including
a base controller for longitudinal dynamics is developed in Section 3.1. After this, a GLA controller is
synthesized based on this closed loop plant to alleviate the loads acting on the wing in Section 3.2. The
requirements for the control law design in longitudinal motion are detailed in Section 3.3.

3.1 Longitudinal Autopilot and Base Controller for Flight Dynamics
The controller design is based on eigenstructure assignment, by placing the closed loop eigenvalues

and explicitly assigning the eigenvectors. This technique is advantageous for decoupling controllers in
MIMO systems, to ensure that only the predefined inputs influence the proposed outputs. Therefore,
the rigid body eigenmodes of the aircraft are assigned by eigenstructure assignment to enforce suitable
specifications for the flying qualities according to [30], [31] and [32]. The base controller for flight
mechanics in longitudinal motion is derived as in [33] and [34]. Section 3.3 details the exact specifications
for the longitudinal controller. The eigenvectors are specified such that the velocity and the altitude are
decoupled for longitudinal motion and proper flying qualities for the rigid body dynamics are met.
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SAS

Aircraft

Longitudinal autopilot

SAS Controller 
&

Aircraft

Fig. 4 Inner control loop structure SAS developed as in [34] and CAS (base controller) as well as autopi-
lot developed as in [33]

Then, the resulting control law is applied to the reduced longitudinal plant as in [33]:

¤𝑥𝑙𝑜𝑛 = 𝐴𝑙𝑜𝑛 𝑥𝑙𝑜𝑛 + 𝐵𝑙𝑜𝑛 𝑢𝑙𝑜𝑛
𝑦𝑙𝑜𝑛 = 𝐶𝑙𝑜𝑛 𝑥𝑙𝑜𝑛 + 𝐷 𝑙𝑜𝑛 𝑢𝑙𝑜𝑛 (9)

Since the reduced system for the longitudinal motion (rigid body) shows 5 independent states, the
state-space structure allows full state feedback with the following control law:

𝑢 = −𝐾𝑦 𝑦 + 𝐿 𝑟
with 𝑟 = [𝑉𝑟𝑒 𝑓 𝐻𝑟𝑒 𝑓 ]𝑇 (10)

This control law includes a SAS, a CAS, with the latter serving as the base controller, and a longitudinal
autopilot enabling the tracking of velocity and altitude. The diagrams in Fig. 4 shows the longitudinal
SAS, CAS and autopilot. As shown above for the SAS the pitch rate 𝑞 and acceleration in z-direction
on the CG 𝑎𝑧𝐶𝐺

are fed back to the elevator and thrust input. In the diagram shown below, the SAS
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is already represented within the block “SAS Controller & Aircraft” yielding a total of 10 feedback
gains. Furthermore, within the control synthesis process, 4 filters are designed: 𝐿Θ,𝐻 , 𝐿𝑎𝑧𝐶𝐺 ,𝑉 , 𝐿𝐹,𝐻 and
𝐿𝐹,𝑉 to guarantee optimal stationary guidance accuracy for both reference inputs in velocity and altitude[
𝑉𝑟𝑒 𝑓 𝐻𝑟𝑒 𝑓

]𝑇 .

3.2 Gust Load Alleviation Controller
The proposed control law synthesis procedure is the LQR output feedback method [18] [35]. This

control law is synthesized on the closed loop plant for the longitudinal autopilot. Figure 5 shows the
GLA controller as an outer loop structure considering the longitudinal autopilot, which includes the SAS
and CAS (base controller). The LQR output feedback method can be applied to state-space models as

Base Controller 
&

Aircraft

Fig. 5 Longitudinal GLA controller structure

in Eq. 9. For the controller action 𝑢 = −𝐾𝑦 applies. To alleviate structural loads, only the WRBM
and WRTF are weighted in the performance index 𝐽 by modifying the matrix 𝑄𝑚𝑜𝑑 . The available
measurements 𝐶𝑚𝑒𝑎𝑠 are considered for the corresponding feedback gain 𝐾 within the control energy
term of the performance index 𝐽. The controller gain 𝐾 is then computed by minimizing the performance
index 𝐽:

𝑄𝑚𝑜𝑑 = 𝐶
𝑇
𝑚𝑜𝑑 · 𝐼 · 𝐶𝑚𝑜𝑑 (11)

𝐽 =
1
2

∫ ∞

0
𝑥𝑇 (𝑄𝑚𝑜𝑑 + 𝐶𝑇𝑚𝑒𝑎𝑠𝐾𝑇𝑅𝐾𝐶𝑚𝑒𝑎𝑠)𝑥 𝑑𝑡 (12)

The optimization is accomplished with MATLAB’s function fmincon to compute a minimum of a non
linear multivariable function subject to constraints. An outcome of the solution, commonly known among
minimization problems, is that there is a risk to convergence to local minima. Nevertheless, since the
final closed loop performance is considered the crucial measure for the design, a possible locally optimal
solution is acceptable as long as the performance requirements are satisfied [36]. In order to mitigate this
matter and to improve the proper assessment of a given feedback structure, the weightings of WRBM
and WRTF are additionally varied logarithmically from 10−11 to 10−6, for the specific case of the control
law presented in Eq. 13. Therefore, different controllers are synthesized by multiplying𝑄𝑚𝑜𝑑 with 10−11

to 10−6, resulting in a controller spectrum for a given feedback structure. These values result in order
to find an equilibrium point between the output weighting 𝑄𝑚𝑜𝑑 and the control energy considered in
𝐶𝑇𝑚𝑒𝑎𝑠𝐾

𝑇𝑅𝐾𝐶𝑚𝑒𝑎𝑠, such that both terms are in a similar order of magnitude. This controller spectrum
is assessed in terms of WRBM reduction and required actuator deflection. This methodology is applied
to different feedback structures, adjusting the feedback controller matrix 𝐾 , to explore the best suitable

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Except where otherwise noted, content of this paper is licensed under
a Creative Commons Attribution 4.0 International License.

The reproduction and distribution with attribution of the entire paper or of individual
pages, in electronic or printed form, including any material under non-CC-BY 4.0
licenses is hereby granted by the authors and respective copyright owners.

099 - 11

feedback layout. One feasible control law example using accelerations in z-direction 𝑎𝑧 is:

𝛿𝑎𝑖𝑙2𝑙

𝛿𝑎𝑖𝑙1𝑙

𝛿𝑖 𝑓 𝑙𝑎𝑝𝑒𝑟𝑜𝑛𝑙

𝛿𝑖 𝑓 𝑙𝑎𝑝𝑒𝑟𝑜𝑛𝑟

𝛿𝑎𝑖𝑙1𝑟

𝛿𝑎𝑖𝑙2𝑟


= −



𝐾1 0
𝐾1 0
𝐾2 0
0 𝐾2

0 𝐾1

0 𝐾1



[
𝑎𝑧5

𝑎𝑧8

]
(13)

The given control law is a consequence of an iterative control design process to first, meet all requirements
and second, achieve the best possible performance in non linear simulations in the low-order simulation
framework, as well as in the higher complexity environment. Within this process the described method-
ology is applied first considering all available measurements for feedback to all available control surfaces
for GLA. According to the assessment the dimension and complexity of the controller gain 𝐾 is reduced
iteratively since for this case the robustness margins and the actuator limitations are the most challenging
constraints to fulfill. A step by step reduction of the controller dimension leads to a feasible controller
as in Eq. 13, which is able to comply with all requirements. Within the control synthesis, actuator
dynamics as described in Section 4.3 are considered. Time delay is also considered as a second order
Padé approximation for the GLA feedback controller.

3.3 Control law design requirements
For the control law design in longitudinal motion, the following requirements are considered:

• Phugoid: Target a damping of 0.4, according to MIL-STD-1797 [32] and MIL-F-8785C [37].
• Short-Period: Target a damping of 0.4 and a frequency of 2.0 rad/s, according to MIL-STD-1797

[32] and MIL-F-8785C [37].
• Robustness margins: Maintain a phase margin of 30◦ and gain margin of 6 dB, as recommended

in flight control practices [38].
• Time delay: Robust against time delay in control servo loop by at least 60 ms [39].
• Actuator limitations: Maximum deflections of ±15◦ and angular velocities of ±50 ◦

𝑠 [40].
• Actuator cut-off frequencies: Conservatively defined as in [13], with WISDOM project findings

suggesting future cut-off frequencies between 6–7 Hz [33].
• Performance in WRBM reduction: Minimum 10% reduction to achieve significant weight savings.

The control law shown in Eq. 13 satisfies the given requirements, whereas different control laws can be
synthesized with the proposed methodology.

4 Study Case High-Aspect Ratio DLR-F25 UP Wing Configuration
The aircraft developed within the federal aviation research program VirEnfREI [15] is investigated

in several projects with different variations for specific purposes, whereas for UP Wing adaptations of
the wing airfoils were performed as in [41]. The work conducted in this investigation is applied to the
baseline configuration of the DLR-F25 shown in Fig. 6. Table 3 shows the global properties of the
DLR-F25 version used as the reference aircraft for this investigation. The conditions and mass case
chosen, represent the most critical gust load case as according to higher complexity simulations from
[41], which is why this specific condition and mass case are analyzed.

4.1 Structural Modeling
The structural properties are represented by Eq. 3 in the modal domain mainly by the modal mass

and modal damping matrices. These are obtained from a FE model using MSC Nastran [28] SOL 103,
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Fig. 6 Global FE model of the DLR-F25 UP Wing [15] and DLR-F25 configuration: Outer shape and
structural components [41]

Table 3 Global properties of the UP Wing model DLR-F25 MTOW configuration [41]

Global properties
Wing span 45 m
Wing area 130.1 m2

Aspect ratio 15.6
Mass 85954.11 kg
Mach number 0.78
Initial altitude 6000 m

which provides a modal analysis (.f06 file). For simplification, the FE model has a load reference axis,
where the structural properties are condensed, leading to a beam representation [42], which is predefined
in the DLR modeling process. Since all modal properties are transferred to this axis, they can be directly
extracted, avoiding otherwise labor intensive interpolation of structural nodes. The number of considered
modes can be predefined when linearizing the non linear model around a trim condition. Already 20
modes up to 15 Hz have been found to accurately represent the flexible dynamics of the aircraft [29] [43],
with the first structural mode at 2.28 Hz. Modes beyond 15 Hz are considered difficult to control due to
actuator limitations. Since the modal analysis reveal important characteristics about the flexible behavior
of the aircraft and has a direct influence in the modeling process, a brief overview of the eigenmodes is
presented in Table 5 (Appendix). The modal properties are representative for the MTOW mass case with
distributed wing mass and the global properties from Table 3.

4.2 Rigid Body Flight Dynamics Model and Aerodynamic Modeling
The rigid body flight dynamics model is developed with Athena Vortex Lattice (AVL) which is a

Vortex Lattice Method (VLM) software [44]. In this approach an aerodynamic distribution correction is
included from CFD data. The aircraft is represented by bound vortices, allowing AVL to compute aero-
dynamic forces, moments, and spanwise distributions for a specific flight condition. Stability and control
surface derivatives are extracted to assemble the model, with layouts and wing profiles defined as in [1].
Figure 7 shows the developed AVL model. In this regard the CFD data consider the aircraft as a flexible
body whereas AVL represent the aircraft as a rigid body. AVL includes compressibility corrections for
higher Mach numbers, but further accuracy is achieved by replacing AVL’s distributed aerodynamics
(without control surface derivatives) with CFD lift and drag slope data. Figure 7 compares both, showing
the significant difference between transonic (CFD) and subsonic (AVL) distributions. The principal
factors affecting accuracy are the wing twist and camber distributions from the jig shape in the FE model,
captured through section profile coordinates, which directly influence stability derivative computation. In
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Fig. 7 Rigid body AVL model of the UP Wing DLR-F25 baseline aircraft and Wing lift distribution for
𝛼 = 0◦

total, the following corrections are applied during the modeling process to take into account the transonic
aerodynamics. Firstly, the Prandtl-Glauert compressibility correction is used in AVL. Secondly, not the
reference Mach number is used for the stability derivatives computations, but instead the corrected Mach
number perpendicular to the quarter chord line of the wing: 𝑀𝑐𝑜𝑟𝑟 = 𝑀 · 𝑐𝑜𝑠(Λ), here Λ = 27.4◦ is the
sweep angle of the aircraft. Thirdly, for the calculation of the incremental aerodynamics due to flexible
deformation the distributed aerodynamic slopes𝐶𝐿𝛼

,𝐶𝐷𝛼
,𝐶𝐿0 and𝐶𝐷0 from CFD computations are used.

These are incorporated into the formulation of the QS and US aerodynamic modeling techniques, when
calculating the incremental QS [22] and US [23] aerodynamic coefficients due to flexible deformation.
Lastly, for this study, with a focus on longitudinal motion and additionally improved modeling accuracy,
the stability derivatives associated with longitudinal dynamics are corrected using CFD derived stability
derivatives. The corrected stability derivatives are: 𝐶𝐿0 , 𝐶𝐿𝛼

, 𝐶𝐿𝑞 , 𝐶𝐿 𝛿𝑒
, 𝐶𝑚0 , 𝐶𝑚𝛼

, 𝐶𝑚𝑞
and 𝐶𝑚 𝛿𝑒

.

4.3 Actuator and Sensor Modeling
The control surfaces are modeled within AVL, where the control surface derivatives and control

surface lift slopes are extracted in a first step, based on the geometry defined in the CPACS data from
[1] [40]. Figure 8 visualizes the DLR-F25 wing layout. The control surface derivatives distributions are
complemented with higher complexity data from CFD to refine the control surface efficiency. CFD data
including the derivative distributions of each control surface available for GLA are included by calculating
the incremental QS aerodynamic coefficients due to flexible deformation from the QS formulation [22].
Since deflections are limited by actuator dynamics, each control surface is represented by a first order linear
time-invariant actuator model as in [40] and integrated into the aeroservoelastic plant. Specifications
follow [33], with a 6 Hz actuator cut-off frequency, maximum flaperon deflections of ±15◦, and angular
rates of ±50◦/𝑠 [40]. Virtual IMU sensors are installed to provide accelerations (𝑎𝑥 , 𝑎𝑦, 𝑎𝑧) and angular
rates (𝑝𝐼𝑀𝑈 , 𝑞𝐼𝑀𝑈 , 𝑟𝐼𝑀𝑈) measurements for feedback control. They are positioned on the load reference
axis of the wing, HE, cockpit, and last PAX locations. To capture structural modes, 12 sensors are
distributed approximately every 20% along the wing half-span, and 4 are placed on the HE, as shown in
Fig. 9.

4.4 Gust Model
Critical wind gusts can excite the aircraft structure and induce stresses on wing, fuselage, and

tailplane. To ensure structural integrity and meet certification standards CS-25 [30], simulations of gust
loads must be performed, accounting for aeroelastic response from structural dynamics and unsteady
aerodynamics. CS-25, article 25.341, specifies two excitation types: discrete gusts, defined by amplitude
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𝛿𝑎𝑖𝑙1

𝛿𝑎𝑖𝑙2

𝛿𝑖𝑓𝑙𝑎𝑝𝑒𝑟𝑜𝑛

Fig. 8 Wing movable layout concept defined for UP Wing configuration [1]

Fig. 9 Location of the sensors distributed over the wing, HE, cockpit and last PAX position visualized in
FEMAP

and gradient length and equivalent to single-frequency perturbations, and continuous turbulence, which
excites a frequency range. The vertical 1-cosine discrete gust is expressed in the time domain as [13]:

𝑣𝑧 (𝑡) =
{
𝑈gust

2

[
1 − cos

(
𝜋𝑡𝑉
𝐿gust

)]
if 0 ≤ 𝑡 ≤ 2𝐿gust

𝑉

0 otherwise
(14)

In this expression, 𝑡 is time (s), 𝑉 true airspeed (m/s), 𝐿𝑔𝑢𝑠𝑡 the gust gradient (ft), and 𝑈𝑔𝑢𝑠𝑡 the gust
amplitude (m/s), which depends on 𝐿𝑔𝑢𝑠𝑡 and further flight parameters [30]:

𝑈gust = 𝑈ref · 𝐹𝑔 ·
(
𝐿𝑔𝑢𝑠𝑡

350 ft

)1/6
(15)

Generally, gradients range from 30–350 ft, producing different frequency excitations. Shorter gusts
yield smaller amplitudes but higher frequencies, which are more difficult to attenuate due to actuator
bandwidth limitations [13]. In this work, only the rigid body excitation of the gust acting on the aircraft
CG is considered.
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5 Results
The longitudinal autopilot controller structure presented in Fig. 4 allows tracking altitude and

velocity, and the GLA controller structure shown in Fig. 5 reduces the loads on the wing structure,
by commanding in longitudinal motion the available wing control surfaces symmetrically. For load
alleviation there are three control surfaces available: the inner flaperon and both outer flaperons. Those
are defined as in Fig. 8 as the inner multifunctional device and both outer multifunctional devices. The
mentioned 3 control surfaces are equivalent to 𝛿 𝑓 𝑙𝑎𝑝𝑒𝑟𝑜𝑛, 𝛿𝑎𝑖𝑙1 and 𝛿𝑎𝑖𝑙2 in the state-space model.

5.1 Stability Analysis and MAC Criteron
The rigid body eigenmodes in longitudinal motion become real poles due to the tracking capability

derived from the eigenstructure assignment procedure, and therefore the poles develop a first order be-
havior resulting in a damping ratio equal to 1. This is also depicted in Fig. 10. The global and rigid body
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Fig. 10 Global pole zero maps for open loop response for a Mach variation and closed loop behavior for
Mach 0.78 and MAC map of the DLR-F25

pole zero map for open loop response and a variation of the Mach number from 0.74 to 0.86, presented by
the diamond markers, are shown in Fig. 10. The light blue crosses show the autopilot and the red crosses
show the autopilot with GLA controller using translational accelerations as feedback sensors. Important
to notice is that the closed loop systems are presented as reduced order models (ROMs), because both
closed loop systems are synthesized on the ROMs. The open loop systems are presented as FOMs. A
total of 20 flexible modes are described together with the rigid body eigenmodes.

Figure 10 also shows the Modal Assurance Criterion (MAC) map of the DLR-F25 UP Wing config-
uration. This MAC visualization shows the extent in consistency between a normalized mode and the
states of the considered system. As a consequence, a MAC value heading towards 1 is an indication that
the normalized mode is highly related to a certain state of the system. On the other hand, a low value
around 0 means that low correlation between normalized modes and states are present [20]. The MAC
map shown in Fig. 10 is derived for the conditions from Table 3. On the y-axis the states of the system
are presented considering the rigid body states and the first 10 modal shapes and their derivatives. On the
x-axis the rigid body modes as well as the first 10 structural modes are depicted. The MAC map and the
corresponding correlation value shows the interaction between the rigid body modes and the structural
modes. In detail in Fig. 10, the Phugoid mode is mainly coupled with the longitudinal states 𝑉 and
Θ. The Short Period mode is coupled to the longitudinal states q, 𝛼, Θ and in less extent to V. In this
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mode also a contribution from the modal shapes 𝜂1, 𝜂4, 𝜂6, 𝜂7, 𝜂9 and 𝜂10, as well as their modal shape
derivatives is present. All of them correspond to wing or fuselage symmetrical contributions, where
among them 𝜂1 and ¤𝜂1 have the strongest contribution together with q to the Short Period mode. This
analysis exposes important coupling mechanism especially for high-aspect ratio wing flexible aircraft,
such as the DLR-F25, emphasizing the interaction between the flight dynamic modes (Short Period mode)
and structural modes (1st symmetric wing bending mode).

5.2 Robustness Analysis
Figure 11 shows the bode diagram of the open- and the closed loop response. The open loop

response is represented by the transfer function from the elevator 𝛿𝑒 to the pitch rate 𝑞 at the CG. The
closed loop responses are described by the autopilot command from altitude 𝐻𝑐𝑚𝑑 to the pitch rate 𝑞 at
the CG. For the open loop response, the Phugoid and the Short Period mode can be located at a frequency
of 0.059 rad/s and 2.22 rad/s respectively. For the closed loop response the bode diagram represents
the attenuation of both longitudinal rigid body eigenmodes and notable attenuation of further aeroelastic
response in the higher frequency regime. This is reasonable, since the autopilot is responsible for the rigid
body eigenmodes to emerge as real poles, removing any rigid body eigenmode dynamics in longitudinal
motion. Figure 11 also shows the Multiple-Input-Multiple-Output (MIMO) stability margins of the closed
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Fig. 11 Open and closed loop bode diagram for Mach = 0.78 and Disk-based stability margins for the
GLA controller

loop system at the input. The GLA controller with feedback of translational accelerations is analyzed
in this regard. The reduced order models are considered for this analysis. Only the feedback loop of
the GLA controller to the augmented plant (autopilot and flexible aircraft) is analyzed and therefore no
robustness assessment respecting the autopilot is provided. Detailed description of the location of the
sensors and which control surfaces are actuated are given in sections 3.2 and 4.3. The GLA controller with
translational accelerations feedback is able to comply with the established stability margin requirements
reaching 36.32◦ in phase and 5.91 dB in gain. This is achieved by a manual assessment and tuning of the
controller gains by -59 % to fulfill the design requirements. The resulting trade-off between robustness
and performance leads to a reduction in nominal performance to comply with increased robustness.
Nevertheless, it is important to outline that the given analysis provides a conservative approach to asses
the margins, since this technique considers independent and simultaneous variations at the input of the
entire feedback loop [38].
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5.3 Load Alleviation with LQR Output Feedback Time Domain Non Linear Sim-
ulation Results

The developed autopilot and GLA controller are integrated into the non linear simulation framework
from [20] and the simulation results are shown in Fig. 12. For the simulation a 1-cos discrete gust
as modeled in section 4.4 is applied to the non linear model, representing a sudden gust encounter.
The parameters used in Table 4 are considered for the gust encounter, as well as for the non linear
simulation. For the results shown in Fig. 12 a feedback control structure is chosen as in Eq. 13,

Table 4 Gust and simulation parameters

Parameter Symbol Value
Mach number 𝑀 0.78
Altitude 𝐻 6000 m
Actuators cut-off frequency 𝜔0 6 Hz
Maximum deflection angle 𝑢𝑚𝑎𝑥 ±15◦

Maximum deflection rate ¤𝑢𝑚𝑎𝑥 ±50 ◦
s

Time delay 𝜏𝑠𝑒𝑛𝑠 60 ms
Interpolated reference velocity 𝑈𝑟𝑒 𝑓 12.68 m

s
Flight profile alleviation factor 𝐹𝑔 0.923
Discrete gust gradient 𝐿𝑔𝑢𝑠𝑡 150 ft
Resulting gust frequency 𝜔𝑔𝑢𝑠𝑡 2.81 Hz

using translational acceleration measurements from virtual IMUs. The sensors (highlighted in red) are
located as in Fig. 9, meaning that both sensors located approximately at the engine position measure
the acceleration in z-direction on the wing structure. These measurements are provided via the de-
signed proportional controller gain 𝐾1 to both ailerons 𝛿𝑎𝑖𝑙1 and 𝛿𝑎𝑖𝑙2, meaning that they deflect equally.
The same measurements are also provided to the flaperon 𝛿 𝑓 𝑙𝑎𝑝𝑒𝑟𝑜𝑛 via the designed proportional gain 𝐾2.

Figure 12 visualizes the comparison between the open loop response, the autopilot and GLA con-
troller, showing notable differences between both controllers and the open loop response. The autopilot
has no authority respecting the control surfaces of the wing, because no feedback loop is applied here,
and therefore only the control surface deflections from the GLA controller are visualized. Since the
autopilot is designed to control the flight dynamics of the aircraft and the GLA controller to attenuate
the loads acting on the wing, only limited interaction between both controllers is present. This can be
evaluated by examining the angle of attack, the pitch rate, the elevator and thrust commands. All of them
do not differ at the first instance of the perturbation, only after the excitation, the damping is increased for
the angle of attack, the pitch rate and the wing tip deformation. When examining the elevator command
after the initial perturbation, a decreased control action can be observed there, since the GLA controller
is also deflecting the control surfaces on the wing upwards (negatively upwards according to BCS from
flight mechanics), leading to less required elevator action.

While the GLA controller deflects upwards the control surfaces on the wing, the local lift is reduced and
therefore also the loads acting on the wing as visualized in the WRBM figure. The GLA controller is
able to achieve up to 11.88 % in WRBM reduction compared to the open loop response. Additionally,
a considerable increase in damping with respect to the open loop response is achieved. The simulation
results demonstrate that incorporating a GLA controller alongside an autopilot provides significantly
greater benefits in WRBM reduction compared to relying only on the autopilot itself. This is evidenced
in the behavior of the WRBM. While the autopilot alone increases overall damping, it is not capable
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of mitigating sufficiently the initial WRBM peak, which is critical since this is where the maximum
structural loads develop.

Fig. 12 DLR-F25 UP Wing configuration non linear response with translational accelerations as feedback
sensors and a gust gradient of 150 ft at the CG

The proposed GLA feedback controller structure is able to provide a substantial reduction in WRBM,
which can be translated into potential mass savings. At first instance, the chosen feedback structure is
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investigated since IMU sensors present common solutions for real flight test control applications, due
to their reliability. Nevertheless, the approach to find the best suitable controller, or the application of
different control methodologies is still scope of ongoing investigation.

6 Conclusion
This paper provides a framework for a straightforward active longitudinal load control methodology

applied to the high-aspect ratio wing flexible aircraft DLR-F25 with an aspect ratio of 15.6. This
methodology is successfully divided into 2 dedicated tasks. The autopilot for flight dynamics is able
to stabilize the aircraft and to track velocity and altitude. The GLA control law derived, targeting the
WRBM and WRTF in the control synthesis by dedicated modification of the performance index, is capable
of achieving 11.88 % in load alleviation, using acceleration sensors as feedback sensors, compared to
the open loop response. The GLA synthesis procedure offers the capability to parametrically assess a
given feedback structure considering a variation of the penalization of the performance index. This is
evaluated in terms of required control surface deflection and WRBM reduction. Due to its simplicity, this
framework is suitable for embedment into higher complexity simulation environments or real flight test
applications. The presented GLA controller is able to fulfill the established robustness requirements that
conservatively consider multi-loop and simultaneous variations at the input. Furthermore, the simulation
results show the advantage of including a GLA control loop aligned together with an longitudinal
autopilot, highlighting the substantial benefit of the GLA controller that is able to reduce the first peak of
the WRBM. Although the autopilot alone increases overall damping, it is not able to achieve a significant
reduction of the first peak. Despite the fact that the results show the capability of what can be achieved
in terms of load alleviation, different approaches can be applied regarding optimal feedback sensors
and different control synthesis methods. Therefore, further controller strategy investigations are scope
of ongoing investigation. The developed control laws are prepared for further integration into higher
complexity simulation environments such as UltraFLoads, enabling closed loop low-order simulation
results as a primary assessment tool for closed loop higher complexity simulation results.
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Appendix

Table 5 First 20 eigenvalues of the UP Wing structural model DLR-F25 MTOW configuration

Mode Frequency f, [Hz] Description
1 2.28 1st symmetric wing bending
2 3.03 1st asymmetric wing bending + engine out-of-plane motion + fuselage

in-plane bending + vertical tail in-plane bending
3 3.46 1st asymmetric wing bending + engine out-of-plane motion + vertical

tail in-plane bending
4 3.65 2nd symmetric wing bending + 1st fuselage out-of-plane bending
5 4.88 Wing in-plane asymmetric motion + 2nd symmetric wing bending +

engine in-plane motion
6 5.14 Engine out-of-plane motion + 1st wing torsion + fuselage out-of-plane

bending
7 5.61 3rd symmetric wing bending + wing in-plane symmetric motion +

engine out-of-plane motion
8 5.64 2nd asymmetric wing bending + engine out-of-plane motion
9 6.14 3rd symmetric wing bending + wing in-plane symmetric motion
10 6.61 Wing in-plane symmetric motion + 3rd symmetric wing bending
11 6.67 Horizontal tail asymmetric bending + small 2nd asymmetric wing

bending
12 7.05 Engine in-plane motion + horizontal tail asymmetric bending + wing

in-plane asymmetric motion
13 8.04 3rd asymmetric wing bending + horizontal tail asymmetric bending
14 8.38 Horizontal tail symmetric bending
15 8.95 Vertical tail bending + horizontal tail asymmetric bending
16 10.10 4th symmetric wing bending
17 10.55 4th asymmetric wing bending + vertical tail bending + horizontal tail

in-plane bending
18 11.14 Horizontal tail symmetric bending + 2nd fuselage out-of-plane bend-

ing
19 12.31 Wing in-plane asymmetric motion + horizontal tail in-plane motion
20 13.63 5th asymmetric wing bending
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